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PREFACE. 



Thk fbUiywing summary Tiew of the first princi}^ of al* 
gebra is intended to be accommodated to the metnod of in- 
struction generally adopted in the American colleges. 

The books which have been published in Qreat Britain on 
mathematical subjects, are principally of two classes. — One 
consists of extended treatises, which enter into a thorough in« 
vestigation of the particular departments which are the ob- 
jects of their inquiry. Many of these are excellent in their 
Idnd ; but they are too voluminous for the use of the body 
of students in a college. 

The other class are expressly intended for beginners ; but 
many of them are written in so concise a manner, that im- 
portant proofs and illustrations are excluded. They are 
mere texUbooks^ containing only the ou^mea of subjects 
which are to be explained an4 enlarged upon, by the pro- 
fessor in his lecture room, or by the priyate tutor in hia 
chamber. 

In the colleges in this country, there is generally put into 
the hands cS a class, a book from which they are expected oj 
Aemsehti to acquire the principles of the science to which 
they are attending : receivui^, however, from their instructcHTy 
any additional assistance which may be found necessary. An 
elementary work for such a purpose, ought evidently to con- 
tain the exfduiations which are requisite, to bring the sub- 
jects treated of within the comprehension of the body of 
the class. 

If the design of studyiag the mathematics were merelv to 
obtain such a knowledge of the practical parts, as is reqmred 
for transacting business ; it might be sufficient to commit to 
memory some of the principal rules, and to make the opera- 
tions familiar, by attending to the examples. In this me- 
chanical way, the accountant, the navigator, and the land 
surveyor, may be qualified for their respective employments, 
with veiry litde knowledge of the principles that lie at the 
foundation of the calculations which they are to make. 

But a higher object is proposed, in the case of those who 
are acquiring; a l&eral education. The main design should 
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i7 PREFACE. 

be to call into exercise, to discipline, and to invigorate the 
powers of the mind. It is the logk of the mathematics which 
constitutes their principal value, as a part of a course of col- 
legiate instruction. The time and attention devoted to them, 
is for the purpose o( forming sound reasonersy rather than ex- 
pert mathematicians. To accomplish this object it is neces- 
sary that the principles be clearly explained and demonstra- 
ted, and that tne several parts be arranged in such a manner, 
as to show the dependence of one upon another. The whole 
should be so conducted, as to keep the reasoning powers in 
continual exercise, without greatly fatiguing them. No 
other subject affords a better opportunity for exemplifying the 
rules of correct thinking. A more finid!ied specimen of clear 
and exact logic has, perhaps, never been proauced, than the 
Elements of Geometry by Euclid. 

It may be thought, by some, to be unwise to form our gen- 
eral habits of arguing, on the model of a science in which 
the inquiries are accompanied with absolute eertamty; w^hUe 
the common business of life must be conducted upon probable 
evidence, and not upon principles which admit of complete 
demonstration. There would be weight in this objection, if 
the attention were confined U^ the pure mathematics. But 
when these are connected with the physical sciences, astro- 
nomy, chemistry, and natural philosophy, the mind has op- 
portunity to exercise its judgment up<m all the various de- 
grees of probabiUty which occur in the concerns <rf life. 

So far as it is desirable to form a taMe for mathematical 
studies, it is important that the books by which the student is 
firist introduced to an acquaintance with these subjects, should 
not be rendered obscure and fOTbidding by their conciseness. 
Here is no opportumty to awaken interest, by rhetorical ele- 
gance, by exciting the passions, or by presenting images to 
the imagination. The beauty of the mathematics depends 
on the (Kstinctness of the objects of inquiry, the symmetry of 
their relations, the luminous nature of the arguments, and the 
certainty of the conclusions. But how is this beauty to be 
perceived, in a work which is so much abridged, that the 
chain of reasoning is often interrupted, important demonstra- 
tions omitted, ana the transitions from one subject to another 
60 abrupt, as to keep their connections and dependencies out 
of view 1 

It may not be necessary to state every proposition and its 
proof, with all the formality which is so strictly adhered to 
by Euclid ; as it is not essentia! to a logical argument, thai 
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H be expressed in regular and entire vyUfmsmB. A step of 
a demonstration may be safely omitted, when it is so simple 
and obvious, that no one possessing a moderate acquaintance 
with the subject, could fan to supply it for himself. But this 
liberty of omission ought not to be extended to cases in 
which it will occamon obscurity and embarrassment. If it 
be desirable to give opportunity for the mind to display and 
enlarge its powers, by surmounting obstacles; full scope 
may be found for thk kind of exercise, especially in the 
higher branches of the Mathematics, from difficulties which 
wm unavoidably occur, without creating new ones for the 
sake of perplexing. 

Algebra requires to be treated in a more plain and difiuse 
manner, than some other parts of the mathematics; because 
it is to be attended to, earty in the course, while the mind of 
the learner has not been habituated to a mode of thinking so 
abstract, as that which will now become necessary. He has 
also a new language to learn, at the same time he is settling 
the princMee upon which his future mquiries are to be con* 
ducted. These principles ought, to be established, in the 
most clear and satirfdctory manner wliich the nature of the 
case will achnit of. Algebra and geometry may be consideri* 
ed as lying at the foundation of the succeeding branches of 
the mathematics, both pure and mixed. Euclid and others 
have given to the geometrical part a degree of clearness and 
precisicm which would be very desirable, but is hardly to be 
expected, in algebra. 

For the reasons which have been mentioned, the manner 
in which the following pages are written, is not the most 
concise. But the work is necessarily limited in extent of 
subject. It is far from being a complete treatise of algebra. 
It IS merely an introduction. It is intended to contain as 
much matter, as the student at college can attend to, with 
advantage, during the short time allotted to this particular 
study. There is ^nerally but a small portion of a class, 
who have either leisure or inclination, to pursue mathemati- 
cal inquiries much farther than is necessary to maintain an 
honoraUe standing in the institution of which they are 
members. Those few who have an unusual taste for this 
science, and aim to beceme adepts in it, ought to be refer- 
red to separate and complete treatises, on the different 
l»ranches. No one who wishes to be thoroughly versed in 
mathematics, should lock to compendiunis- and elementary 
bo(AB for any thmg more thap^ the first principles. As soon 
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A0 these are aoquired, he ihoidd be gtiided in bis inquiries by 
the genius and spirit of original authors. 

In the sdection of materialB» those articles have been 
taken which have a practical aji^^ation, and which are pre- 
paratory to succeedixig parts of the mathematicsy philosophy, 
and astronomy. The object has not been to introduce oH« 
gifud tnaller. In the mathematics, which have been cultiva- 
ted with success from the days of Pythagoras, and in which 
the princi[des already established are sufficient to occupy the 
most active mind for years, the paxts to which the student 
amghi first to attend, are not those recently discovered. Free 
use has been made of the works of Newton, Maclaurin, 
Saunderson, Simpscm, Euler, Emerson, Lacrcnx, and others, 
but in a way that rendered it inconvenient to refer to them, 
in particular instances. The prqier field for the display of 
mathematical ^ernti^, is in the region of inventicm. But 
what is requisite for an elementary work, is to cdlect, ar- 
nmgtt and illustrate, materials already provided. However 
hui^le this employment, he ought patiently to submit to it, 
whose object is to instruct, not those who have made consid- 
erate progress in the mathematics, but those who are just 
eonuBencing the study. Original discoveries are not for the 
benefit of begbmerst though they may be of great importance 
to the advancement of science. 

The arrangement of the parts is such, that the explanation 
of one is not made to depend on another which is to follow* 
The additicHd, multiplication, and division of pawersj for in- 
stance, is placed after involution. In the statement of gen- 
eral rules, if they are reduced to a small number, their ap- 
Slications to particular cases may not, always, be readily un- 
erstood. On the other hand, if they are very numerous^ 
they become tedious and burdensome to the memory. The 
rules given in this introduction, are most of them compre- 
hensive ; but they are explained and appUed, in subordinate 
articles. 

A particular demmistration k son»tknes substituted for^ 
gmercd one, when the apjdication'of the principle to other 
cases is obvious. The examples are not often taken from 
philosc^hical subjects, as the learner is sujqxised to be fa- 
miliar with none of the sciences except arithmetic. In treats 
ing of negative quantities, frequent references are made to 
mercantik concerns, to (kbt, and credit, &g. These are 
merely f(Nr the purpose of iUustratioa. The whole ^o^trine 
of negatives is maue to depend on the angle principle, dmt 
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Se? JrlT T^ " °**^ accustomed to abetracUon. H« rt 
?r<^pC? ""'^""P'*^' »°«='^tch hi. attention, and aid S: 

leJSf.w''*"!*"' ^T^r^ *'''» P«*ape, be thought u»e- 
fiden^forX'^''*'"*^!5*^*'»~»'^«f Euclid. Thftis^ 
U k^L^r? P"P°««»<^P"'e feomtrktl demonrtration. But 
midlrX af^ih ^ • * i*"* P^^^PT^o"' -honld also be presented 

SSnn'T ^*"T«* from the algebraic notati^in demon. 
sSf'i^ 'S*'",''u? *° »y»tem. the lawsof proportion. The 

Sncijr °™^'~^ »* compreUded in a few generS 
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INTRODUCTORY OBSERVATIONS * 

ON THE 

MATHEMATICS IN GENERAL. 

Art. 1. Mathematics i$ the science of quantity. 

Any thing which can be muUipliedf dmdedf or meastaredj k 
called quantUy. Thus, a Une is a quantity, because it can 
be doubled, treUed, or halyed ; and ccm be measured, by 
applying to it another line, as a foot, a yard, or an elL 
Weight is a quantity, which can be measured, in pounds^ 
ounces, and grains. Time is a species of quantity, whose 
measure can be e:qpressed, in hours, minutes, and seconds. 
But color is not a quantity. It cannot be said, with propri* 
ety, that one color is twice as great, or half as great, as 
another. The (^rations of t}^ wind^ such as thought^ 
choice, desire, hatred, &c. are not quantities. They are in* 
capable of mensuration.* 

2. Those parts of the Mathematics, on which all the 
others are founded, are JirUhmetic^ JUgebrOy and Geometnj^. 

3. Arithmetic is the science of mmhere* Its aid is 
required to ccnnplete and apply the calculations, in almost 
every other department of the mathematics. 

4. Algebra is a method of computing by UUere and other 
symbds. Fluxions, or the Difierential and Integral Cal- 
culus, may be considered as belonging to the higher branches 
rf algebra.! 

5. Geometry is that part of the mathematics, which treats 
of xnagniiude. By magnitude, in the appropriate sense of 
the term, is meant that species of quantity, which is extend* 
ed; that is, which has one or more of the three dimensions, 
lengthy breadthy and thickness. Thus a line is a magnitude, 
because it is extended, in length. . A surface is a magnitude, 
having length and breadth. A solid is a magnitude, having 

*S«eNotoA tSeeNoteB. 
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t MATHEMATICS. 

lengthy breadth, and thickness. ' But fiuy^um, though a quan- 
tity, is not, strictly speaking, a magnitude. It 1ms neither 
leng^, breadth, nor thickness,* 

f^ Trigonometrt and Conic SEcf ions are branches of 
the mathematics, in which the principles of geometry are 
applied to Uianglesy and the sections of a com. 

7. Mathematics are either pure ot mixed. In pure mathe- 
matics, quantities are considered, independently of any sub- 
stances actually existing. But, in mixed mathematics, the 
relations of quantities are investigated, in connection with 
some of the properties of matter, or with reference to the 
common transactions of business. Thus, in Surve)ring, 
mathematical principles are appUed to the measuring of 
land ; in Optics, to the properties of light ; and in Astrono- 
my, to the motions of the heavenly bodies. 

8. The science of the pure mathematics has long been 
distinguished, for the clearness and distinctness of its princi- 
ples ; and the irresistible conviction, which they carry to the 
mind of every one who is once made acquainted with them. 
This is to be ascribed, partly to the nature of the subjects, 
and partly to the exactness of the definitions, the sgdoms, 
a'yd the demonstrations. 

9. The foimdation of all mathematical knowledge must 
oe laid in definitions. A dtfnUion is an explanation of what 
is meant, by any wwd or phrase. Thus, an equilateral tri- 
angle is defined, by saying, that it is a figure bounded by 
three equal sides. 

It is essential to a complete definition, that it perfectly dis^ 
tinguish the thing defined, firom every thing else. On many 
subjects it is diflScult to give such precision to language, that 
it shall convey, to every hearer or reader, exactly the same 
ideas. But, in the mathematics, the principal terms may be 
so defined, as not to leave room for the least difference of 
apprehendon, respecting their meaning. All must be agreed, 
as to the nature of a circle, a square, and a triangle, when* 
they have once learned the defimtions of these figures. 

Under the head of defimtions, may be included explana- 
tions of the characters which are used to denote the relations 
of quantities. Thus the character V is explained or defined, 
by saying that it signifies the same as tJie words square root. 

10. The next step, after becoming acquainted with the 
meaning of mathematical terms, is to bring them U^ther, in 

• * Some writers, hoverer, use magnitade as synonymoo? with qu«ntitv 
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the form of prqpocdti<»i8. Some ci the relations of quantities 
require no process of reasoning, to render them evident. To 
be understood, they need only to be proposed. That a 
square OS a different figure firom a circle; that the whole c^ a 
thing is greater than one of its parts ; and that two straight 
lines cannot enclose h space, are propositions so manifestly 
true, that no reasoning upon them could make them more 
certain. They are, th^efinre, called self-evident truths, or 
mxiamg. 

11. There are, however, comparatively few mathematical 
trutlus which are self-evident. Most require to be proved by 
a chain of reasoning. Propositions of this nature are denom« 
inated theorems; and the process, by which they are shown 
to be true, is ceiled demonstration. This is a mode of argu* 
mg, in which, every inference is inunediately derived, either 
from definitions, or from principles which have been previ- 
ously demonstrated. In this way, conqplete certainty is nutde 
to accompany every step, in a long course of reasoning. 

12. Demonstration is either direct or indirect. The for*, 
mer is the conmion, obvious mode of conducting^ a demon- 
strative argument. But in some instances, it is necessary to 
resort to indirect demonstration ; which is a method of es- 
tablishing a propoa^on, by proving that to suppose it not 
true, would lead to an absurdity. This is frequently called 
redwiio ad absurdvm. Thus, in certain cases in geometry, 
two lines may be proved to be equal, by showing that to sup- 
pose them unequai, would involve an absurdity. 

13. Besides the principal theorems in the mathematics, 
there are also Lemmas and CoroUaries. A Lemma is a pro- 
portion which is demonstrated, for the purpose of using it, in 
ti^e demonstration of s(mie other proposition. This prepara- 
tory step is taken to prevent the proof of the princfpal theo- 
rem from becoming complicated and tedious. 

14. A Corollary is an inference from a preceding proposi- 
ti<Mi. A Scholimn is a remark of any kind, suggested by 
something which has gone before, though not, like a corolla- 
ry, immediately depending on it. ; 

15. The immediate object of inquiry, in the mathematics, 
IB, fireqtiently, not the (temonstration of a general truth, but 
a method of performing some operation, such as reducing a 
Tulgar firaction to a decimal, extracting the cube root, or 
inscribing a drcle in a square. This is called solving a prob- 
lem. A theorem is s<»nething to be proved. A problem ii 
wmething to be done. 
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IS. When that which is reouired to be dcme, is so eaqr, tm 
to be obvious to every one, without an esqilanaticm, it is call- 
ed 9ipo$ttd(Ue. Of this nature is the drawing of a straight 
line, from one jxHnt to another. 

17. A quantity is said to be given, when it is either sup* 
posed to be aheiBuiy knam^ or is msole a cmdUUm, in tha 
statement of any theorem or proUem. .- In the rule of pro* 
portiim in arithmetic, for instance, three terms must be given 

,to enable us to find a fourth. These three terms are the 
datOfUfoa which the calculation is founded. If we are re- 
qmred to find the number of acres, in a circular island ten 
miles in circumference, the circular figure, and the length of 
the circumference are the data. They are said to be given 
by supporitian, that is, by the ccmditicms of the problem. A 
quantity is also said to be given, when it may be directly and 
easUy Urferred from something else which is given. Thus, if 
two numbers ai'e given, their sum is given; because it is ob- 
tained, by merely adding the numbers together. 

In Geometry, a quantity may be given, eith^ in posiUm^ 
or magnitude^ or both. A line is given in position, when its 
rituatUm and dincHon are known. It is given in magnitude, 
when its length is known. A circle is given mjposUionf when 
die place of its centre is known. It is given in magnUudet 
when the length of its diameter is known. 

18. One proposition is contrary^ or contradictory to another, 
when, what is afilnned, in the one, is denied, in the other* 
A proposition and its contrary, can never both be true. It 
cannot be true, that two given lines are equal, and that they 
are not equal, at the same time. 

19. One propositicHi is the comfene of another, when the 
t»rder is inverted ; so that, what is given or supposed in the 
first, becomes the concbmon in the last; andwnat is given 
m the last, is the conclusion, in the first. Thus, it can be 
proved, first, that if the tides of a triangle are equal, the on* 

Sles are equal ; and secondly, that if the angles are equal, 
le sides are equal. Here, in the first proposition, the equal- 
ity of the sides is given; and the equality of the angles m- 
f erred: in the second, the equality of the angles is given, and 
the equality of the sides inferred. In many instances, a pro- 
position and its converse are both true; as in the preceding 
example. But this is not always the case. A cucle is a 
^ure bounded by a curve ; but a figure bounded by a curve 
.8 not of course a circle. 
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20. ThA practical apf^cations of the tnathematicd, in the 
comnKm conconis of bimness, in the useful arts, and in the 
various branches of physical science are almost innumerable. 
Mathematical princifdes are necessary in MereanHh transaC" 
tians, for keeping, arranging, and settUng accounts, adjusting 
the prices of commodes, and calculating the profits of trade : 
m Jyaoigationj for directing the course of a ship on the ocean, 
adapting the position of her sails to the direction of the wind, 
fiiidmg her latitude and Icxigitude, and determining the bear- 
ings and distances of objects on shore : in Surveying^ for 
measuring, dividing, and laying out grounds, taking the ^eva- 
lion of h^ and &ang the boundaries of fields, estates, and 

Eublic territories : in Chnl Engineermgy for constructing 
ridges, aqueducts, locks, &c. : in Mechamcsy for understand^ 
ing the laws of motion, the compodtion of forces, the equili^ 
brium oi the mechanical powers, and the structure of ma^ 
chines : in tSrchitecturej lor calcidating the comparative 
strength of timbers, Uie pressure which each will be required 
to sustain, Ihe forms of arches, the pr^Kurtions of columns, &c. : 
in Fori^icatUmi for adjusting tl^ portion, lines, and an- 
gles, of the several parts of the worlss : in Gtmnett^, for reffu- 
latinff the devation of the cannon, the f<Hrce of tne powder, 
and tiie velocity and range of the shot : in 0pti€9f for tracing 
the direction of the rays of light, imderstaiiding the forma- 
tion of images, the laws of vision, the separation of colors, the 
joature of the rainbow, and the consUiiction of microscopes 
and telescopes : in •Astronofm/^ for c<Hnputing the distances, 
magnitudes, and revolutions of the heavenly bodies ; and the 
influence of the law of gravitation, in raising the tides, dis- 
turbing the moticms of the moon, causing the return of the 
comets, and retaining the fdanets in their orbits : in Geogro- 
phyy for determining the figure and dimensions of the earth, 
the extent of oceans^ islards, continents, and countries ; the 
latitude and longitude of jdaces, the courses of rivers, the 
height of mountains, and the boundaries of kingd(»ns : in .^- 
tar^ for fixing the chronology of remarkable events, and 
estimating the strength of armies, the wealth of nations, the 
value of meir revenues, and the amount of their population : 
and, in the concerns of Chvemmemty for apportioning taxes, 
arranging schemes of finance, and regulating national ex. 
peases. The mathematics have also important applications 
to Chemistry, Mineralogy, Music, Paintmg, Sculpture, and 
indeed to a great proportion of the whole circle of arts and 
•ciences. 2 
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21. It is trae, that, in many of the branches which have 
been menticmed, the ordinary business is frequently tram- 
acied, and the mechanical c^^erations performed, by persons 
who have not been regularly instructed in a course of mathe- 
matics. Machines are framed, lands are surveyed, and ships 
are steered, by men who have never V)roughly investigated 
the principles, which lie at the foundation of their respective 
arts. The reason of this is, that the methods of proceeding, 
in their several occupations^ have been pointed out to them, 
by the gemus and labor of others. The mechanic often 
wor& by rules, which men of science have provided for his 
use, and of which he knows nothing more, than the practical 
aj^lication. The mariner calculates his longitude by tables^ 
for which he is indebted to mathematicians and astronomers 
i>f no ordinary attainments. In this manner, even the ab*. 
struse parts of the mathematics are made to ccmtribute their 
aid to the common arts of life. 

22. But an additional and more impcMtant advantage, to 
persons of liberal education, is to be found, in the enlarge- 
ment and improvement of the reasoning powers. The mind» 
like the body, acquires strength by exertion. The art ci 
reasoning, like other arts, is learned by practice. It is per- 
fected, only by long continued exercise. Mathematical stu- 
dies are peculiarly fitt^ for this discipline of the mind. 
They ai« calculated to form it to habits of fixed attention; 
of sagacity, in detecting sophistry ; of cauticm, in the admi»* 
sion of prooif ; of dexterity, in the arrangement of arguments ; 
and of skill, in making all the parts of a long continued pro- 
cess tend to a result, in which the truth is clearly and firmly 
established. When a habit of close and accumte thinking 
is thus acquired, it may be applied to any subject, on which 
a man of letters or of business may be called to employ his 
talents. " The youth," says Plato, ** who are furnished with 
mathematical knowledge, are prompt and quick, at all other 
sciences." 

It is not pretended, that an attention to other objects of 
inquiry is rendered unnecessary, by the study of the mathe^- 
matics. It is not their office, to lay before us historical facts ; 
to teach the principles of morals ; to store the fancy with 
brilliant images ; or to enable us to speak and write with 
rhetorical vigor and elegance. The beneficial effects which 
they produce on the mind, are to be\secn, principally, in the 
regulation and increased energy of the reasoning potoert 
These they are calculated to call into frequent and vigorous 
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MATHEMATICS. 7 

exercise. At the same time, mathematical studies may be 
so conducted, as not often to require excessive exertion and 
fati^e. Beginning with the more simple subjects, and as- 
cending gradually to those which are more complicated, the 
mind acquires strength as it advances; and by a succession 
of steps, rising reguldrly one above another, is enabled to 
surmount the obstacles which lie in its way. In a course of 
mathematics, the parts succeed eadi other in such a con- 
nected series, that the preceding propositions are preparatory 
to those which follow. The student who has made himself 
master of the former, is qualified for a successful investiga- 
tion of the leitter. But he who has passed over any of the 
ground superficially, will find that Uie obstructions to lus 
fiiture progress are yet to he removed. In mathematics as in 
war, it should be made a principle, not to advance, while any 
thing is left unconquered behind. It is important that the 
student should be deeply impressed with a conviction of the 
necessity of this. Neither is it sufficient that he imderstands 
the nature Of one proposition or method of operation, before 
proceeding to another. He ought also to make ]^mself /o- 
mUiar with every step, by careful attention to th(J examples. 
He must not expect to becmne thoroughly versed in the sci- 
ence, by merely reading the main principles, rules, and obser- 
vations. It is practice only, which can put these completely 
m his possession. The method of studpng here recom- 
mendeo, is not only that which promises success, but that 
which will be found, in the end, to be the most expeditious, 
and by far most pleasant. While a superficial attention oc- 
casions perplexity and ccmsequent aversion; a thorough 
invei^igation is rewarded with a high degree of gratification. 
The peculiar entertainment which mathematical studies are 
calculated to furnish to the mind, is reserved for those who 
make themselves masters of the subjects to which ^heir 
attention is called. 



Note. — ^The principal definitions, theorems, rules, &c, which it is necessary 
to eownii to memory, are disting^hed by being put in Italics or Capitals. 



Digiti 



zed by Google 



ALGEBRA. 

SECTION I. 

NOTATION, NEGATIVE aUANTITDSS, AXIOMS, Ifcc 
Art. SsVaLGEBRA may be defined, a general method 

or INVESTIffiTING THE RELATIONS OF QUANTITIES, BT LET- 
TERS, AND OTHER STMBOLSx Thls, it mu8t be acknowledged, 
is an imperfect accomit oi the subject; as every account 
must necessarily be, which is comprised in the compass of a 
definition. Its real nature is tooe learned, rather by an 
attentive examination of its parts, than from any summary 
description. 

The solutions in Algebra, are of a more general nature 
than those in common Arithmetic. iThe latter relate to par- 
ticular numbers ; the former to wMe classes of quantities. 
On this account. Algebra has been termed a kind of unkersat 
Arithmetics The generaUty of its solutions is principally 
owing to the use of Utters, instead of numeral figures, to 
express the several quantities which are subjected to calcula* 
tion. In Arithmetic, when a problem is solved, the answer 
is limited to the particular numbers which are specified, in 
the statement of the question. But an Algebraic scdution 
may be equally applicable to all other quantities which have 
the same relations. This impcHrtant advantage is owing to 
the difference between the customary use of figures, and the 
manner in which letters are employed in Algebra. One of 
the nine digits, invariably expresses the same number: but a 
letter may be put for any number whatever. The fi^e 8 
always signifies eight ; the figure 5, five, &c. And, mough 
one of the digits, in connection with others, may have a loca^ 
value, different from its simple value when alone ; yet the 
same combination always expresses the same number. Thus 
263 has one uniform significaticm. And this is the case with 
every other combination of figures. But in Algebra, a letter 
may stand for any quantity which we wish it to represent. 
Thus b may be put for 2, or 10, ot 50, or 1000. It must no< 
be understood from this, however, that the letter has no de- 
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NOTATION, 9 

terminate value. Its value is fixed for the occasion. Foi 
the present purpose, it remains unaltered. But on a diflferent 
occasicm, the same letter may be put fw any other number. 

A calculation may be gready abridged by the use of let« 
ters; especially when very large numbers are concerned. 
And when several such numbers are to be combined, as in 
multiplication, the process becomes extremely tedious. But 
a single letter may be put for a large number, as well as 
for a small one. The numbers 26347297, 68347823, and 
27462498, for instance, may be expressed by the letters, i, c, 
and d. The multiplying them together, as will be seen 
hereafter, will be nothing more than writing them, one after 
another, in the fomi of a word, and the product wUl be sim« 
ply bed. Thus in Algebra, much of the labor, of calcula-r 
tion may be saved, by the rapidity of the operations, Solu-« 
tions are sometimes effected, in the compass of a few lines, 
i^hich, in common Arithmetic, must be extended through 
many pages. 

24. Another advanta^fe obtained from the notation by let-* 
ters instead of figures, ii^ that the several quantities which 
are brou^t into ccdculatit^, mav be preserved distimct frcm 
each ot&erjk though carried throura a number of complicated 
processerf whereas, in arithmedc, they are so blended to- 
gether, that no trace is left of what they were, befwe the 
operation began. 

25.^^gebra differs farther firom arithmetic, in makinguse 
of unknown quantities, in carrying on its operations, j In 
arithmedc, all the quanddes which enter into a calculation 
must be known. For they are expressed in numbers. And 
every number must necessarily be a determinate quantity. 
But in Algebra, a letter ipay be put for a quandty, before 
its value l^s been ascertaiaed, And yet it may have such 
reladons to other quanddes, with which it is connected, as 
to answer an unportant purpose in the c^cqlatipD, 

NOTATION, 

26. To facilitate the investigations in algebra, the several 
steps of the reasoning, instead of being expressed in words^ 
[^ are translated into the language of signs and symbols, which 
^may be conddered as a species of short-hand. This serves 
to place the quantities and their relations disdnctly before 
the eye, and to bring them all into view at once. They are 
thus joaore readily compared and understood, than when r©^ 

.2* 
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10 ALGEBRA. 

moved at a distance from each other, as in the common 
mode oi writing. But before any one can avail himself <^ 
this advantage, he must beecnne perfectly familiar with the 
new language. 

27. The quantities in algebra, as has been already ob* 
served are generally expressed by letters, . J^he first letters of 
the A)|)habet are used to represent kndwn quantities^ and 
the /last letters, those which are unknovm.' Sometimes the 
quantities, instead of being expressed by letters, are set down 
in figures, as in common arithmetic. 

28. Besides the letters and figures/there are certain char- 
acters used, to indicate the relations of the quantities, or the 
operations which are performed with them, j Amonff these 
are the signs -f- and — , which are read plus and mtnusy or 
more and less, l,The former is prefixed to quantities wluch 
are to be <Med ; the latter, to those which are to be «ti6- 
tracted. Thus a^h signifies that 6 is to be added to a. It 
is- read a plus 6, or a added to 6, or a and 6. If the expres- 
sion be a- 6, L e. a minus b; it indicates that b is to be sub- 
tracted from a. 

29. The sign -f ^ prefixed to quantities which are con- 
sidered as affirmative or positive; and the sign — ^ to those 
which are supposed to be negative.; For the natwe of this 
distinction, see art. 54. 

All the quantities which enter into an algebraic process, 
are considered^ for the purposes of calculation, as either posi- 
tive or negative. \ Before the first one, unless It be negative, 
the sign is generally (»nitted. But it is always to be under- 
stood. Thus o-f-b, is the same as ^-o-f-i. 

SO. Sometimes both + ^i^d — are prefixed to the same 
letter. The sign is then said to be ambiguous. Thus a+b 
signifles that in certain cases, comprehended in a general so- 
lution, 6 is to be added to a, ana in other cases subtracted 
from it. 

31. When it is intended to express the difference between 
two quantities without deciding which is the one to be sub- 
tracted, the character tf) or -^ is used. Thus a-^i, or aob 
denotes the diflference between a and 6,. without determining 
whether a is to be subtracted from b, or b from a. 

32. The equalitu between two quantities or seta of quaiiti- 
ties is expressed by parallel Unes =3, Thus a+b^d sig- 
nifies that a and b together are equal to d. And o-t-dsc 
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NOTillOM. 11 

zsb^gszk sigmfies that a and d equal c^ which is eqml tc 
b and g, which are equal to A. So 8+4=: 16 - 4= 10+2=3 
7+2+8=12. 

33/ When the first of the two quantities compared, ia 
greater than the other, the character^ is placed oetween 
them. Thus a]>( signifies that a is greater than b^ 

If the first is le$$ than the other, the character <; is used ; 
as a<^b ; L e. a is less than 6^ In both cases, the quantity 
towards which the character dpene, is greater than the other. 

34. f A numeral figure is often prefixed to a letter.^ This 
is called a co-efficient. : It shows how often the quamity ex- 

Sressed by the letter is lo be taken.^ Thus 26 signifies twice 
; and 96, 9 times 6, or 9 multipliecl into 6. 
Tlie co-efficient may be either a whole niunber or a firac- 
tion./ Thus f6 is two-thirds of 6. (When the co-efficient is 
not expressed, 1 is always to be understood. / Thus a is the 
same as la; i. e. once a. 

35. The co-efficient may be a letter^ as well as a figure. 
In the t]uantity m6, m may be considered the co-efficient of 
b ; because 6 is to be taken as many times as there are units 
in m. If m stands for 6, then m6 is 6 times 6. In Sa6c, 3 
may be considered as the co-efficient of a6c; ia the co-effi- 
cient of 6c; or 3a6, the co-efficient of c. See art. 42. 

36. A emple quantity is either a single letter or number, 
or several letters connected together without the signs + 
and-^ Thus a, a6, abd and 86 are each of them simple 
quantities. A comfound quantity consists of a number of 
simple quantities connected by the sign + or - . Thus a+ 
*5 ^ - y> - ({+3&, are each compound quantities The mem- 
bers of which it is composed are called terme. 

37. If there are two tenns in a compound quantity^ it is 
called a bmomat Thus a+6 and a - 6 are binomials. The 
latter is also called a residual quantity, because it expresses 
the difierence of two quantities, or the remainder, after one is 
taken from the other. A compound quantity consisting of 
three terms, is sometimes called a trinomud; one of four terms^ 
a fuodrtnomtoi, &^. 

38. When the several members of a compound quantity 
are to be subjected to the same operation, they are firequent- 
ly connected by a line called a tmeukm. Thus A-6+c 
cdiowB that the mm of 6 and e is to be subtracted firom a. Bui 
a-6+c signifies that b mily is to be subtracted from a 
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while e is to be added. The sum of c and d^ subtracted 
from the sum of a and 6, is o-f-i - c-^-d. The marks used 
for parentheses, ( ), are often substituted instead of a line^ for 
a vinculum. Thus x - (a+c) is the same as rr - a-}-c. The 
equatity of two sets of quantities is expressed, without usin^ 
a vinculum. Thus 0-4-^=^+^ signifies, not that b is equtd 
to e; but that the siun of a and b is equal to the sum of c 
and(i 

tt. !A single letter, or a number of letters, representing any 
quantiiSes with their relaticms, is called an algebraic expreS" 
$Um; and sometimes a formula. Thus 04*6 -{-3(2 is an 
algebraic expression. 

40. The character X denotes mvlHplication. Thus aX& 
is a multiplied into 6: and 6x3 is 6 times 3, or 6 into 8. 
Sometimes a paint is used to indicate multiplication. Thus 
a. b is the same as ax^- But the sign of multiplication is 
more commonly omitted, between simple quantities; and 
the letters are connected together, in the form of a word or 
syllable. Thus ab is the same as a. 6 or ax 6* And bcde 
is the same as bx^X^X^- When a compoimd quantity is 
to be muldplied, a vinculum is u^d, as in the case of sub- 
traction. Thus the sum of a and b multiplied into the sum 

of c and rf, is a+6 X c+d, or (o+i) X {c+d). And 
^6+2) X 6 is 8 X 5 or 40. But 6 + 2 X5 is 6+10 or 16. 
When the marks of parentheses are used, the sign of multi- 
plication is frequently omitted. Thus (x-^-y) (a: - y) is (x-\-y) 
X (x^y.) 

41. When two or more quantities are multiplied together, 
each of them is called a jactar. In t he pro duct 06, a is a 
factor, and so is 6. In the product a^Xo-f-m, x is one of the 
factors, and o-f-m, the other. Hence every co-efficient may be 
considered a factor. (Art. 35.) In the product Sj^, 3 is a 
factor as well as y, 

42. A quantity is said to be resohed intofactorSf when any 
fiictors are taken, which, being multiidied together, will pro- 
duce the given quantity. Thus Sab may he resolved mto 
the two factors 3a and 6, because 3a x 6 is 3a6. And 5amn 
may be resolved into the three factors 5ay and tn, and n. 
And 48 may be resolved into the two factors 2 X ^4, or 3 X 1 6> 
or 4x12, or 6x8 5 or into the three factors 2x3x8, or 4x 
6x2, &c. 
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43. The character -^ is used to show that the quantity 
which {urecedes it, is to be ifewfed, by t h at wh ich fdlowsL 

Thus a-H is a divided by c : and a-fft-f^-M ^ ^^ ^^^uii 

of a and i, divided by the sum of c and d. But in al^bra, 

division is more comnnmly expressed, by writing the cuvisor 

under the dividend, in the form of a vu4[ar firacticxu Thus 

a c^v 

, is the same as a-7-i; and jj-j^is the difierence of c and b 

divided by the sum of i and h. A character prefixed to the 

dividing line of a fractional expression, is to be understood 

as referring to all the parts taken collectively ; that is to the 

6-4-c 
whole value of the quotient. Thus a- ^j- signifies that 

the quotient of b+c divided by m+n is to be subtracted from a. 

C'^d h \ ft 
And — ; — X —^ denotes that the first quotient is to be 
a+m ar-y ^ 

multiplied into the second. 

44. When four quantities are prop<niionaly the proportion 
is expressed by pcnnts, in the same manner, as in the Rule of 
Three in arithmetic. Thus a:b::c:d signifies that a has to 
A, the same ratio which c has to d. And abicd:: a-\'m : 
&^-ti, means, that oft is to cd; as the sum of a and tn, to the 
sum of 6 and n. 

45. Algebraic quantities are said to be alike, when they 
are ex{N*essed by the same httersj and are of the same power: 
and unlike, when the letters are different, or when the same 
letter is raised to different powers.* Thus 06, Sab, -oft, 
and —606, are like quantities, because the letters are the 
pame in each, although the signs and co-efilcients are differ- 
ent. But 3a, Sy, and 36ar, are unlike quantities, because 
the letters are unUke, although there is no difference in the 
signs and co-efildents. 

46. One quantity is said to be a fMdtiph of another, when 
the fohner cantaina the latter a certain number of times with- 
out a remainder. Thus 10a is a multiple of 3a; and 24 is 
a multinle of 6. 

47. One quantity is said to be a measure of another, when 
the former is contained in the latter, any number of times, 
without a remainder. Thus 36 is a measure of 1 5b; and 7 
is a measure of 35. 



* For the nptotkn of jmioctv and mplf, aeo the Motions on thoee subjects. 
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48. The vatue of an expremon, is the number or quantity, 
for which the expression stands. Thus the value of 3-(-4 is 
7; of 3x4 is 12; of V is 2. 

* 49. The RECIPROCAL of a qwmtUyf U the quotient uritmg 
from (SRmding a unit by that qtMnUty. Thus the reciprocfu 

<tf a is - ; the recijNrocal of a^b is — r? ; the reciprocal of 4 

. 1 

^4- 

60. The relations of quantities, which in ordinary language, 
are signified by toorcfo, are represented in the algebraic nota- 
tion, by sighs. The latter mode of expressing these rela- 
tions, ought tot be made so familiar to the mathematical 
student, that he can, at any time, substitute the one for the 
other. A few examples are here added, in which, words 
are to be converted into oigns. 

1. What is the algebraic expression for the fpllowinff* 
statement, in which the letters a, 6, c, &c. may be supposed 
to represent any given quantities 1 

The product of o, 6, and c, divided by the difference <rf € 
and dj is equal to the sum of b and c added to 15 times K 

Ans. — j=:6-|-c+16^ 

2. The product of the difference of a and h into the sum 
of 6, c, and dy is equal to 37 times m, added to the quotient 
of b divided by the sum of A and 6. Ans. 

3. The sum of a and 6, is to the (j[uotient of b divided by 
c; as the product of a into c, to 12 tmies h. Ans. 

4. The sum of a, 6, and c, divided by six times their po- 
duct, is equal to four times their sum diminished by d. Ans. 

5. The quotient of 6 divided by the sum of a and 6, is 
equal to 7 times df diminished by the quotient of 6, divided 
by 36. Ans. 

51. It is necessary also, to be able to reverse what is done 
in the preceding examples, that is, to translate the algebraic 
signs into common language. 

What will the following expressions become, when words 
are substituted for the signs % 

1. — r-=aftc-6ni-' 



' a+c 

Ans.*The sum of a and b divided by h, is equal to the 
product of Oy by and c diminished by 6 times m, and increased 
by the quotient of a divided by the sum of a and c. 
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NOTATION. 18 

4. a-i:ac::ili:Sx*+^y- 

m ^^ 

S+6-C 2m am • A-fdTm 

41. At the close of an algebraic proceee, it is frequent!/ 
necessary to restore the numbers^ for which letters had been 
substituted, at the beginning. In doing this, the sign of mul- 
tij^ication must not be <Hnitted, as it generally is, between 
fiou^tors, expressed by letters. Thus, if a stands for 3, and b 
for 4 ; the product ab is not 34, but 3x^ i* ®* 12. 
In the following examines, 

Let a=:S And dsz6. 

6=4 m=8. / 

c=2 , n=10. 

Then. 1 ^+tn,fcc-n_3+8, 4x2-10 . 
Then, 1. __+-^_- _^+___ 

c^dm 6a 

3.6mrf+^*"'^ S6n-frc. b _ 



cdm 4a+Scd a 

53. An algebraic expressicm, in which numbers have been 
substituted for letters, may often be rendered much more 
simfdie, by reducing several terms to one. This cannot 
generally be done, while the letters remain. If o-fi is used 
for the sum of two quantities, a cannot be united in the same 
term with K But if a stands for 8, and b for 4, then o-fA 
= 34-4=7. The value of an expression, consi^^ng of many 
terms may thus be found, by actually performing, with the 
numbers, the operations of addition, subtraction, multiplica* 
tion, &c. indicated by the algebraic characters. 

Find the value of Uie following^ expressicms, in whkh the 
letters are supposed to stand for the same numbers, as in the 
preceding article. ^ ' 

1. i^4.a+mn=^+S+8xl0=9+34.80=92. 
c 2 
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m — o — o 

»-d n-ftc 

2»+3 ^ ^ n 

POSITIVE AND NEGATIVE QUANTITIES. 



« 



54. To one who has just entered on the study of algebra^ 
there is generally nothing more perplexing, than the use of 
what are called negative quantities. He supposes he is about 
to be introduced to a class of quantities wtuch are entirely 
new ; a sort of mathematical. no^Miig^, of which he can form 
no distinct conception. As posidye quantities are real^ he 
concludes that those which are negative must be imaginary.^ 
But this is owing to a misapprehension of the term negative, 
as used in the mathematics. 

65.^ NEGATIVE quantity is one which is required 
TO BE SUBTRACTED. ; ^Vhen several quantities enter into 
a calculation, it is frequently necessary that some of them 
should be added together, while others are subtracted. •JThe 
former are called affinnative or positive, and are marked with 
the sign + / the latter are termed negative, and distinguished 
by the sign -L If, for instance, the profits of trade are the 
subject of calculation,' and the gain is considered positive ; 
the loss will be negative ^ because the latter must be subtracted 
from the former, to determine the clear profit. If the sums 
of a book account are brought into an algebraic process, the 
debt and the credit are distmguished by opposite signs. If a 
man on a journey is, by any accident, necessitated to return 
several miles^this backward moticm is to be considered nega^ 
tivcy because that, in determining his real progress, it must 
be subtracted from the distance which he has travelled in 
the opposite direction. If the ascent of a body from the earth 
be called positive, its descent will be negative. These are 
only different examples of the same general principle. In 

♦ On the subject of negative auantities, see Newton's UniTersal AHthmctic, 
Maseres on the Negative Sign, Mansfield's Mathematical Essays, and Mac- 
laurin's, Simpson's, Euler's, Saunderson's, and Ludlam's Algebra. 
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each of the instances, one of the quantities is to be subtraa^d 
from the other. 

66« The terms positi^ and negative, as uiBed in the mathe- 
matics, are merely Vrfot^c' They imply that there is, either 
in the nature of the quantities, or in their circumstances, or 
in the purposes which they are to answer in calculati<Hi, 
some such Ojf^sition as requires that one should be subtracted 
firom the other. But this opposition is not that of existence and 
non-existence, nor of one thi^ gwnier than nothing, and 
another less than nothing. For, in many cases, either or 
the sigiis may be, indifferently and at pleasure, applied to 
the very same quantity; that is, the two characters may 
change places. In determining the progress of a ship, for 
instance, her easting may be marked + > and her westing - : 
or the westing may be -|- , and the easting -. All that is 
necessary is, that the two signs be prefixed to the quantities, 
in such a manner as to show, which are to be added^ 
and which subtracted. In different processes, they may 
be differently applied. On one occasion, a downward mo- 
tion may be called positive, and on another occasion negative. 

57. In every algebraic calculation, some one of the quan- 
tities must be fixed upon, to be ccmsidered positive. All 
other quantities which will mcrease this, must be positive also. 
But those which will tend to dimimsh it, must be negative. 
In a mercantile concern, if the stock is suf^posed to be positive, 
the prejiis will be positive ; for they mcrease the stock ; they 
are to be added to it. But the losses will be negative ; for 
they dimmish the stock ; they are to be subtracted ftom. it. 
When a boat, in attempting to ascend a river, is occasionally 
driven back by the current ; if the progress up the stream, to 
any particular point, is considered positive, every succeeding 
instance of forunard moti<m will be positive, whUe the back* 
ward motion will be negative. 

58. A negative quantity is fl'equently greatery than the 
positive one with which it is connected. But how, it may 
be asked, can the former be subtracted from the latter? The 
greater is certainly not contamed in the less : how then can 
it be taken out of iti The answer to this is, that the greater 
may be supposed first to exhaust the less, and then to leave 
a remainder equal to the difference between the two. If a 
man has in his possession 1000 dollars, and has contracted a 
debt of 1500; the latter subtracted from the former, not 
only exhausts the whole of it, but leaves a balance of 50C 

3 
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against him. In common language, he is 500 dollars worse 
than notlung. 

59. In this way, it frequently hapjj^ns, in the course of an 
algebraic piocess, that a negative quantity is brought to stand 
ahne. It has the sign of subtraction, without being con- 
nected with any other quantity, from which it is to h^ sub* 
tracted. This denotes that a previous subtraction has left a 
remainder, which is a part of the quantity subtracted. If 
the latitude of a ship which is 20 degrees north of the equator, 
is considered positive, and if she sails south 25 degrees ; her 
motion first diminishes her latitude, then reduces it to nothf 
tngr, and finally gives her 5 degrees of south latitude. The 
sign - prefixed to the 25 degrees, is retained before the 5, 
to show that this is what remains of the southward motion, 
after balancing the 20 degrees of north latitude. If the mo- 
tion southward is only 15 degrees, the remainder must be 
+5, instead of - 5, to show fliat it is a part of the ship's 
northern latitude, which has been thus far diminished, but not 
reduced to nothing. The balance of a book account will be 
positive or negative, according as the debt or the credit is the 
greater of the two. To determine to which side the remain- 
der belongs, the si^ must be retained, though there is no 
other quantity, from which this is again to be subtracted, or to 
which it is to be added. 

60. When a quantity continually decreasing is reduced to 
nothing, it is sometimes said to become afterwards less than 
nothing. But this is an exceptionable manner of speaking.* 
No quantity can be really less than nothing. It may be di- 
minished, till it vanishes, and gives place to an opposite quan- 
tity. The latitude of a ship crossmg the equator, is first 
made less than nothing, and afterwards contrary to what it 
was before. The north and south latitudes may therefore 
oe properly distinguished, by the signs + and - ; all the 
positive degrees being on one side of 0, and all the negative, 
>n the other ; thus, 

+6, +5, +4, +3, +2, +1, 0, ^ 1, - 2, - 3, - 4, - 5, &c. 

The numbers belonging to any other series of opposite 
.{uantities, may be arranged in a similar manner. So thai 
.) may be conceived to ^ a kind of dividing point between 

♦ The expression " lets than notA<nr,»» may not be wholly improper ; if it la 
mtendedtooe understood, not literally, but merely as a convenient phrastt 
adopted for the sake of avoiding^ a tedious circumlocution ; as we say *' the sun 
rises," instead of saying ^ iht earth rolls round, imd brinn the sun mto Tiew.* 
The use of it in this manner, is warranted by Newton, Euler and othen. 
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positive and negative numbers. On a thennometery the de- 
grees ahove may be considered positive, and those below 0, 
negative. g^ 

61. A quantity is sc^Himes said to be subtracted from 0. 
By this is meant, thaWt belongs on the negative side of 0. 
But a quantity is said to be added to 0, when it belongs on 
the positive side. Thus, in speaking of the degrees of a 
thermometer, 0-|-6 means 6 degrees above 0; and 0-6, 6 
degrees below 0. 

AXIOMS. 

62. The object of mathematical inquiry is, generally, to 
investigate some unknown quantity, and discover how great 
it is. This is efiected,*by comparing it with some other 
quantity or quantities already known. The dimensions of 
a stick of timber, are found, by applying to it a measuring 
rule of known length. The weight of a body is ascertained 
by placing it in one scale of a bilance, and observing how 
many pounds in the opposite scale, will equal it. And any 
quantity is determined, when it is foimd to be equal to some 
known quantity or quantities. 

Let a and 6 be known quantities, and y, one which is un- 
known. Then y will become known, if it be discovered to 
be equal to the sum of a and 6 : that is if 

An expression like this, representing the equality betweec 
one quantity or set of quantities, and another, is called an 
equation. It will be seen hereafter, that much of the business 
of algebra consists in finding equations, in which some un» 
known quantity is shown to be equal to others which are 
known. But it is not often the fact, that the first compari- 
son of the quantities, furnishes the equation required. It 
will generally be necessary to make a number of additions, 
subtractions, multiplications, &c. before the unknown quanti- 
ty is discovered. But in all these changes, a constant^quahty 
must be preserved, between the two sets of quantities com.* 
pared. This will be done, i^ in making the alterations, we 
are guided by the following axioms. These are not inserted 
here, for the purpose of being proved; for they are self* 
evident (Art. 10.) But as they must be continually intro- 
duced or miplied, in demonstrations and the solutions of 
problems, thev are placed together, for the convenience of 
reference. 
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20 ALGEBRA. 

68./ Axiom 1. If the same quantity oif equal quantities be 
added to equal quantities, their 9wn8 will be equal, 

S. ' If the same quantity or eqi^^uantities be 9ubtracUd 
firom equal quantities, the remomcU^Brill be equal. 

8. If equal quantities be muUipKSniiio the same, or equal 
quantities, the products will be equal. 

4. If equal quantities be dMied by the same or equal 
quantities, the quotients will be equal. 

5. If the same quantity be both added to and subtractea 
from another, the value of the latter will not be altered. ' 

6. If a quantity be both m/uUipUed and divided by another, 
the value of the former will not oe altered. ^•i„ 

7. If to imequal quantities, equals be a^ded, the greater ^ . 
will give the greater sum. 

8. If from unequal quantities, eauak be subtracted, the 
greater will give the greater remainoer. 

9. If unequal quantities be multijdied by equals, the 
greater will give the greater product. 

1 0. If unequal quantities be divided by equals, the greater 
will give the greater quotieQt. 

11. Quantities which are respectively equal to any other 
quantity are equal to each other. 

12. The whole of a quantity is peater than a part.- 
This is, by no means, a ednupme Ust of the self-evident 

propositions, which are fiumiaihed by the mathematics. It is 
not necessary to enunterate them alL Those have been 
selected^ to which we shall have the most frequent occasion 
to refer. 

64. The investigations in algebra are carried on, princi- 
pally, by means of a series of e^uoltofw and proportions. But ^i^^ 
instead of entering directly upon these, it will be necessary ^9 
to attend in the first fdace, to a nun^r of processes, on 
which the management of equations and proportions de- 
pends. These preparat(»ry operations are similar to the cal- 
culations under the commcm rules of arithmetic. We have 
addition! multiplication, divisicm, involution, &c. in algebra, 
as well as in arithmetic. But this application of a common 
name, to operations in these two brancnes of the mathemat- 
ics, is often the occasion of perplexity and mistake. The 
learner natpally expects to find addition in algebra the same 
as addition in arithmetic. They are in fact the same, in 
many respects : in all respects perhaps, in which the steps of ^ 

the one will admit of a direct comparison, with those of the ' 

other But addition in algebra is more extensive, than in jt 

. I 
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arithmetic. The same obseiration may be made concerning 
several other operations in algebra. They are, in many 
points of view, the same as those which bear the same names 
in arithmetic. But they are frequently extended farther, and 
com|Hrehend processes wMch are unknown to arithmetic. 
This is commonly owing to the introduction of negative 
quantities. The management of these require steps which 
are unnecessary, where quantities of one class only are con- 
cenaed. It win be important, therefore, as we pass along, to 
mark the difference as well as the r^embkmcej between arith* 
metic and algebra ; and, in some instances, to give a new 
definition, accommodated to the latter. 



SECTION 11. ^ 



ADDITION. ■ 

Art. 65. In entering on an algebraic calculation, the first 
thing to be done, is evidently to collect 4he maUriaU. Seve« 
ral distinct quantities are to be c(»icemed ^ the proems. 
These must be brought together. They must be connected 
ft in some form of expression, which will present them at once 

to our view, and show the relations which they have to each 
other. This collecting of quantities is what, in algebra, is 
%alled ADDITION. It may be defined, the connectino op 

SEVERAL quantities, WITH THEIR SIGNS, IN ONE ALGEBRAIC 
EXPRESSION. 

66. It ii| common to include in the defini^bo, " uniting in 

•ne term, such qtlantities, as will admit of being united.'* 

* rSukithis is not sjp much a part of the addition itself, as a 

re^|{ii||^which accompanies or Mlows it The addition 

^Bill cases be performed, 1^ merely connecting the 

lantities by their 'proper signs'. Thus a added to 6, is evi- 

ently a and h : that is, according to the algebraic hotaticm, 

^a^b. And a added to the sum of h and c, is a-f-6+^* ^^^ 

a-f-fr, added to c-fd, is o-fi-f-c-f-ci. In the same manner, if 

. th^sum of any quantities whatever, be added to the sum of 

3* 
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any others, the expression for the whole, will contain all 
these quantities connected by the sign -j-- 

67. Again, if the difference of ^ and b be added to c; the 
■um will be a-i added to c, that is a-64-^. And if a-fr 
be added to c-d, the sum wiin)e a-fc+c-d. In one of 
the compound quantities added here, a is to be diminished 
by 6, and in the other, c is to be diminished by d; the mm 
of a and c must therefore be diminished, both by 6j and by 
df that is, the expression for the sum total, must contain - b 
and - d. On the same principle, all the quantities which, in 
the parts to be added, have the negative sign, must retain this 
sign in the amoimt. Thus o-j-^*""^* ti&ed to d-A m, is 
a4-26-.c+d-A-m. f 

68. The sign must be retained also, when a positive quan- 
tity is to be added, to a single negative quantity. If a be 
added to - i, the sum will be - 6+^ Here it may be object- 
ed, that the negative sign prefixed to 6, shows that it is to be 
stAtracted. What propriety then can there l?e in adding itj 
In reply to this, it may be observed, that the sign prefixed 
to 6 while standii% alone, signifies that 6 is to be subtracted, 
not from a, but from some other quantity, which is not here 
expressed. Thus -6 may represent the loss^ which is to be 
subtracted firom the stock m trade. (Art. 55.) The object 
of the calculation, however, may not require that the value 
of this stock shoidd be specified. But the loss is to be con- 
nected with a profit on some other article. Suppose the 
profit is 2000 dbUars, and the loss 400. The inquiry then, is 
what is the value of 2000 dollars profit, when connected with 
400 dollai-s loss 1« • 

The answer is evidently 2000-400, which shows that 
2000 dollars are to be added to the stock, and 400 stAtracted 
from it ; or which will amount to the same, that the difference 
between 2000 and 400 is to be added to the stock. 

69. Quantities are added, then, by writing them one 

AFTER ANOTHER, WITHOUT ALTERING THEIR SIGI^ ; observ- 
ing always, that a quantity, to which no "sign is prefixed, is* 
to be considered positive. (Art. 29.) 

The sum of o-f-m, aj|d o-8, and 2&*^39n4-d, u^Mn 
and r+Sm-y, is ^ ^^ ^m^ 

a-f»n-f6--84-2A-Sm+d+/l-n+r+3m--y. ^. 

70. It*is immaterial in what order the terms are arranged.fi 
The sum of a and 6 and c is either ar\-b-\-Cj or a-j-c+6j or 
eJ[.b^(L For it evidently makes no difference, which of the 
quantities is added first. The sum of 6 and 3 and 9, is^e 
same as S and 9 and 6, or 9 and 6 and 3. 
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« 

And a^m'-ny is the same as a^n+m. For it is (dainly 
of no consequence, whether we first add m to a, and after- 
I wards subtract n; or first subtract n and then add m. 

71. Though connecting ^^^antities by their signs is ail 
w^ch is essenHdl to addition ; yet it is desirable to make the 
expression as simple as may he^ by reducing several terme to 
(me. The amount of 3a, and 66, and 4a, and 56, is 

30+66+40+56. 
But this may be abridged. The first and third terms may 
be brought into one; and so may the second and fourth. 
For 3 times a, and 4 times a, make 7 times o. And 6 times 
6, and 5 times 6. make 11 times 6. The sum when reduced 
is therefore 7a-pl 1 6. 

For making the reductions connected with addition, two 
rules are given, adapted to the two cases, in one of wliich, 
th^ quantities and signs are alike, and in the other, the quan- 
tifies are alike, but the signs &re unlike. Like quantities 
are the same' powers of the same letters. ^Art. 45.) But 
as the addition of powers and radical quantities will be con- 
! adered in a future section, the examples given in this place, 

wiilTw^ all of the fiurst power. 

72. Case I. To reduce several terms to one, when 

THE* QUANTITIES ARE AUKE, AND THE SIGNS ALIKE, ADD THE 
CO-EFFICiENTSy ANNEX THE COMMON LETTER OR LETTERS, 
AND PREFIX THE COMMON SIGN. 

t Thus to reduce 36+76, that is +36+76 to one term, add 

^ 4 the co-efficients 3 and 7 ; to the sum 10, annex the common 

letter 6, and prefix the sign +. The £spression will then 

be +106. That 3 times any quantity, aim 7 times the same 

qfkijtity, make 10 times that quantity, needs no proof. 

• Examples. ^ 

be Son/ 76+ xy ry+Sabh cdxy+dmg 

26c 7a;y *^9b+Sxy Sry+ a6A 2cdxy'\' mg 

96c xy 2b-L2xy &ry+4abh 5cdxy+7mg 

iSbc 2xy 66+5a:y 2ry+ a6A lcdxti\-dmg 



156c 236+1 lay 15c<lry+19mg 

The mode of proceeding will be the same, if the signs are . 
, Tlwis -* 36c - 6c - 66c, becomes, when reduced, - 96c 
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And - a« - Sax - iaxsz - Sax. Or thus, 

-S6c - ax -2a6- my Sach^Qbdy 

- 6c -3a» - oi-Smy - ocA- 6dy 

-56c -2(M? -7at-8my - SocA- 76dy 



-96c ' . -10a6-12my 



73. It may perhaps be asked herej as in art. 68, \diat pro- 
priety there is, in adding (quantities, to which the negative 
sign is prefixed ; a sign which denotes subtraction ? The an- 
swer to this is, that when the negative sign is applied to sev- 
eral quantities, it is intended to indicate that th?se quantities 
are to be subtracted, not from each other j bu|from some other 
quantity marked with the contrary sign. Suppc^ that, in 
estimating a man's property, the st^m of money in his pos- 
session is marked 4-9 ^^^ ^he debts which he owes are mark- 
ed -. If these debts are 200, 300, 600 and 700 dollars, and 
if a is put for 100; they will together be -2a -3a -6a -7a. 
And tne several terms reduced to one, will evidently be 
- 17a, that is, 1700 dollars. 

74. Case II. To reduce several terms to one, when 

THE QUANTITIES ARE ALIKE, BUT THE SIGNS UNLIKE, TAKE 
THE LESS CO-EFFICIENT FROM THE GREATER; TO THE DIF- 
FERENCE,* ANNEX THE COMMON LETTER OR LETTERS, AND 
PREFIX THE SIGN OF THE GREATER CO-£FFICkENT. 

Thi!^, instead of 8a -6a, we may write 2a. 

And instead of 76 - 26, we may put 66. 

For the simple expression, in each of these instances, is 
equivalent to theN:#mpound one for which it is substituted. 
To +66 +46 56c 2Am -dy+6m 3fc- dx 

Add -46 . -66 -76c -9Am 4%- m 5h+%dx 

* Sum+26 -26c Sdy+5m * 



76. Here again, it may excite surprise, that what appears 
to be subtraction, should be introduced under addition. But 
according to what has been observed, (Art. 66.) this subtrac- 
tion is strictly speaking, no part of the addition. It beloiA 
to a consequent reduction. Suppose 66 is to be added to 
a-46. The sum is a-46+66. (Art. 69.) 

But this expression may be rendered more simple. As it 
now stands, 46 is to be subtracted from a, and 66 added. 
But the amount will be the same, if, without subtracting any 
thing, we add 26, making the whole a+26. And in all spi- 
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ilar instances, the balance of two or more quantitiesy ma} be 
substituted for the quantities themselves. 

77. If two equal quantities have emiirary tignif they de- 
stroy each othe r, and may be cancelled. Thus-)-6i-6& 
=^0 : And 3x6 - 18=0 : And 7bc - 7tc=0. 

Let there be any two quantities whatever, of which a is 
the greater, and b the less. 

Their «un will be o-f-6 
And their difference a - 6 



The sum and difference added, will be Sa-{-0, or simjdy 
So. That is, if the sum and difference of any two quantities 
be added together, the tohok will be twice the greater quan-* 
tity. This is one instance, amcmg multitudes, of the rajridity 
with which general truths are discovered and demonstrated 
in algebra. (Art. 23.) • 

78. If several positive, and several negative quantities axe 
to be reduced to one term ; first reduce those which are posi- 
tive, next those which are negative, and then take the m|fer- 
ence of the co-efficients, of the two terms thus found. 

Ex. 1. Reduce 1354-66+ fc-4i- 66 -75, to one term. 
By art. 72, 136+66+ 6= 206 ) 
Aid -46-66-76=-166 5 



By art. 74, 206 - 166=46, which is the value 

of all the given quantities, taken together. 

Ex. 2. Reduce Sxy - an/+2:ry - 7a;y+4«y - 9ay+7«y - 6a;y. 

The positive terms are 3ay The negative terms are - rcy 

2«y -7ay 

4oey -9ay 

7ay - 6xy 

And their smn is 16:ry ' -23an( 

Then 1 6a;y - 23xyz=i - 7xy 

Ex. 3. Sad''6ad+ad+7ad'-2ad+9ad-'8ad''4ad:=^0. 
4. 2a6m-a6m+7a6m-3a6m+7a6mr= 
6. aary-7aa!y+8(wy-aay-8(wy+9(M!y= 

79. K the kttersy in the several terms to be added, are 
different, they can only be jdaced after each other, with their 
proper signs. They cannot be united in one simple term 
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Ifibf and -6y, &nd Sx, and 17A, and -Bdy and 6, be added; 
their sum will be 

46-.6y+S«+17A-6rf+6, (Art. 69.) 

Different letters can no more be united in the same term, 
than dollars and guineas can be added, so as to make a 
f "^ single sum. Six guineas and 4 dollars are neither ten guineas 
nor ten dollars. Seven hundred and five dozen, are neither 
12 bundled nor 12 dozen. But, in such cases, the algebraic 
signs serve to show how the different quantities stand related 
to each other; and to indicate future operations, which are 
to be performed, whenever the letters are converted into 
numbers. In the expression o-f-B, the two terms cannot be 
united in one. But if a stands for 15, and if, in the course 
of a calculation, this number is restored ; then 0+6 will be- 
come 154-6, which i£ equivalent to the single term 21. In 
the same manner, a -*6, becomes 15-6, which is equal to 9. 
The signs keep in view the relations of the quantities till an 
opportunity occurs of reducing several terms to one. 

80. When the quantities to be added contain several terms 
which are alike^ and several which are urdikey it will be con^ 
venient to arrange them in such a manner, that the similar 
terms may stand one under another. 

To Sbc - 6d+2b - 3y ) These may be arranged thus : 

Add Sbc+X'-Sd+bg V S6c-6d+26-8y 

And 2d+y+3x+b ) -S6c-3rf + «+*g 

. 2d +y+3x +b 

The sum will be • 7i 4. 26 - 2y +ix+bg+ b. 

Examples. 

1. Add and reduce a6-f 8 to cd-3 and 6a6-4m+2. 
The sum is 6a6-j-74-ci-4wi. 
. 2. Add x+Sy-dx, to 7 --xS+hm. 
Ans. 3y-da?-l4-Am. 

3. Add a6m-3a:-|-6tn, to y-x-^-l and 5a?-6y-4-9. 

4. Add 3am+6 - 7a;y - 8, to lOay - 94-5am. 

6. Add 6a%4-7i- l+mjy, to 3a% -7^4-17 -tiwy 

6. Add 7ad-A+8«/-arf, to Bad+h-lxy, 

7. Add Sab''2ay+Xy to ab-^ay+bx-k 
8 Add ^^Sax+2a, to Sbx-by-^a. 
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SECTION III. 



SUBTRACTION. 

Art. 81. ADDITION is bringing quantities together, to 
find their amount. On the contrary, SUBTRACTION is 

FINDING THE DIFFERENCE OF TWO QUANTITIES, OR SETS 
OF QUANTITIES. 

Particular rules might be given, f<wr the several cases in 
subtraction. But it is more convenient to have one general 
rule, founded on the principle, that takk^ away a poHtke 
quantity, from an algebraic expression, is the $ame in effect, 
as annexing an equal negathe quantity ; and taking away 
a negative quantity is the same, as annexing an equal posi- 
tive one. 

Suppose +6 is to be subtracted from a+6 

TaKing away 4-*j frona a-j-6, leaves a 

And annexing - 6, to a-f-6, gives o-j-i - b 

But by axiom 5th, a-\-b - 6 is equal to a 

That is, taking away a posiHve term, from an algebraic 
expresdon, is the same in effect, as annexing an equal nega» 
His term. 

Again, suppose - 5 is to be subtracted from a-fr 
Taking away - 6, from a - 6, leaves a 

And annexing +^> to a - 6, gives a - 6-{-6 

But a- 64-6 is equal to a 

That is, taking away a negative term, is equivalent to on- 
nexing a positive one. If an estate is encumbered with a 
debt ; to cancel this debt is to add so much to the value of 
the estate. Subtracting an item from one side of a book ac* 
count, will produce the same alteration in the balance, bm 
adding an equal siun to the opposite side. 
To place this in another pomt of view. 
If m is added to 6, the sum is by the notation b'\-m > 
But if m is subtracted from b, the remainder is & - m ) 
So if m and h are each added to 6, the sum is (-("^M"^ ) 
But if m and h are each subtracted from 6, the > 

remainder is 6-m-*& ) 
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The only difference then between adding a positive quan- 
tity and subtracting it, is, that the sign is changed from 4* 
to-% 

Again, if m-n is subtracted from &, the remainder is, 
• b-m^n. 
For the less the quantity subtracted, the greater will be the 
remainder. But in the expression m-n, m is diminished by 
n; therefore, b-m must be increased by n; so as to become 
b-m^n: that is, m^n is subtracted from 6, by changing 
-(-m into -m, and -n into -{-n^ and then writing them after 
i^ as in ciddition. The explanation will be the same, if there 
are several quantities which have the negative sign. Hence, 

82. To PERFORM SUBTRACTION IN ALGEBRA, CHANGE THE 
SIGNS OF ALL THE QUANTITIES TO BE SUBTRACTED, OR SUP- 
POSE THEM TO BE CHANGED, FROM -{- TO -, OR FROM - TO -f") 
AND THEN PROCEED AS IN ADDITION. 

The signs are to be changed, in the stAirahend only. 
Those in the minuend are not to be altered. Although the 
rule here given is adapted to every case of subtraction ; yet 
there may be an advantage in giving some of the examples 
in distinct classes. 

83. In the first place, the signs may be aUke, and the min- 
uend greater than the subtrahend. 

Prom +28 166 Uda -28 -166 -14Ja 

Subtract -|-16 126 6da -16 -126 -6da 



Difference +12 46 8da -12 -46 -8A1 
Here, in the first example, the + before 16 is supposed 
to be changed into -, and then, the signs being unlike, the 
two terms are brought into one, by the second case of re- 
duction in addition. (Art. 74.) The two next examples 
are subtracted in the same way. In the three last, the - in 
the subtrahend, is supposed to be changed into +. It may 
be well for the learner, at fiist, to write out the examples ; 
and actually to change the signs, instead of merely con- 
ceiving them to be changed. When he has become familiar 
with the operation, he can save himself the trouble of tran- 
scribing. 

This case is the same as subtraction in arithmetic. The 
two next cases do not occur in common arithmetic. 

84. In the second place, the signs may be alike, and the 
minuend less than the subtrahend. 
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From +I6b lib 6da -16 -lib - «(fa 
Sub. +2Sb 16b I4da -26 -16» -14da 

Dif. -126 -46 -8rfa +12 46 SAi 

The same quantities are given here, as in the preceding 
article, for the purpose of comparing them together. But the 
minuend and subtrahend are made to change places. The 
mode of subtracting is the same. In this class, a greater 
quantity is taken from a less : in the preceding, a kss from a 
greaien By comparing them, it will be seen^ that there is no 
difference in the answers, except that the signs are opposite. 
Thus 166 - 126 is the same as 126 - 166, except that one is 
-4-46, and the other -46: That is, a greater quantity sub- 
tracted from a l^ss, gives the same result, as a less subtracted 
firom a greater, except that the one is positive, and the other 
negative. See Art. 58 and 59. 

85. In the third place, the s^ns may be unlike. 

Prom +28 +166 +I4da -28 -166 -l4cfei 
Sub. -16 -126 - 6rfa +16 +126 + 6da 

Dif. +44 286 20da -44 -286 -20rfa 

From these examples, it will be seen that the difference 
between a positive and a ne^tive quantity, may be greater 
than either of the two quantities. In a thermometer, the dif- 
ference between 28 degrees above cypher, and 16 below, is 
44 degrees. The difference between gaining 1000 dollars in 
trade, and losing 500, is equivalent to 1500 dollars. 

86. Subtraction maybe proved^ as in arithmetic, by adding 
the remainder to the subtrahend. The sum ought to be equal 
to the minuend, upon the obvious principle, that the difference 
of two quantities added to one of them, is equal to the other 
This serves not only to correct any particular ^ror, but to 
verify the general rule. 

From 2:ry-l h+Sbx Ay- oA nd-^lby 

Sub. -a:y+7 3A-96a? 6Ajf-6afc 5nil- by 

Dif. SxyS -4Jiy+6aA 

From 3a6m- xy -17+4aa? ax+ 76 Sah+axy 

Sub. -7a6wi+6«/ -20- ax -.4aar+156 -7aA+aa:y 

Rem. 10a6m-7a:y m 5cix- 86 



Digiti 



zed by Google 



90 ALG£BRA. 

87. Wben tfiere are several Urm$ olifce, iktj may be le- 
duced as in addition. 

1. From ah subtract iaim^am^lcm^iain^Qaini. 

Ans. a6-Sam-am«-7afii-2ani--6am=a(-19am. (Art 7S.) 

2. Fromjf, subtract-a-a-a-o. 

8. From aa?-6c+Saap4-75c, subtract 4hc^iaX'\A^4(uc. 

Ans, ad:-6c-f3ax-|-7frc-46c-f2ax-&c*4aap^2a«-f^« 
(Art. 78.) 

4. From ad+Sdc-ia:, subtract 3iM{-l-7iap-c{e-|-adL 

88. When the htUre in the minuend are different from 
those in the subtrahend, the latter hx^ subtracted, by first 
changing the signs, and then placing the sevend terms one 
after another, as in addition. (Art. 79.) 

From Sofr-fd-ff^-f lU^ subtract «-dlr-{-4Ay-6mjr. 
Ans. %ab'\'S''imy--\^ih''X^iT'^4ky-\-\mx. 

88. b. The sign-, placed before the marks of paren^herii^ 
which include a number of quantities, requires, that when 
these marks are removed, the signs of all the quantities thus 
included, should be changed. 

Thus a- (i-c-f-d) signifies that the quantities 6, -«, and 
•4-^ are to be subtracted from a. The expres£aon will then 
become a- 6+c-d. 

2. 1 Sorf+ay+d - (7a<l - xy-^i^hm - ry ) = 6ad+2«!f - fan 

5. lahc - 8+70? - (Soic - 8 - *r+r) =:4a6c+7a?+Ar-f . 

4. Soif A-2y-(7y+3A-nM:4.4ad-Ay-arf) = 

5. 6am-Jy4-8-(16+3djf-8+am-e-(-.r)= 

6. 7ay-2a:4-5-(44.A-(q(4-a:-fS6) = 

88 c. On the other hand, when a number of quantities are 
introduced within the marks of parenthesis, with -immedi- 
ately preceding; the signs must be changed. 

Thus -ii»+6-<ir4-3fc= - (m-ft+dar-SA.) 
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MULTIPLICATION. 91 



SECTION IV. 



BiULTIPUCATION.* 

Aat. 89. In addition, one quantity is connected with an. 
other. It is frequently the case, that the quantities bfought 
together are eqwd; that is, a quantity is added to Uieff. 

As a4-«=2o o-f-o+o+a=4a 

O-i-O+OirsSa 0+0+0+0+0= do, &c. 

This repeated addition of a quantity to itself is what was 
originally called fttuUq>Iication. But the term, as it is now 
used, has a more extensive signification. We have frequent 
occamon to repeat^ not only the whole of a quantity, but a 
certain portion of it* If the stock of an incorporated com-» 
pany is divided into shares, one man may own ten of them, 
another five, and another o part only of a share, say two- 
fifths. When a dividend is made, of a certain sum on a 
share, the first is entitled to ten times this sum, the second to 
jwe times, and the tbu*d to only two-J^he of it. As the ap* 
portioning of the dividend, in each of these instances, is 
ui>oa. the same principle, it is called multiplication in the 
last, as well as in the two first. 

Again, suppose a man is obligated to pay an annuity of lOO 
doUus a year. As this is to 1^ subtracted from his estate, it 
may be rep'esented by -o. As it is to be subtracted year 
e^yeoTf it will become, infour years,-o-o-o~o=:^4o. 
This repeated subtraction is also called multipUcation. Ac<.> 
cording to the view of the subject; 

90. Multiplying bt a whole number is I'aking the 
multiplicand as mant times, as there are units in the 
multiplier. 

Multiplying by 1, is taking the multifdicand onee^ as o. 
Multiplying l^ 2, is taking the multiplicand twice, as a+Of 

^Newton*! UniTenal jbrithmetic, jp. 4. Maaereson the NegAtiTe Sign, 
See. IL Comus* AriUunetic. Book U. Chap. S. Euler*a Algebra, Sec I 
ILClMip»S» SimfMOD*! Algebra, See. iV Madanrin, Saundenon, Laeroii, 
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32 ALGEBRA. 

Multipljring l:^ S, is taking the multi{dicand thrti Iteiet, at 

O-f-O-f-Oi &c. 
MULTIPLTINO IT A FRACTION IS TAKING A CERTAIN 
PORTION OF THE MULTIPLICAND AS MANY TIMES, AS THERE 
ARE LIKE PORTIONS OP A UNIT IN THE MULTIPLIER.* 

Multipljang by |, is taking j of the multiplicand| once, as jo. 
Multiplying by }, is taking ^ of the multiplicand, twice^ as 

Multiplying by }, is taking | of the multiplicand, three timet. 

Hence, U the multiplier is a umt^ the product is eqtfol to 
the multiplicand : If tne multiplier is greater than a unit, the 
product is greater than the multiplicand : And if the multipli- 
er is ks8 than a unit, the product is less than the multiplicand. 

Multiplication by a NEGATIVE quantity, has the 

SAME relation TO MULTIPLICATION BY A POSITIVE QUANTITY, 

which subtraction has to addition. In the one, the 
sum of the repetitions of the multiplicand is to be addedy to 
the other quantities with which this multiplier is connected. 
In the other, the sum of these repetitions is to be subtracted 
from the other quantities. This subtraction is performed at' 
the time of multiplying, by changing the sign of the pro- 
duct. See Art. 107 and 108. 

91. Every multiplier is to be considered a ntint&er. We 
sometimes speak of multiplying by a given we^ht or measurey 
a sum of money f &c. But this is abbreviated mnfifuage. If 
construed literally, it is absurd. Multiplying is taking either 
the whole or a part of a quantity, a certain number y iunc^. 
To say that one quantity is repeated as many times, as an- 
other is heavy y is nonsense. But if a part of the weight of a 
body be fixed upon as a unity a quantity may be multiplied 
by a number equal to the number of these parts contained 
in the body. If a diamond is sold by weight, a particular 
price may be agreed upon for each grain. A grain is here 
the unit; and it is evident that the value of the diamond, is 
equal to the given price repeated as many times, as there are 
grains in the whole weight. We say concisely, that the price 
is multiplied by the weight : meaning that it is multiplied by 
a number e(|ual to the number of grains in the weight. In a 
similar manner, any quantity whatever may be supposed to 
be made up of parts, each being considered a unity and any 
number of these may become a multiplier. 

••— U' ' .III 

* S«e Note C. 
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MULTIPIiCATION. 2S 

98. As iiiuldpl3ring is taking the whole or a part of a 
quantity a certain number of times, it is evident that the 
prodndj must be of the same nature as the muUiplkani. 

If the multiplicand is an abstract number; the product will 
be a number. 

If the multiplicand is weighfy the j^oduct will be weight. 
If the multiplicand is a Une^ the product will be a line. Re^ 
ptatmg a quantity does not alter its nature. It is frequently 
said, that the product of two lines is a surface^ and that the 
product of three lines is a solid. But these are abbreviated 
expressions, which if interpreted literally are not correct 
See Section xxi. 

93. The multiplication of fractions will be the subject of 
a future section. We hav^ first to attend to multiplication 
by positive whole numbers. This, according to the defini- 
tion (Art. 90.) is taking the multiplicand as many times, as 
there are units in the multiplier. Suppose a is to be multi- 
plied by &, and that h stands for 3. There are then, three 
units in the multiplier 6. The multiplicand must therefore 
be taken three times ; thus, a-|-a4-a=3a, or ha. 

So "^ that, midtiph^ng two letters together is nothing more, 
than writing them one after the other^ either with, or without 
the sign of multiplication between them. Thus b multiplied 
into e is bxcy or be. And x into y, is xxy^ or af.y, or xy, 

94. If more than two letters are to be multiplied, they 
must be connected in the same manner. Thus a into 6 and 
c, is cba. For by the last article, a into 6, is ba. This pro- 
duct is now to be multiplied into c. If c stands for 5, then 
ba is to be taken five times thus, 

ba+ba+ba+ba+ba=z5baf or cba. 

The same explanation may be applied to any number of 
letters. . Thus, am into xt/y is amxy. And bh into mrx, is 
bhmrx. 

95. It is immaterial in what order the letters are arranged 
The product ba is the same as ab. Three times five is equal 
to five times three. Let the number 5 be represented by as 
many points, in a horizontai line ; and the nuinber St by as 
many points in a perpendicular line. 



Here it is evident that the whole number of pomts is equal, 
either to the number m the horizontal row three times repeat- 

4^ 
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S4 ALGEBRA. 

od, or to the number in the perpendicular row five times re« 
peat€Ml ; that is, to 5 X 3, or 3 X 5. This explanation may be 
extended to a series of factors consisting of any numbers 
whatever. For the product of two of the factors may be 
considered as one number. This may be placed before or 
after a third factor : the product of three, before or after a 
fourth, &c. 

Thus 24=4x6 or 6x4=4x3x2 or 4x^x3 ot 2x3x4. 

The product of a, 6, c, and d, is abcdy or acdbf or dcbtty or bade. 
It wul generally be convenient, however, to place the letters 
in alphabetical order. 

V 96. When the letters have numerical CO-EPFI- 
ClENTS, these must be multiplied together, and 
prefixed to the product of the letters. 

Thus, 3a into 2b, is 6ab. For if a into b is a(, then 3 times 
a into 6, is evidently Sab: and if, instead of multiplying by 
i, we multiply by tvnce 6, the product must be tioice as great ; 
thatis2x3a6or 6ab. 

Mult. 9ab 12% Sdh 2ad Udh Say 

Into Sxy 2rx my IShmg x 8mx 

Prod. 27abxy ^'T^/ SdAwiyji w ( - ^' 7 76dAa;i V 

97. If either of the factors consists of figures ordyy these 
must be multiplied into the co-efficients and letters of the 
other factors. 

Thus Sab into 4, is 12a6. And 36 into 2ar, is lf2x. And 
24 into %, is 24hy. 

98. If the multiplicand is a compound quantity, each of Us 
terms must be multiplied into the multipher. Thus 6+c-f d 
into a is a64-^+^- P^r ^h® whole of the multiplicand is 
to be taken as many times, as there are units in the multi- 
plier. If then a, stands for 3, the repetitions of the multipli- 
cand are, 

b+c+d 

b+c+d 

b+c+d 

And their sum is Sb+Sc+Sd^ that is, ab+ae+ad. 
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MULTIPLICATION. 85 

Mult. d+2xy U+m Shl+l 2hm+S^-{-dr 

Into 36 6dy my 4b 

Prod Sbd+6bxy SWmy+my $^' ///+-/ C 

99. The preceding instances must not be confounded 
with those m which several factors are connected by the 
signx> or by a point. In the latter case, the multiplier is 
to be written before the other factors mihout being rotated. 
The product of 6x^ into a, is a6 x ci, and not abx^^' For 
h^dva bdj and this into a, is abd. (Art. 94.) The expression 
bxd is not to be considered, like b+d^ a compound quantihj 
consisting of two terms. Different terms are always separa- 
ted by+or-. (Art. 36.) The product of bxf^X^Xy in- 
to a, is axbxhx^Xy or abhmy. But b-^-h^m^y into a, 
is cUt'{'ah-\'am^ay. 

100. If both the factors are compound quantities, each 
term in the multiplier must be muUipliea into each in the multi' 
plicand. 

Thus o-f-t into c+d is ac4-a(l+*<^+^^- 

For the units in the multipUer a-f-6 are equal to the units 
in a added to the units in 6. Therefore the product produ- 
ced by a, must be added to the product produced by 6. 
The product of c-^-d into a is ac-^-ad > a «♦ Oft 
The product of c+d into b is bc+bd J ^"* ^^' 
The product of c+d into a-{-b is therefore oc-f ad+6c-j-6d. 

Mult. Sz+d 4(ty+2b a+l 

Into 2a+hm 3c +rx Sx+4 



Prod. 6ax+2ad+ShmX'{'dhm 3aa?+3a?+4a-f 4 

Mult. 2A+7 into 6d+l. Prod. I2dh+42d+2h^7. 
Mult, dy-^-rx+h into 6m+44-7j/. Prod. 
Mult. 7+66+od into 3r+4-f2^. Prod. 

101. When several terms in the product are alike^ it will 
be expedient to set one under the other^ and then^ to unite 
them, by the rules for the reduction in addition. 



Digiti 



zed by Google 



86 ALGEBRA. 

Mult b+a b+c+2 0+ y+1 

Into b+a b+c+S 3b+ix+7 

bb+ab bb+bc+2b 

4-^+^ ^ 4-CC+2C 

+36 +8c+6 



Prod. bb+2ab+M bb+2bc+5b+cc+5c+6 



Mult Sa+d+4 into 2a+3d+l . ProA 
Mult 6+ccJ+2 into S6-f 4cd-f7. Prod. 
Mult Sb+2x+h into a X ^ X 2ar. Prod. 

^ri03. It will be easy to see that when the multiplier and 
midtiplicand consist of any quantity repeated as a factory this 
factor will be repeated in the product, as many times as in 
the multiplier and multiplicand together. 
Mult aX^X^ Here a is repeated three times as a factor. 
Into aX^ Here it is repeated hotce. 

Prod. ax<»X<»X<»X^ Here it is repeated ^ve times. 

The product of bbbb into 666, is 6666666. 
The product of 2arx3«x4a: into 6a:x6a?, is 2a?xS«X4a:X 
6xx6x. 

104. But the numeral co-efficients of several fellow-factors 
may be brought together by multiplication. 

Thus 2ax36 into 4ax66 is 2ax36x4ax56, or 120aa66. 
For the co-eflScients axefactorsy (Art. 41.) and it is imma^ 
terial in what order these are arranged. (Art. 96.) So that 
2ax36x4ax66=2x3x4x5x«XaX6x6=120aa66. 
The product of 3ax46A into Smx^y^ is S60abhmy. 
The product of 46x6d into 2ar+l, is 486da?+246d. 

105. The examples in midtiplication thus far have been 
confined to positive quantities. It will now be necessary to 
consider in what manner tlie result will be affected, by mul- 
tiplying positive and negative quantities together. We shall 

That + into -f- produces -}- 

- into + - 
-f- into - - 

- into - -|- 
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MULTIPLICATION 97 

All these may be comprised in one general rule, which it 
will be important to have always familiar. If the signs of 

THE FACTORS ARE ALIKE, THE SIGN OF THE PRODUCT WILI. 
BE AFFIRMATIVE ; BUT IF THE SIGNS OF THE FACTORS ARE 
VMilKE, THE SIGN OF THE PRODUCT WILL BE NEGATIVE. 

106. The first case, that of -(- into -{-» needs no farther 
illustration. The second is - into 4-9 that is, the multipli- 
cand is negative, and the multiplier positive. Here -a 
into -|-4 is - 4a. For the repetitions of the multifdicand are. 







-a~a-a-a=:-4a. 




Mult. 


b-Sa 


ia-m h-3d'4 


a-t-7d-* 


Into 


6y 


8A+* 2y 


Sb+h 



Prod. 6(y-18ay 2%-6dy-8y 



107. In the two preceding cases, the affirmative sign jve- 
fixed to the multiplier diows, that the repetitions of the mul- 
tiplicand are to be added to the other quantities with which 
the multiplier is connected. But in the two remaining cases, 
the negative sign prefixed to the multiplier, indicates that 
the sum of the repetitions of the multiplicand are to be sub 
traded from the other quantities. ^Art. 90.) And this sub- 
traction is performed, at the time of multipljring, by making 
the sign of the product opposite to that of the multiplican£ 
Thus +a into - 4 is - 4a. For the repetitions of the multi- 
plicand are, 

-^a-|-a-|-a-|-a=-f4a. ..- 

But this sum is to be m^^ocfeil, firom the other quantities 
with which the multiplier is connected. Ilhvill then become 
-4a. (Art, 82.) 

Thus in the expression 6-(4xoj) it is manifest that 4xa 
is to be subtracted fi-om 6. Now 4xa is 4a, that is -f-4a. 
But to subtract this from 6, the sign -f- must be changed 
into-. So that 6-(4x«) is 6-4a. And ax -4 is there- 
fore - 4a. 

Again, suppose the multipUcand is a, and the multiplier 
(6-4.) As (6 -4) is equal to 2, the product will be equal 
to 2a. This is less than the product of 6 into a. fTo obtain 
' then the product of the compound multiplier (6 - 4) into a, 
we must wbtra/ct the product of the negative part, from that 
of the positive part. 
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Mdtiplymg ^_a | ^ ^^ ^^ ^ | gS'^^y^j 

And the product 6a -4a» is the same as the product 2a. 
Therefore a into * 4^ is - 4a. 

But if the multiplier had been (6-f4,) the two products 
must have been added. 

Multiplying « ? i« the same as i Multiplying a 

Into 6+4 5 ^ ^^^ ®^® ^ I Into 10 

And the prod. 6a4-4a is^he same as the product 10a. 

This shows at once the difference between multiplying by 
a posUwe factor, and 'multiplying by a negcUwe one. In tlie 
former case, the sum of the repetitions of the multiplicand is 
to be added to, in the latter, subtracted fromy the other quan- 
tities, with which the multiplier is connected. For every 
negative quantity must be supposed to have a reference to 
«ome other whkh is positive; though the*two may not 
always stand in connection, when the multiplication is to be 
performed. 

Mult, d+b Sdy+hx+% Sh+S 

Into b-x mT'-ab ad-6 



Prpd. oft+ft* - or - ftjT Sadh+Sad - 18A - Id 

JK 108. If two negatives be multiplied together, the product 
will be afltonative : - 4 X - «= +4a. In this case, as in the 
preceding, the repetitions of the multiplicand are to be «i6- 
tractedf tecause the multiplier has the negative sign. These 
repetitions, if the midtiphcand is -(^ and the mmtiplier -4, 
are-a-a-a-as-4a. But tlys is to be subtracted by 
changing the sig*. It then becomes -{-4a. 

Suppose -a is multiplied into (6-4.) As 6-4r=2, the 
product is, evidently, hoke the multipUcand, that is, -2a. 
but if we multiply - a into 6 and 4 separately; -a into 6 
is -6a, and -a into 4 is -4a. (Art. 106.) Ais in the multi- 
plier, 4 is to be subtracted from 6 ; so^ in the product, - 4a 
must be subtracted from - 6a. Now - 4a becomes by wib- 
traction -f4a. The whole product then is - 6a-f-4A which is 
equal to - 2a. Or thus, 

MulUpl^g - «? is the same as J Multiplying - a 
Into 6-4 5 i Into 2 

And the prod. - 6a-f 4a, is equal to the {nxKluet - 3a. 
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It 19 often coE^dered a great mystery, that the product of 
two negatives should be affirmative. But it amounts to no- 
thing more than this, that the subtraction of a negative quan- 
tity, is equivalent to the addition of an affirmative one; 
(Art. 81.) and, therefore, that the repealed subtraction of a 
negative quantity, is equivalent to a repealed addition of an 
affirmative one. Taking off from a man's hands a debt of 
ten dollars every month, is adding ten dollars a month to the 
value of his property. 

Mult. a-4 id^hy-^Zx Say-b 

Into 36-6 44-7 6ar-l 



Prod. Sat -126- 60+24 ' i3aa;y-66ar-Say+6 



Multiply Sad^ah"! into 4-dy-Ar. 
Multiply 2Ay-f-3m- 1 into 4d-&r+3. 

1 09. As a native multipUer changes the sign of the quan- 
tity which it multiplies ; if there are several negative factors 
to be multiplied together. 

The Upo first will make the product positive; 

The third will make it negative; 

The fourth will make it positivSy &c. 



Thus -ax -6=+a6 
-4-o6x-c= -o6(J 
-a6ex -rf=+a6cd 
+abcdx - c= - abode 



{ttoo factors. 
five.' 

That is, the product of any even number of negative fac- 
tors is positive ; but the product of any odd number of nega- 
tive factors is negative. 

Thus-ax-o=ao And-ax-^X-«X-o=<MMW 

-ax -«X -«=-««« -ax-«X-«X-«X-«=-<wwwki 
The product of several factors which are all positive^ is in- 
variably positive. 

^110. Positive and negative terms may frequently balcmce 
each other, so as to disappear in the product. (Art. 77.) A 
star is sometimes put in the place of a deficient term. 
Mult, a- 6 mm ^yy aa^ab+bb 

Into a+b fnm+yy a- 6 

aa-ab aaa+adb+abb 

+fli-W -aa6-a66-W6 

Prod.aa * -W aaa ♦ ♦ -666 
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111. For many purposes, it is sufficient merely to mOcate 
the multiplication of compound quantities, without actually 
multiplying the several terms. Thus the product of 
a+b+c into h+m+y^ is (a+b+c) x {h+m+y.) (Art 40.) 
The product of 

o-f m into A+a? and rf+y, is (o-f-m) X (M-*) X (^H^y-) 

By this method of representing multiplication, an important 
advantage is often gained, in preservmg the factors distinct 
from each other. 

When the several terms are multiplied in form, the expres 
sion is said to be expanded. Thus, 

(a-f-6) X (<^+<^) becomes when expanded (K-^-ad^be^bd 

112. With a given multiplicand, the less the multiplier, 
the Jess ^11 be the product. If then the multiplier be 
reduced to nothingy the product will be nothing. Thus axO 
=0. And if be one of any number of felloM^-factors, the 
product of the whole will be nothing. 'J 

Thus, abxcxSdxO—SabcdxOz=iO. ^ 

And (a+6)x(c+rf)X(K-m)xO=0. 

113. Although, for the sake of illustrating th6 different 
points in multiplication, the subject has been drawn out into 
a considerable number of particulars; yet it will scarcely be 
necessary for the learner, after he has become familiar with 
the examples, to burden his memory with any thing moie 
than the following general rule. * 

MULTIPLT THE LETTERS AND CO-EFFICIENTS OF EACH TERM 
IN THE MULTIPLICAND, INTO THE LETTERS AND CO-EFFICIENTS 
OF EACH TERM IN THE MULTIPLIER; AI^D PREFIX TO EACH TERM 
OF THE PRODUCT, THE SIGN REQUIRED BT THE PRINCIPLE, THAT 
LIKE SIGNS PRODUCE-]-) AND DIFFERENT SIGNS - . 

1. Mult. 0+86-2 into 4a- 66-4. 

2. Mult. 4a6xa?X2 into3my-l+A. 

3 Mult. (7aA-y)x4into4a?x3x5xi 

4. Mult. (6a6-JW+l)x2into (8+4a:-l)xd. 

5. Mult. 3ay+y-4+/iinto (d+ar)x(/t+y.) 

6. Mult. 6aa:-.(4A-d) into (6-f l)x(A+l.) 

7. Mult. Toy -l+Ax(d-«) into -(r+3-4m.) 
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_. . , SECTION V. 

' f 

' DIVISION. 

Art. 114. IN multiplication, we have two factors gi^eo^ 
and are required to find their product. By multi|dying the 
factors 4 and 6, we obtain the product 24. But it is fre- 
quently necessary to reverse this process. The number 24> 
and ofM of the factors may be given, to enable us to find the 
other. The operation by which this is efiected, is caiUed 
J^ioman. Wd obtain the number 4, by dividing 24 by 6. 
The quantity yLbe divided is called thei dividend \ the £ftren ^ 
£sictor, the diCor ; and thAt which Sa^rtqw^iy the quotient. ▼- 

. 115. DIVISBDN IS FINDING A QUOTIENT, WHICH MUI^TI* 

PLIED INTO THE%)IVISOR WILL PRODUCE THE DIVIDEND.** 

• . * 

In;nultiplication the mtdfipKer is always a wxmbtr. (Art. ^ 
91..)v And the oroduct isa quantity of the, same kind| as the . $ 
mimipliciand; (Art. 92^) The jprpduct of 'S rods into 4^ is 12 
rods'. When we come to division, the product and tiiher of 
the factors may be riven,, to find the other : that is, 

The divisor may be a nt«i^er, and then the quotient will 
be a qustntity of the same kind as the dividend ; or, 

The dlMm may be a quantity of the same kind as the ** 
dividend ; and then the ^ti^/ient wlQ be a number. 

Thus 12 ro(fo-i-4±=3 rods. But 12 ro£fe-^3ro<fc=4. 

And 12 ro&-r-24=irod. And 1 2 ro(fc-^24 rois^k 

In the fiiTst case, the divisor being a iwrnlbtT^ shows into 
ho\a many parts the dividend is to be sejparated ; iUi(^ the quo-* 
tient shows what these parts are. 

If 12 rods be divided into 3 parts, each will be 4 rods Icmg. 
And if 12 rods be divided into 24 parts, each will be half a 
rod long. >• 

In the other case, if the divisor is less than the dividend, 
the former shows into whcU parts the latter is to be divided ; 
and the quotient shows how many of these parts are contained 



* The nmabider is here euppoeed to be mduded io the quotient, as is cont 
monlf the case in a%cbnu 
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m the dividend. In other words, diviEi^n b this case con* 
flists in finding how often one quantity U contained in another. 

A line of 3 rods, is contained in one of 12 rods, fimr timee. 

But if the divisor is p^eater than the dividend, Mid yet a 

Suantity of the same kind, the quotient shows what part of 
lie divisor is equal to the dividend 

Thus one half of 24 rods is equal to 12 rods. 

116. As the product of the divisor and quotient is equal to 
the dividend, the quotient may be found, ,by resolving the 
dividend into two such factors, that one of them shall be the 
divisor. The other will, erf course, be the quotient. 

Suppose abd is to be divided by a. The factor a and bd 
will produce the dividend. The first of these, being a divi- 
sor, may be set aside. The other is the (j^i^ent. Hence, 

When the divisob is FouNb as a facivR in the divi* 

DEITD, THE DIVISION 18 PERFORMED BY C^^CELLING THIS 
FACTOR. 

Divide ex dh drx hmy dhxy abed abxy 
By e d dr hm Jk/ b ax 

Quot X X hx by 

In each of these examples, the letters which are commoii 
to the divisor and dividend, are set aside, and the other let- 
ters form the quotient. It will be seen at once, that the pro- 
duct of the quotient and divisor is equal to the dividend. 

117. If a letter is repecUed in the dividend, care must be 
taken that the factor rejected be only equal to the divisor. 

Div. 0(10 bbx aadddx aammyy aaaxxxh yjfjf 
By a . 6 ad amy aaxx ^ 

Quot. db addx ahx 



In such instances, it is obvious that we are' not to reject 
every letter in the dividend which is the same with one in the 
divisor. 

118. If the dividend consists of aamy factors whatever^ ex- 
punging one of them is dividing by it. 
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Div. a{b+d)a{bfd) {b+x){c+d) {b+y)x{d^h)x 

By a b+d b+x d^h 

Quot. b+d a c+d (*+y) X* 



In all these instances the product of the quotient and divi- 
sor is equal to the dividend by Art. 111. 

119. In performing multiplication, if the factors contam 
numeral figuresy these are. multiplied into each other. (Art. 
96.) Thus 3a into 76 is 2lab. Now if this process is to be 
reversedy it ia evident that dividing the number in the product, 
by the number in one of the factors, will give the number in 
the other factor. The quotient of ^lab-i-Sa is 7b. Hence, 

In division, if there are numeral co-effidents prefixed to the 
letters, the co-Mdeni of the dividend must be dimdedy by theco- 
efficient of the diaisor. 

Div. Bob Wdxy 25dhr ISa;^ S4drx 20hm 
By 2b 4dx dh 6 34 m 

QuotSa 2Sr drx 

120. When a simple factor is multiplied into a compound 
one, the former enters into every term of the latter. (Art 
98.) Thus a into b+dy is ab-^ad. Such a product is easily 
resolved again into its original factors. 

Thus ab+adz:zax{b+d). . 

ab+ac+ah=^ax (6+c+A). 

amhr\'amx'{-amy=zamx{hr-\-X'\'y). 

4ad+8ah+l2am+4ay=4ax (d+2fc+Sm-f y). 
Now if the whole quantity be divided by one of these factors^ 
according to Ajt. 118, the quotient will be the other factor. 

Thus, (a6+ad)-j.a=6+rf. And {ab+ad)^{l^d)=:a. 
Hence, 

If the divisor is contained in every term of a con^md divi- 
dend, it must be cancelled in each, 

Div, ab+ac bdh+bdy aah+ay drx-i-dhx-^-dxy 

By a bd a dx 



Quot. 6-l-c «M"y 



And if there are co^fficientSy these must be divided, in each 
term also. 
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Div. 6ab+l»ae lOdry+164 likx+S S5dm+I4dz 
By Sa 2d 4 7d 



QuoL 26-f-4e Shx+» 



121. On the other hand, if a compound expre$sum contain- 
ing a$n/ factor tn every temiy be divided by the other quantities 
connected by their rignSf the quotient wiU be that factor. Bee the 
first part of the preceding article. 

Div. ol-foc-foA amh+amx'\-amy iab-^Say ahm^ahy 
By b+c+h h+x+y 6+2y m+y 

Quot a 4a 



122. In division, as well as in multiplication, the caution 
must be observed, not to confound terms with factors. See 
Art 99. 

Thusfa6+ac^-T-a=6+c. (Art 120.) 
But labxoc)'T^=<^C'i^z=:abc. 
And Ub+ac)^(b+c)zn:a. (Art. 121.) 
But labXoc)'T'{bXc)=aabC'i^be=iaa. 

12$. In Division, the same rule is to be observed 

RESPECTING THE SIGNS, AS IN MULTIPLICATION ; THAT IS, 
IF THE DIVISOR AND DIVIDEND ARE BOTH POSITIVE, OR 
BOTH NEGATIVE, THE QUOTIENT MUST BE POSITIVE! IF 
ONE IS POSITIVE AND THE OTHER NEGATIVE, THE QUO- 
TIENT MUST BE NEGATIVE. (Art. 105.) 

This is manifest from the consideration that the product of 
the divisor and quotient must be the same as the oividend. 

If +ax+6=+a6 \ r +a6-f-+6=+a 

-ax+i=-a6f then ) -o6-r+6=-a 

- ax - b^+ab J \ +a6-i- - 6= - a 

Div. abx 8a ^ Way Sax-6ay 6amxdh ^ 
By -a -2a Sa -2a 



Quot - 6* - 4+6y - Smx^= - SAdni 
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124. If the letters of the divisor are not to be found 
in the dividend, the division is expressed bt writing 
the divisor under the dividend, in the form of ▲ vuu- 
oab fraction. 

xy d'-'X 

Thus iry-7-a= -^; and (d-a?) -j — A= — r 

This is a method of denoting division, rather than an actual 
performing of the operation. But the purposes of division 
may frequently be answered, by these fractional expressions. 
As. they are of the same nature with other vulgar fractions, 
they may be added, subtracted, multiplied, &c. See the 
next section. 

125. When the dividend is a compound quantity, the divi- 
sor may either be placed under the whole dividend, as in the 
precedmg instances, or it may be repeated under each term^ 
taken separately. There are occasions when it will be con- 
venient to exchange one of these fcHms of expression for the 
other. 

___ h'\ c b c 

Thus fc+c divided by ar, is either--^, or -\ — . 

a+b 
And a+b divided by 2, is either -^-, that is, half the sum 

of a and b; or^-|*-, that is, the sum of half a and half 6. 

For it is evident that half the sum of two or more quantities, 
is equal to the sum of their hcdves. And the same principle 
is applicable to a third, fourth, fifth, or any other portion of 
the dividend. 

So also a-6 divided by 2, is either ^^ . , or -«~. 
^ ^^ 2 2 

For half the difference of two quantities is equal to the dij" 
ference of their hdves. 

a~26+& a 2b h Sa-c Sa c 

So' ^ =1^ — 17+^* And ~:=z — z- — z' 

m m tn * m —a? — « —x 

126. If some of the letters in the divisor are in each term 

of the dividend, the fractional expression may be rendered 

more simple, by rejecting equal factors from the numeratoi 

and denominator. 

5» 
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Div. ah dhx ahm-Say ab+bx ftam 

By ac dy ab by ^ay 

ab b Am-% oiti 

Quot — or- — — 

ac e b xy 



These reductions are made upon the principle, that a given 
divisor is contained in a given dividend, just as many times, 
OS double the divisor in double the dividend ; triple the divi- 
sor in triple the dividend, &c. See the reduction of fractions. 

127. If the divisor is in some of the terms of the dividend, 
but not in all ; those which contain the divisor may be divi- 
ded as in Art. 1 16, and the others set down in the fprm of a 
fraction. 

Thus (a6-f-d)-7-a is either — ^t-, or —H — , or 64—. 
y I ^ • a a^ a 'a 

Div. dxy+rx-hd SoA+od-far bm+9y 2my+dh 

By a; a -i 2m 



Quotdy+r-- -m+"l6- 



128. The quotient of Miy quantity divided by itself or Us 
equalf is obviously a unit. 

Thus-=1. Andg-^l. Andjp^=l. And^j--3-^=l. 

Div. ax+x Sbd-Sd 4axy-4a+Sad 3a6+S-6f» 
By X Sd 4a 3 

Quot.a+1 a:y-l+2d 



Cor. If the dividend is greater than the divisor, the quo- 
tient must be greater than a tmit : But if the dividend is less 
than the divisor, the quotient must be less than a unit. 
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PROMISCUOUS EXAMPLES. 

1 Divide I2aby'\-6abx - 1856m-f 246, by 6b. 
3 Divide 16a- 12+8y+4 - 20adx+m, by 4. 

3. Divide (a-2A)x(8m+y)xa^, by (a-2A)x(3m+y) 

4. DivideaW-4ad4.Say-a,by W-4d+3y-l. ^ 
6. Divide oar-ry+oJ- 4niy- 6+0^ by- 0. 

6. Divide amy+Smy - moy+am - rf, by - dmy. 

7. Divide ord - 6a+2r - W+6, by 2ard. 

8. Divide 6aap-8+2ay+4-6Ay, by 4a«y. 

129. From the nature of division it is evident, that the 
value of the quotient depends both on the divisor and the 
dividend. With a given divisor, the greater the dividend, 
the greater the quotient. And with a given dividend, the 
greater the divisor, the less the quotient. In several of the 
succeeding parts of algebra, particularly the subjects of frac- 
tions, ratios, and proportion, it will be important to be able 
to determine what change will be produced in the quotient, 
by increasing or diminishmg either the divisor or the (hvidend. 

If the given dividend be 24, and the divisor 6 ; the qliotient 
will be 4. But this same dividend may be supposed to be 
multiplied or divided by some other number, before it is 
divided by 6. Or the divisor may be multiplied or divided 
by some other number, before it is used in dividing 24. In 
each of these cases, the quotient will be altered. 

130. In the first place, if the given divisor is contained in 
the given dividend a certain number of times, it is obvious 
that the same divisor is contained, 

In double that dividend, twice a»-^many times ; 

In tripk the dividend, thrice as many times, &c. 

That is, if the divisor remains the same, multiplying the 
dividend by any quantity, is, in effect, multiplying the quotient 
by that quantity. 

Thus, if the constant divisor is 6, then 24-r-6=4 the 
quotient. 

Multiplving the dividend by 2, 2 x24-j-6=2 x4 

Multiplying by any number n, nx24-f-6=nx4 
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131. Secondly, if the given divisor is contained in the 
P^ven dividend a certainnumber of times, the same divisor 
18 contained. 

In ludf that dividend, half as many times ; 

In one third of the dividend, cme third as many times, &c* 

That is, if the divisor remains the same, dividing the divi- 
dend by any other quantity, is, in effect, dividing the quotient 
by that quantity. 

Thus 24-i-6=4 

Dividing the dividend by 2, 424-7-6=^4 

Dividing by n, ^24-^-6=^4 

132. Thirdly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend, 

Tunce that divisor is contained only haif as many times ; 
Tfiree times the divisor is contained one third as many times. 

That is, if the dividend remains the same, multiplying the 
divisor by any quantity, is, in effect, dividing the ^tient by 
that quantity. 

Thus 244-6=4 

Multiplying the divisor by 2, 24-:-2 X 6 = 4 

Multiplying by n, 24-f-n X 6 = J 

133. Lastly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend, 

Half that divisor is contained twice as many times ; 

One third of the divisor is cdntained thrice as many times. 

That is, if the dividend remains the same, dividing the divi- 
sor \>y any other quantity, is, in effect, multiplying the quotient 
by that quantity. 

Thus 24-^6=4 

Dividing the divisor by 2, 24-j-i6 =2x4 

Dividing by n, 24-i-i6 =n X 4 

For the method of performing division, when the divisor 
and dividend are both compound quantities^ see one of the fol- 
lowing sections. 
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SECTION V. 



FRACTIONS.* 



Art. 134. EXPRESSIONS in the form of fractions occur 
more frequently in Algebra than in arithmetic. Most in- 
stances in division belong to this class. Indeed the numera- 
tor of every fraction may be considered as a dividend, of 
which the denominator is a dUnsor. 

According to the common definition in arithmetic, the 
denominator shows into what parts an integral unit is sup- 
posed to be divided ; and the numemtor shows how many 
of these parts belong to the faction. But it makes no dif- 
ference, whether the tohole of the numerator is divided by 
the denominator ; or only one of the integral units is divided^ 
and then the quotient taken as many times as the number of 
units in the numerator. Thus J is the same as ^+}+}- 
A fourth part of three dollars, is equal to three fourths of one 
dollar. 

135. The vdue of a fraction, is the quotient of the nume- 
rator divided by the denominator. 

Thus the value of ^ is S. The value of -. is a. 
2 6 

From this it is evident, that whatever changes are made 
in the terms of a fraction ; if the quotient la not altered, the 
value remains the same. For any fraction, therefore, we 
may substitute any other fraction which will give the same 
quotient. 

Thusi=l?=l*?=?*:i=|±?,&c. For the quotient in 
2 6 26a 4drx 3+1 ^ 

each of these instances is 2. 

136. As the value of a fraction is the quotient of the nu- 
merator divided by the denominator, it is evident from Art 
128, that when the numerator is equal to the denominator, the 
value of the fraction is a unit ; when the numi^rator is less 

* Horaley's Mathematics, Camua^ Arithmetic, Emerson, Ealer, Saunderson, 
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thau the denominator, the value is less than a unit; and when 
the numerator is grecUer than the denominator! the value is 
greater than a unit. 

The calculations in fractions depend on a few general 
principles, which will here be stated in connexion with each 
other. 

137. If the denominator of a fraction remains the same^ muU 
inlying the numerator by any quantity^ is m/uUiplying the 
VALUE by that quantity ; and dividing the numeraiOTy is dividing 
the value. For the numerator and denominator are a divi- 
dend and divisor, of which the value of the fraction is the 

Juotient. And bj Art 130 and 131, multiplying the divi- 
end is in effect multiplying the quotient, and dividing the 
dividend is dividing the quotient. 

Thus in the fractions^, M, 1^ i?*,&c. 
a a a a 

Thequotientsor values are 6, 36, 7M, ^, &c. 

Here it will be seen that, while the denominator is not 
altered, the value of the fraction is multiplied or divided by 
the same quantity as the numerator. 

Cor. With a given denominator, the greater the nume- 
rator, the greater unll be the value of the fraction ; and, on the 
other hanc^ the greater the value, the greater the nmnerator. 

138. If the numerator remains the same, multiplying the de^ 
nominator by any quantityy is diinding the value by that quantity; 
and dividing the denomnaiOTyis multiplying the value: For 
multiplying the divisor is dividing the quotient ; and dividing 
the divisor is multiplying the quotient. (Art. 132, 133.) 

In the fractions ?^ ?lf?,. ^^ ?^, &c. 
^P 126 IT* 6 ' 

The values are 4a, 2a, 8a, 24a, &c 

Cor. With a given numerator, the greater the denominator, 

the less will be the value of the fraction ; and the less the 

value, the greater the denominator. 

139. From the last two articles it follows, that dividing the 
numerator by any (][uantity, will have the same effect on the 
value of the fraction, as multiplying the denominator by that 
quantity ; and multiplying the numerator will have the same 
effect, as dividing the denominator. 
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140. It is also evident ftom the preceding article^ that ip 

THE hUMERATOR AND DENOMINATOR BE BOTH MULTIPLIED, 
Om BOTH DIVIDED, BY THE SAME QUANTITY, THE VALUE OF 
THE FRACTION WILL NOT BE ALTERED. 

-^ 6a? abx Sbx ibx iabx ^ _. . , . 

^^ 6 =lib = 36 =1F=1^' *^^- ^^^ ^ ^^*^ ^^ 
these instances the quotient is x. 

141. Any integral quantity may, without altering its value, 
be thrown into the form of a fraction, by multiplying the 

3uantity into the proposed denominator, and taking the pro- 
uct for a numerator. 

_,, a ab ad+ah 6adh ^ rx ^m 

Thus a=Y=-7 = . , ="gjr> «tc. For the quotient 

of each of these is a. 

o^ ^ I iL dar-f Aar idrr+Mr 

Bo d+h=.-^. Andr+1= ^^ . 

142. There is nothing, perhaps, in the calculation of alge* 
braic fraction^ which occasions more perplexity to a learner, 
than the positive and negative signs. The changes in these 
are so frequent, that it is necessary to become fiuniliar with 
the principles on which they are made. The use of the sign 
which is prefixed to the dividing line, is to show whether the 
value of the whole fraction is to be added to, or subtracted 
from, the other quantities with which it is connected. (Art. 
43.) This sign, therefore, has an influence on the several 
terms taken collectively. But in the numerator and de- 
nominator, each sign affects only the sin^e term to which it 
is applied. 

db 
The value of-r is a. (Art. 135.) But this will become 

negative, if the sign - be prefixed to the fraction. 
Thus y-f -g =y-f a. Buty— j=y-a. 

So that changing the sign which is before the whole frac- 
tion, has the effect of changing the value from positive to 
negative, or from negative to positive. 

Next, suppose the sign (xr signs of the numerator to be 

changed. 

06 *-a6 

By Art. 123,-^ =-f a. But -j-=-a. 
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And T — =-|-o-c. But r^ — =-a+c. 

That is, by changing all the signs of the numerator, the 
value of the fraction is changed from positive to negative, or 
the contrary. 

Again, suppose the sign of th^ denominatar to be changed* 
As before -r =+0. But — T-=-a. 

143. We have then, this general proposition; If the 

SIGN PREFIXED TO A FRACTION, OR ALL THE SIGNS OF THE 
NUMERATOR, OR ALL THE SIGNS OF THE DENOMINATOR BE 
CHANGED ; THE VALUE OF THE FRACTION WILL BE CHANGED, 
FROM POSITIVE TO NEGATIVE, OR FROM NEGATIVE TO POSI- 
TIVE. 

From this is derived another important principle. As each 
of the changes mentioned here is from positive to negative, 
or the contrary ; if any two of them be made at the same 
time, they mil balance each other. 

Tlius by changing the sign of the numerator, 

-. =-|-a becomes ^^^-= - «. 
b b 

But, by changing both the numerator and denominator, it 
becomes— --=-^0, where the positive value is resUnred. 

By changing the sign before the fraction, 

y+^ =y4-a becomes y - - =y - a. 


But by changing the sign of the numerator also, it becomes 

y-.Il-- where the quotient -a is to be subtracted from y, 
b 

or which is the same thing, (Art. 81,) -{-a is to be added^ 
making y-f a as at first. Hence, 

144. If all the signs both of the numerator and 
denominator, or the signs of one of these with the 

SIGN PREFIXED TO THE WHOLE FRACTIOI^TbE CHANGED AT 
THE SAME TIME, THE VALUE OF THE FRACTION WILL NOT BE 
ALTERED. 
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Thus 2 = Z2= - "2"= "l2'=+*- 

6-6 6 -6 
^^■r5=T"-"2-" -2="^- 

Hence the quotient in divieion may be set down in different 

a — c d c 
ways. Thus (a-c)-f-6, is cither -j4—p ^^T-p 

The latter method is the most common. See the exam 
pies in Art 127. 

REDUCTION OF FRACTIONS. 

145. From the principles which have been stated, are de • 
rived the rules for the reduction of fractions, which are sub- 
stantially the same in algebra, as in arithmetic. 

A FRACtlON MAT BE REDUCED TO LOWER TERMS, BT DIYI 
DING BOTH THE NUMERATOR AND DENOMINATOR, BY ANT QUAN 
TITY WHICH WILL DIVIDE THEM WITHOUT A REMAINDER. 

According to Art. 140, this will not alter the value of the 
fraction. 

^, ab a ^ .6dm 3m ^ ,7m 1 
Thus 76=7 And-§^=^. Andi^=-jr 

In the last example, both parts of the fraction are divided 
by the numerator. 

a-\-bc ^l am^ay a 

Again, ^^^^j xm'"m(^- "8-) ^"'^bHi+bf'^r 

If a letter is in every term, both of the numerator and de 
nominator, it may be cancelled, for this is dividing by that 
letter. (Art 120,) 

Sam+ay 3m+y dry+dy _ r+r 
^^^^ ad+ah= d+h' dhy^dy^lTT 

If the numerator and denominator be divided by the great* 
est common measure^ it is evident that the fraction will be 
reduced to the Umest terms. For the method of finding the 
greatest common measure, see Sec. xvi. 

146. l^RACTIONS OF DIFFERENT DENOMINATORS MAY BE RE- 
DUCED TO A COMMON DENOMINATOR, BY MULTIPLYINO EACH 
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IfUMEEATOR INTO ALL THE DENOMINATORS EXCEPT ITS OWlfy 
FOR A NEW NUMERATOR ; AND ALL THE DENOMINATORS TO* 
QBTHER, FOR A COMMON DENOMINATOR. 

Ex. 1. Reduce^ and i, and? toacomimmdeiuMninator. 
b d y 

^Xbxy=^^ I the three numerators. 

mxbxd=^mbd ) 

b Xd Xy^^bdy the common denominator. 

The firactkms reduced are fT', and *^, and f^ 

bdy bdy bdy 

Here it will be seen, that the reduction consists in multi* 
(riving the numerator and denominator ci each iractioD» into 
all the other denominators. This does not alter the value. 
(Art 140.) 

t. Reduced, and !^, and !£. 



f i. Reduce * and i,andl±l. 
' 3 X d+h 



I 



4. Reduce — --, and 

11+6 «-^ 



After the fracticms have been reduced to a common de» 
nominator, they may be brought to lower terms, bv the rule in 
the last article, if there is any quantity which will divide the 
denominator, and dU the numerators without a remainder. 

An hnUger and a fraction, are earily reduced to a common 
deiK»ninator. (Art 141.) 

Thusaaud. are equal to^ and-., or ^ andl. 
C^ 1 c c c 

I 

Andii,t,J; 1 are equal to ?!!3f, Hf, ?9L, *? 
my mg my my mg 

147. To REDUCE AN IMPROPER FRACTION TO A MIXED 
QUANTITY, DIVIDE THE NUMERATOR BT THE DENOMINATOR, 

OS in Art 127. 

Thus 2*±ij2±i==a+m+J^ 
6 . o . 
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Reduce a » ^anaixed quantity. 

For the reduction of a mixed guaniiiy to an impn^)er frac- 
tion, see Art. 150. And for the remiction of a conipoMui 
fira^ian to a simple one, see Art. 160. 

ADDITION OP FRACTIONa 

148. In addm^ fractions, we may either write them one 
after the other, with their signs, as in the addition of integers^ 
or we may incorporate them into a single fraction, by the foU 
lowing nue : 

Reduce the fractions to a common denominator, 
make the signs before them all positive, and then add 
their numerators. 

The common denominator shows into what parts the inte- 
gral unit is supposed to be divided ; and the numerators show 
the number of these parts belonging to each of the fractions 
(Art. 134.) Therefore the numerators taken together shov- 
the whole number of parts in all the fractions. 

Tk 2 1 |1 A ^3 1,1,1 

IhUS, ^ = ;^+;jr' Andy=y+y+^. 

Therefore, i+* =1+1+1+1+1=*. 
'7^7 7^7 ^7 ^7 ^7 7 

The numerators are added, according to the rules for the 
addition of integers. (Art. 69, &c.) It is obvious that the 
sum is to be {daced over the common denominator. To 
avoid the perplexity which might be occasioned by the signs, 
it will be expedient to make those prefixed to the fractions 
uniformly positive. But in doing this, care must be te^en 
not to alter the value. This will be preserved, if all the signs 
in the numerator are changed at the same time with tiiat be- 
fore the fraction. (Art. 144.) 

Ex. 1. Add A and— of a pound. Ans. -JL-orA- 
16 16 ^ 16 16 

It is as evident that it, and -n of a pound, are iV of a 
pound, as that 2 ounces and 4 ounces, are 6 ounces. 

2. Add t- and t,. First reduce them to a commcm denomi 
b d 

nator. They will then be -—and ~, and their sum^ ^Vl ■■ 

bd bd bd 
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S. Given^ and-?^tz, to find their sunu 
d on 

Ins «and - ?!!±^=^ and - 2*Hb^=3fen-Wr-d^ 
d 3A Sdh Sdli Sdk 

4.iand _ i-m_a , - b+m _ay - bd-\-dm 
d y d y dy ' 

5 " and '^ _-«*»■ ^ ^ -om-^-dy ^ ^ am-dy 
y -m ~tny -my -my tny ' 

6 « andJL_=?£z4±4±^ = f[2±** (Art.77.) 
11+6 a-6 004-06-06-66 00-66 

7. AddlittoZA. 8. Add'^ito Zii. Ana. -6. 
d m-'r 2 7-3 

149. For many purposes, it is sufficient to add fractions in 
the same manner as inte^rs are added, by writing them one 
after another with their signs. (Art 69.) 

Thus thesumof ?^ andi and - A,is i+i -^ 
6 y im y Sm 

In the same manner, fractions and integers may be Added* 

d h d h 

The sum of a and ^ and 3m and — ,is o+Sm-] — 

y r y r 

150. Or the integer may be i$ieorpor<aed with the fraction, 
by converting the former into a fraction, and then adding the 
numerators. See Art 141. 

frn - -6,0.6 om . 6 oiii4-6 

The sum of o and -, is-rH — = — =— -^L.. 

mr I'm m * m m 

rnu r^j jM-**. Sdni'-Sdy+h+d 

The sum of Sil and --!--% is ^ * 

m-tf m-y 

Incorporatmg an integer with a fraction, is the same as re- 
dudng a mixed quantity to an impro])er fraction. For a mixed 
quantity is an integer and a fraction. In arithmetic, these 
are generally placed together, without any sign between 
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FRACTIONS. 57 

them. But in algebra, thej are distinct temiB. Thus 9} is 
S fmd i, which is the same as 2-ff 

Ex. 1. Reduce a-|- J to an impic^r fraction* Ans. ^'^J" > 

S. Reduce m+ J- -/-- Am. *»»-«*»»+<» -'"-r 
A — a A— • 

5. Reduce l+J Ans. *±^ 4. Reduce 1- A 

6. Reduce 6+^. 6. Reduce 8+?4lf. 

\ 
SOBTRA0TION ^F FRACTIONS 

61. The methods of performing subtraction in algebra, 
depend on the princijde, that adding a negative quantity is 
equivalent to subtracting a positive one ; aiul v. i;, (Art. of.) 
For the subtraction of fractions, then, we have the following 
simple rule. Change the fraction to be subtracted, 

FROM POSITIVE TO NEGATIVE, OR THE CONTRARY, AND THEN 

PROCEED AS IN ADDITION, f Art. 148.) In making the re- 
ouired change, it will be expeoient to alter, in some instances, 
the signs of the numerator, and in others, the sign before the 
dividing line, (Art 143,) so as to leave the latter always 
aflirmative. 

Ex. 1. From i subtract A. 
b wi 

First change -^ the fraction to be subtracted, to Zz, 
m m 

Secondly, reduce the two fractions to a common denomi- 
nator, making, ^ and Z^. 

am bm 

Thirdly, the sum of the numerators am - frA, placed over 
the common denominator, gives the answer, ^"^ " *''* 



6m 



2. From ?±2 subtract * Ans. ^+^y-f^ 
r a dr 

S. From ? subtract ill. Ans. «y-<i«^^ . 
my my 

6* 
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58 ALQESBLA. 

4 3 12 

5. Promili subtract ~t Ana. hzM±!i. 
my my 

6- Promfil mibtract ill. T.From * subtract 1 
a m a h 

lOfL Fractions may also be subtracted, like integers, by 
setting them down, after their signs are changed, without re- 
d iicing them to a common denominator. 

From*, subtract -*±1 Ans.*4.*±l 

m y ^ t» y 

In the same manner, an mteger may be subtracted firmn 
a fraction, or a fraction from an integer. 

From a subtract ~L Ana. a-. • 
m m 

t53. Or the integer may be inc(Hporated with the fraction, 
as in Art 150. 

Ex. 1. From - subtract m. Ans. *L - m=*iZfSy. 

y y y 

». From 4a+i subtract Sa-*:. Ana.?f^±*^^ 
e d cd 

S. From l+ir£ subtracter*. Ana ^^"■^, 
d d d 

4 From#+«»-izi subtract Sa-*+*tl 

BIDLTIPLICATION OF FRACTIONS. 

154. By the definition of multiplication, multiplying by a 
fifaction is taking apart of the multiplicand, as many times as 
there are like parts of an unit in the multiplier. (Art. 90.) 
Now the denominator of a fraction shows into what parts the 
integral unit is supposed to be divided ; and the numerator 
riiows how many of those parts belong to the given fraction. 
In multiplying by a fraction, therefore, the multiplicand is 
tp be divided into such parts, as are denoted by the denom- 
loator ; and then one of these parts is to be repeated, as 
many time^ as is requilred by the numerator. 
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Suppose a is to be multiplied by ~. 

4 

A fourth part of a is -r-* 

4 

Thi« taken 8 times is 1 +%+%=^ (Art. 148 ) 

4 4 4 4 

Again, suppose r- is to be multiplied by j- 

One fourth of ^ is ^. (Art. 138.) 

This taken Stimes is S+^+S=S' 

the product required. 

In a simflar manner, any fractional multiplicand may be 
divided into parts, by multiplying the denommator ; and one 
of the parts may be repeated, by multiplying the numerator. 
We have then the following rule : 

155. To MULTIPLY FRACTIONS, MULTIPLY THE KUMERjU 
TORS TOGETHER, FOR A NEW NUMERATOR, AND THE DENOMI« 
MATORS TOGETHER, FOR A NEW DENOMINATOR. 

Ex. 1. Multiply — intor;— Product ^r— 

2. MulUply •--i--mto — r- Product —^ — . 

'^^ y fii-2 wy-Sy 

3. MulUply i^ltj^ mto ^^y Product ^Ij^fi^. 

4. Multgjmtoig. 6. Mult. -jlgj: mto|. 

156. The method of multipljring is the same, when there 
are more than two firactions to be multiplied together. 

Multiply together p j» and — • Product g^-- 

For ^-xtiaiby the last article fi, and this mto !? is ^ 
b a '' bd y bdy 

£. MulUply *?,*zi*, and _!-. Product ?2L*--^ 
'^''m^y^c r-l cmry-'Cmy 
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60 ALGEBRA. 

8. Mult ?±? * and-1-. 4. Mult ?!, ^, and ' 
n ^ h r+2 hy d+l 7 

167. The multiplication may sometimes be shortened, by 
rejecting equal factors, from the numerators and denomina^ 
tors. 

1. Multiply - into - and -. Product — . 
^^r a y ry 

Here a, bemg in one of the numemtors, and in one of the 
denominators, may be omitted. If it be retdned, tlw {Hroduct 

will be — . But this reduced to lower terms, by Art 145, 
ary 

will become — as before. 

ry 

g. Multiply 5f[ into ^ and ^. Product f*. 
'^ m 3a 2d 6 

It is necessary that the factors rejected from the numera- 
tors be exactly equal to those which are rejected from the 
denominators. In the last example, a being in two of tho 
numerators, and in only one of the denominators, must be re- 
tained in one of the numerators. 

S. Multiply ^ into ^. Product ^!!!±^^ 
y ah ah 

Here, though the same letter a is in one of the numerators, 
and in one of the denominators, yet as it is not in every term 
^of the numerator, it must not be cancelled. 

4. Multiply ?!H:^ into* and?;:. 
h m ' 5a 

If any diflSculty is found, in making these contraction!^ it 
will be better to perform the multiplication, without omitting 
any of the factors ; and to reduce the product to lower terms 
afterwards. 

168. When a fraction and an infcgcr are multiplied to- 
gether, the numerator of the fraction is multiplied into the 
integer. The denominator is not altered ; except in cases 
where division of the denominator is substituted for multipli- 
cation of the numerator, according to Art. 139. 
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Thus 0X-=-. Fora=f ; and£x-=— . 

y y 1 1 y » 

So rx|x^=^^ And axl=J. Hence, 

159. A FRACTION IS MULTIPLIED INTO A QUANTITY EQUAL 
TO ITS DENOMINATOR, BT CANCELLING THE DENOMINATOR. 

Thus lxb=:a. For ixft=— - But the letter ft, being 
6 b b 

in both the numerator and denominator, may be set aside* 
(Art 146.) 

a— jf o-f-m 

On the same principle, a fraction is multiplied into any 
faetar in its den<Hninator, by cancelling that factor. 

160. From the definition of multiplication by a fraction, it 
follows that what is commonly called a eampaimd fracHon^* 

is the product of two ot more fractions. Thus £ of ^ is 

4 b 

f Xr- Poff * of ?> is 1 of £ taken three times, that is, 
4 6 4 6 4 

5^4-^ 4-if But this is the same as JL multiptiedby ^ 
45 46 46 b .4 

(Art. 164.) 

Hence, rtdwmg a compound fraction into a simple one^ is (&e 
same as multiplying fractions into each other. 

Ex. 1. Reduce * of -?L. Ans. *i-. 
7 J+2 76+14 

*. Reduce ?.ofiof±hi. Ans. J*±§!L. 
S 6 2a-'m d0a-16m 

8. Reduce 1 of 1 of -J—. Ans. ^ L__ 

7 8 8-d 168-21d 



^Bya eompoand fraction is meant a fraction o/a fraction, and not a fraedon 
whole numerator or denominator ia a eompoand quantity. 



Digitized by 



Goo^e 



6t ALG£aRA. 

161. The expreanon ia» Ib^ 4y, &c. are emiiTalent to 

^ i, % Forfaisfof a,whichi8 0cmalto|x«=*f. 
S 5 7 S S 

(Art l<a) So ik=:iXb=t 

5 

DIVISION OP FRACTIONS. 

16S. To DIVIDE ONE FRACTION BT ANOTHEE, INVERT THE 
DIVISOR, AND THEN PROCEED AS IN MULTIPLICATION. (Art. 
155.) 

Ex.1. Divide ?Lby4 Ans. ?X-=?i 
a b c be 

To understand the reason of the rule, let it be premised, 
that the product of any fraction into the same fraction inverted, 
is always a unit. 

But a quantity is not altered by multiplying it by a unit. 
Therefore, if a dividend be multiplied, nrst into the divisor 
inverted, and then into the divisor itself the last product wfll 
be eqjfidl to the dividend. Now, by the definition, (art. 1 15,) 
"division is finding a Quotient, which multiplied into the di- 
visor will produce the dividend.'' And as tne dividend mul* 
tiplied into the divisor inverted is such a quantity, the quo- 
tient is truly found by the rule. 

This explanation will probably be best imderstood, by at- 
tending to the examples. ^ In several which follow, the proof 
of the division will be given, by multipijdn^ the Quotient into 
the divisor. This mil present, at one view, tne dividend 
multiplied into the inverted divisor, and into the divisor itself 

2. Divide ™ by ^. Ans. ^,x|r=^ 
2d y 2d Sh 6dh 

Proof. ^ X— =— , the dividend. 
6dh y 2d 

8.Dividef±^by«i Ans. f^xl=^t!^ 
r y r 6d 6dr 

Proot ^fc^X^=^±l 
5dr V ^ 
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4.Divide^byf^ Ans. *^X^=^^ 

s a X 4hr rx 

Root f!^x—=— the dividend. 

6. Divide ««£ by i^L Am. l^x^^^*iL 
5 ^ lOy 6 ISA h 

6. Divide 2H1 by 2*zi 7. Divide *Z^ by J~ 
8y dp 4 o-f 1 

163. When a firactum is divided by an tnfegar, the dtnmd' 
natar of the fraction is multiped into the integer. 

Thus the quotient of f divided by tn, is ^. 

b OM 

For m=^ ; and by the last article, t-i-^^^X-^^- 
1 ft 1 6 HI Ml 

a-b a-b k ah-bk 4 M 8 

In fractions, multiplication is made to perform the oflke 
of divifflon ; because division in the usual form often leaves a 
troublesome remainder : but there is no remainder in roulti* 
plication. In many cases, there are methods of diortening 
the operation. But these will be suggested by practice, 
without the aid of particular rules. 

164. By the definition, (art 49,) <Uhe rfc^prrail of a 
quantity, is the quotient arismg frcnn dividing a unit by thai 
quantity." 

Therefore the reciprocal of i is 1^=1 x^s^ Thatii^ 

b b a a 

The reciprocal of a fraetUm U ike Jraetkm hwerted. 

Thus the reciprocal ci — £ — is .^tx^: the reciprocal of 
^ m+y b ^ 

L. is Si (NT Sjf ; the reciprocal of i is 4 Hence the recip> 
Sy 1 

rocal of a fraction whose numerator is 1, is the dencnninatoi 
of the fraction. 

Thus the recipiocal of L is a; of JL— is a-f-i> ftc 
a a+b 
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414 * ALGEBRA. 

65. A fraction Bometimes occurs in the numerator or de- 
nominator of another fraction, as ^ It is often convenient, 

b 

in the course of a calculation, to transfer such a fraction, 
from the numerator to the denominator of the principal frac- 
tion, or the contrary. That this may be done without alter- 
ing the value, if the fraction transferred be inverted^ is evi- 
dent from the following principles : 

First, Dividing by a fraction, is the same as mul^lying by 
the fraction inverted. (Art. 162.) 

Secondly, Dividing me numerator of a fraction has the 
same effect on the value, as mvltiplyin^ the denominator; and 
multiplying the numerator has the same effect, as dividing 
the denommator. (Art 139.) 

Thus in the expression i? the numerator of ^ is multiplied 

X X 

into f. But the value will be the same, if, instead of multi- 
plying the numerator, we divide the denominator by J, that is, 
multiply the denominator by |. 

Therefore 1"*=^. So *=!*. 

X ix mm 

And Jl=_l_=_l- Andlrf^iHJ*. 

166. Multiplying the numeraXor^ is in effect multipljring the 
value of the fraction. (Art. 137.) On this principle, a frac- 
tion may be cleared of a fractional co-efficient which occurs 
m its numerator. 

Thus ^=lx?-=??. Aiidi?=lxi=l 
h & &h ySySy 

And iBif=lvte=ii±^. And if=ll. 
m 3 m 3m Ba 20a 

On the other hand, |?==* X-=??. 

Ix 1 X X 

And?L4x?=*i And«j£^=J5L. 
3y 3 y y &d^6x d-f a: 

167. But multiplying the denonrnator^ by another fraction, 
IS in effect dividing the value ; (Art. 138.) that is, it is mtcZtf- 
plying the value by the fraction tnverfed. The principal frac- 
tion may therefore be cleared of a fractional co-efficient, 
which occurs in its denominator. 
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On the c^her hand. —=z^ 
Sx 4a? 

Ar.^ %+8^ -y+^ And?f=iL. 

2m |m y ijf 

67. 6. The numerator or the denominator of a fraction, 
may be itself a fraction. The expression may be reduced to 
a more simple form, on the principles which have been applied 
in the preceding cases. 
a 

^, b a c ad 



y ^ r fir 



SECTION VII. 



SIMPLE £aUATIONS. 



Art. 168. The subjects of the preceding sections are m- 
Iroductoiy to what may be considered the peculiar province 
of algebra, the investigation of the values of unknown quan- 
titles, by means of equations. 

Ak equation is a proposition, expressing in AL6EQRAIO 
CHARACTERS, THE EQUALITY BETWEEN ONE QUANTITY OR SET 
OP QUANTITIES AND ANOTHER, OR BETWEEN DIFFERENT EX- 
7 
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PRE88ION8 FOR THE SAME QUANTITY.* ThuS a?-4-a=6-|-C, IB 

an equation, in which the suni of x and a, is equs^l to the sum 
of b and c. The quantities on the two sides of the sign of 
equality, ore sometimes called the members of the equation ; 
the several terms on the left constituting the first member, 
and those on the rights the secmtd member. 

169. The object aimed at, in what is called the resolution 
or reduction of an equation, is iofind the value of the unknown 
quantity. In the first statement of the conditions of a problem, 
the known and unknown quantities are frequently thrown 
promiscuously together. To find the value of that which is 
required, it is necessary to bring it to stand by itself, while 
all the others are on the opposite side of the equation. But 
in doing this, care must be taken not to destroy the equation, 
by rendering the two members unequal. Many changes 
may be made in the arrangement of the terms, without af- 
fecting the equality of the sides. 

170. The reduction op an equation consists, then, 
in bringing the unknown quantity bt itself, on one 
9ide, and all the known quantities on the other side, 
without destroting the equation. 

' To effect this, it is evident that one of the members must 
t>e as much increased or dimhiished as the other. If a quan- 
. "tity be added to one, and not to the other, the equality will 
be destroyed. But the members wfll remain equal ; 

If the same or equal quantities be added to each. Ax. 1. * 
If the same or equal quantities be subtracted from each. Ax. 2. 
If each be multiplied by the same or equal qjkntities. Ajc. S. 
If each be JUvided by the same or equal quantities. Ax. 4. 

171. It may be farther observed that, in general, if the 
unknown quantity is connected ^ith others by addition, mul- 
tiplication, division, &c. the reduction is made by a contrary 
process. If a known quantity is added to the unknown, the 
equation is reduced by subtraction. If one is multiplied by 
the other, the reduction is effected by division^ &c. The 
reason of this will be seen, by attending to the several caseai 
in the following articles. The fcnouw quantities may be»e^ 
pressed either by letters or figures. The unknown quantity 
IS represented by one of the last letters of the alphabet, gen- 
erally ar, y, or z. (Art. 87.) The principal reductions to 

* Sc/B Note O. 
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be considered in this section^ are those which are effected by 
irmupoHUan, mukiplicaUon, and dmsion. These ought to be 
made perfectly familiar, as one or more of them will be ne- 
cessary, in the resdution of almost every equation. 

TRANSPOSITION. 

172. In the equation 

ar-r=9, 
the number 7 being connected with the unknown quantity s 
by the sign -, the one is subtracted from the other. To re- 
duce the equation by a contrary process, let 7 be added to 
both sides. It then becomes 

ar- 7+7=9+7. 

The equality of the members i^ preserved, because one is 
as much increased as the other. (Axiom 1.) But on one 
side, we have - 7 and + 7. As these are equal, and have 
contrary sgns, they balahce each other^ and may be cancel- 
led. (Art. 77.) The equation will then be 

ar=:9+7. 
Here the value of x is found. It is shown to be equal to 
9+7, that is to 16. The equation is therefore reduced. 
The unknown quantity is on one side by itself and all the 
known quantities on the other side. 

In the same manner, if x^b^a 

Adding b to both sides a?- 6+fc=a+6 

* And cancelling ( - 6+if) a?= a+^- 

Here it will be seen that the last equation is the same aa 
the first, except that b is on the oft^site side, with a contra^, 
ry sign. 

Next suppose y+c=:<{. 

Here c is added to the unknown quantity y. To reduce the , 

equation by a contrary process, let c be subtracted from berth 

sides, that is, let - c, be applied to both sides. We then have 

y+c-c=rf-c. 

The equality of the members is not affected, because one 
is as much duninished as the other. When (+c - c) is can- 
celled, the equation is reduced, and is 

y=d-c. 

This is the same as y+c=rf, except that c has been trans, 
po^ed, and has received a contrary sign. We hence obtain 
the following general rule : 
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' ' 1 W. When known quantities are connected with th« 

UNKNOWN quantity BT THE SIGN -f OR -, THE EQUATION 19 
REDUCED BT TRANSPOSING THE KNO?rN QUANTITIES TO 
THE OTHER SIDE, AND PREriXlN<» THE CONTRARY SIGN. 

This is called reducing an «^uation by addUian or svbtrae^ 

(totii because it is, in effect, a.^ding or subtracting certain 

quantities, to or from, each of the members. 

Ex. 1. Reduce the equation X'\-Sb-m:==ih'^d 

Transpo6ing-4-36, we have x - tii= A - d - 86 

And transposing - m, a:=fc-rf-S6+*'*- 

174. When several terms on the same side of an equation 
are o/ifce, they may be united in one, by the rules for reduc* 
tion in addition. (Art. 72 and 74) 

Ex. 2. Reduce the equation x+Sb - 44=76 

Transposing 56 - 4fc a:=:76 - d6-f 4& 

Uniting 76 - 56 in one term ar=264-4A. 

175. The unknown quantity must also be transposed, 
whenever it is on both sides of the equation. It is not mate* 
rial on which side it is finally placed. For if a;=3, it is evi- 
dent that 3=07. It may be well, however, to bring it on that 
side, where it will have the affinnative sign, when the equa* 
tion is reduced. 

Ex.3. Reduce the equation tx+fth=zh^d+Sx 

By transposition 2/^-&-cI=:3ap-2« 

And h'-dssx. 

176. When the same tenUf with the same sign, is on oppo^ 
me sides of the equation, ipstead of transposing, we may ex- 
punge it from eacn. For this is coily subtracting the same 
quantity from eaual quantities. (Ax. 2.) 

Ex. 4. Reduce the eouation x+3hr\'d=b+Sh'^7d 

Expunging 3a x+d^zb+td 

And x=:b+6d. 

177. As all the terms of an equation may be transposed, 
or supposed to be transposed ; and it is immaterial which 
member is written first ; it is evident that the signs ofaUthe 
terms may be changed^ without affecting the equanty. 

Thu8,if wehave x-bsid-^a 

Thbn by transposition - d^a=z - x -|-6 

Or, inverting the members - x-4-6s - d+a* 

178. If all the terms on one side of an equation be trans- 
p(^8ed« each member will be equal to 
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Thus, if «+t=i, thenar+6-d=0. 

It is frequently convenient to reduce an equation to thiafN 
form, in wUch the positive and negative terms balance each 
otber. In the exam{de just given, x+b is balanced by - d. 
For in the first of the two equations, x-^-b is equal to d. 
Ex. 5. Reduce a+?a:- 8=6 -4+ar+a, 

6. Reduce y-f-^-^^=<H-%*^+^* 

7. Reduce A+30+7a:=8 - 6h+^x - d+b. 

8. Reduce bh+2l - 4x+d=l2 - 3x+d - 7bh. 

REDUCTION OF EQUATIONS BY MULTIPLICATION. 

179. The unknown quantity, instead of being connected 
with a known quantity by the sign 4- or -, may be dwided 

by it, as in the equation £.=6. 
a 

Here the reduction cannot be made, as in the {ureceding 
instances, by transposition. But if both members be muUu 
plied by a, (Art. 17Q») the equatimi will become, 

xz=:ab. 

JPor a JracHon U miMpUed into Us denwimator^ by removing 
the denmmator. This has been {nroved from the properties 
of fractions. (Art. 159.) It is also evident from the sixth 
axiom. 

Thus:r=ff--?f^(±i^)><f-^d:^&c. For in each 
a^3 a+b "" d+5 

of these instances, x is both multipUed and divided by the 
same quantity ; and this makes no alteration in the value. 
Hence, 

180. When the unknown quantity is DIVIDED by a 

KNOWN QUANTITY, THE EQUATION IS REDUCED BY MULTI- 
PLYING EACH SIDE BY THIS KNOWN QUANTITY. 

The same transpositions are to be made in this case, as in 
the preceding examples. It must be observed also, that every 
term of the equation is to be mtiltipUed. For the several 
terms in each member constitute a compound multiplioandt 
which is to be multiplied according to Art. 98. 

Ex. 1. Reduce the equation H-fasb-f*^ 

Multiplying both sides by c 



The product is x+ac^zbc+ed 

And ^ x:=bC'^cd - ac. 
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*. S. Reduce the equation 1Zj:4.5=:20 

6 

Multiplying by 6 x-- 4+30= 120 

And ar=120+4 - 30=94. 

3. Reduce the equation JL^J^d:=h 

Multiplying by 0+6 (Art 100.) «+a(i+6(i=aA+6A. 
And a:=a/i+6A-ai-M. 

181. When the unknown quantity is in the denominator of 
a fraction, the reduction is made in a similar manner, by mul- 
tiplying the'equation by this denominator. 

Ex. 4. Reduce the equation 1-7=8 

10-a: 

Multiplying by 10 - ar 6+70 - 7«=80 - 8a? 

And xxz4. 

182. Though it is not generally necessary, yet it is often 
convenient, to remove the denominator from a fraction con- 
sisting of known quantities only. This may be done, in the 
same manner, as the denominator is removed from a fraction, 
which contains the unknown quantity. 

Take for example -=^* 

a b c 

Multiplying by a »=?^+2* 

o c 

MulUplyingbyfc bxz=ad+^b 

c 

Multiplying by c ftca?= ac(i+ai&. 

Or we may multiply by the product of all the denomina- 
tors at once. 

X d h 

In the same equation -^tA — 

a b c 

MulUplying by abc abcxM^abch 

a b c 

Then by cancelling from each term, the letter which is 
common to its numerator and denominator, (Art. 145,) we 
have bcx=:iacd^ahhy as before. Hence, 

183. An equation mly be cleared op FRACTIONS by 

MULTIPLYING EACH SIDE INTO ALL THE DENOMINATORS. 
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Thus the equation f =L+1 - * 

a d g m 

18 the same as dgni^:=^abgm+adem - odgK 

And the equation * =-+1+^ 

« U V ^ 

is the same as 80ar=: 40-4-48+ 180. 

In clearing an equation of fractions, it will be necessary 
to observe, that the sign -prefixed to any fraction, denotes 
that the whole value is to be subtracted, (Art. 142,) which is 
done by changing the signs of all the terms in the numerator. 

mi. ^* a— d 36 — 2Afn— 6n 

The equation -—-=0 - 

X r 

is the same as ar-dr=crx-36a:-|-2Ama:4-6na:. * 

REDUCTION OP EQUATIONS BY DIVISION. 

184. When the unknown quantity is MULTIPLIED 

INTO ANY KNOWN QUANTITY, THE EQUATION IS REDUCED BY 
DIVIDING BOTH SIDES BY THIS KNOWN QUANTITY. (Ax. 4.) 

Ex. 1. Reduce the equation ax+b-Sh^id 

By transposition ax:= rf-|-3A - b 

Dividmgbya ^^d+3A-6^ 

2. Reduce the equation 2a:=— - --+4b 

c h 

Clearing of fractions 2cfcr=aA-c(i+46cA 
Dividing by 2cfc ^^ah-cdJr^bck 

^ . 2ch 

186. If the unknown quantity has co-efficients in several 
iermSi the equation must be divided by all these co-efficients, 
connected by their signs, according to Art. 121. 
Ex. 3. Reduce the equation ix-^bx^za^d 

That is, (Art. 120.) (3 - 6) Xa?=a - d 

Dividing by 3-6 x-?'"^ 



3-6 

4. Reduce the equation aa:-|-a?=fc-4 

Dividing by o+l 3?=*""^ 
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7t ALGEBRA. 

Ex. 6. Reduce the equation *-^Zf =2+. 

h 4 

Clearing of fractions 4hx - 427= ah+dh - 4b 

Dividing by 4i- 4 it=f*db^*r**. 

4/i — 4 

186. If any quantity, either known or unknown, is found 
as a factor in every termf the equation may be dwided by it. 
On the other hand, if any quantity is a dimor in every term, 
the equation may be miMpKed by it. In this way, the factor 
or divisor will be removed, so as to render the expression more 
simple. 

Ebc 6. Reduce the equation ax+Sah=6ad^a 

Dividing by a ar4-36=6d+l 

And ar=:6d+l-86. 

7. Reduce the equation ?±1 - i=*ll. 

XXX 

Multiplying by x (Art. 169.) x+l - 6= A - d 

And a?=A-rf+6-I. 

S. Reduce the equation «X («M-i) - a - &=dx (H**) 

Dividmg by a+b (Art. 1 18.)a: - 1 = rf 
And x=zd^l. 



187. Sometimes the conditions of a problem are at first 
stated, not in an equation, but by means of a proportmi. To 
show how this may be reduced to an equation, it will be ne- 
cessary to anticipate the subject of a fiituresecti<m, so far as 
to admit the principle that ^* when four quantities are in geo- 
metrical proportion, the product of the two extremes is equal 
to the product of the two means :** a i)rinciple which is at 
the foundation of the Rule of Three in arithmetics See 
Arithmetic. 

Thus, if a : 6 : : c : rf, then ad=bc. 

And if 3 : 4 : : 6 : 8, then 3x8=4x6. Hence, 

188. a proportion is converted into an equation by 
making the product of the extremes, one side of the 
equation; and the product of themeanSjTH^ other side. 
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Ex. 1. Reduce to an equation ax:b::ch:d. 

The product of the extreme is adx 
The product of the means is ^beh 
The equation is, therefore adx=zbch. 

2. Reduce to an equation o-ffc : c : : fc-m : y. 

The equation is ay-|-by=c&- cm 

189. On the other hand, an equation mat be con- 
verted INTO A I^OPORTION, BT RESOLVING ONE SIDE OF THE 
EQUATION INTO TWO FACTORS, FOR THE MIDDLE TERMS OF 
THE PROPORTION : AND THE OTHER SIDE INTO TWO FACTORS, 
VOR THE EXTREMES. 

'As a quantity may often be resolved into different pairs of 
factors ; (Art. 42,) a variety of proporticms may frequently 
be derived from the same equation. 

Ex. 1. Reduce to a proportion abc=deh. 

The fittde abc maybe resolved into axbc^ or abxc, or acxb. 
vAnd deh may be resolved into dx^K or dexK ox dhx^* 

Th^efore aidiiehxbc And ac:dh:ie:b 

And abidt:\h\c And acidwehib, &c. 

jft For in each of these instances, the product of the extremes 

JHL is abcy a^d the product of the means deh, 

^^mm ^* Reduce to a proportion ax-^-bx^cd-^ch 

j^^V The first member may be resolved into x X (H"&) 

^^K And the second into cXyd-h) 

^H Therefore xi e::d-h :a+b Andd-&: xi:a+b: e^ ftc. 

^^P 190. If for any term or terms in an equation, any other ex- 
f pression of the same value be subsHtutedf it i^ manifest that 
• \ ; the equality of the sides will not be affected. 

Il Thus, instead of 1 6, we may write 2 x8> or — , or 25 - 9, Ac. 

4 

For these are only different forms of expression for the same 
quantity. 

191. It will generally be well % have the several stens, in 
the reduction of equations, succeed each other in the follow- 
ing order. ^ 

First, Clear the equation of fractions. (Art. 183.) 
Secondly, Transpose and unite the terms. (Arts. 17^, 4, 6.) 
Thirdly, Divide by the co-efficients of the unknown quan^i 
tity. (Arts. 184, 5.) 
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EXAMPLES. 

I Reduce the equation ?f+6=*f+7 

4 8 

Clearing <tf fractions 24ar4-192=20a;-|-234 

Transp. and uniting terms 4:r=32 
Dividing by 4 «= 8. 

2. Reduce the equation f.-fA=^-£+d 
a be 

Clearing of fractions bcx-i-abx^-qfix^abcd-abch 
Dividing ^^abcd-abch 

b«-[-ab-ae 

5. Reduce 40-6x- 16=120- 14a:. Ans. ar=12. 

4 Reduce £Z^+*=20-izI^. Ans. *=??. 

2 ^3 2 4 

6. Reduce I4.* =20-5^ 6. Reduce lz£-4=5. 

7. Reduce -? — 2=8. 8. Reduce Jf_=l. . 

W+4: *+4 

9. Reduce a+-+-=ll- 10. Reduce 1+i -i= I. 
^2^3 ' 2 3 4 10 

11. Reduce '^+6x=^^~'. . .^ t 

12. Reduce Sx+^^=5+11EzE. 

6^2 

15. Reduce '?£zi-2=lizii+». ' 

3 3 

14. Reduce ^i^ Sx-n _5x-5,97 -7s 
^16 8^2 

16. Reduce 3:r-izi-4=!f+l*-i . 

4 3 12 

16. Reduce !f±«-l!!&f+6=?f±2. '" 

3 6^2 

17. Reduce IIzi?-ld:!=5-6,+!f+lf ' 

53 8 

18. Reduee ,-?iz3+4=!2zf-5£z8+lizi. ^ 
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19. Reduce ?^±I+!.^J:l!=Mi. // 

20. Reduce ^^^+± : iil±: :7 : 4. / 



4 



SOLUTION OP PROBLEMS. 

192. In the solution of problems, by means of equations, 
two things are necessary: First, to translate the statement of 
the question frcnn common to algebraic language, in such a 
manner as to form an equation : Secondly, to reduce this 
equation to a state in which the unknown quantity will stand 
by itself, and itai value be given in known terms, on the op- 
posite side. The manner in which the latter is effected, has 
already been considered. The former will probably occasion 
more perplexity to a beginner ; because the conditions of 
questions are so various iit their nature, that the proper me- 
tiiod of stating them cannof od^dly learned, like the reduc- 
tion of equations, by a systeiflls^ definite rules. Practice, 
however, will"«oon remove » great part of the difficulty. 

193. It is OBp of the principal peculiarities of an algebraic 
solution, that the faantity sought is itsdf introduced into the 
operation. TMs enables* us to make a statement of the am- 
ditions in the same form, as though the problem were already 
solved. If gthing then remains to be done, but to reduce the 
equation, o^d to find the aggregate value of the known quan- 
tities. (Art. 53.) As these are equal to the unfcTioim quantity 
on the other side of the equation, the value of that also is 
determined, and therefore the problem is solved. 

Pr6blem 1. A man being asked how much he gave for his 
watch, replied *^ If you multiply the price by 4, and to tHe 
product add 70, and from this siun subtract 50, the remain* 
der will be equAl to 220 dollars* 

To solve this, we must first tranriate the conditions of the 
problem, into such algebraic expressicms as will form an equa- 
tion. 

Let the price of the watch be represented by x 

This price is to be mult'd by 4, which makes 4x 

To the product, 70 is to be added, making 4a:+70 

Fr<nii this, 50 is to be subtiacted, making 4x4-70- 50 
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76 ALGEBRA. 

Here we have a number of the conditions, expressed in 
algebraic terms ; but have as yet no equation. We must ob- 
serve then, that by the last condition of the problem, the pre- 
ceding terms are said to be equal to 220. 

We have, therefoxe, this equation 4a:+70- 60=220 

Which reduced gives a:=50. 

Here the value of x is found to be 50 ddlars, which is the 
price of the watch. 

194. To prove whether we have obtained the true value of 
the letter wnich represents the unknown quantity, we have 
only to substitute this value, for the letter itself in the equa- 
tion which contains the first statement of the conditions of 
the problem ; and to see whether the sides are equal, after 
the substitution is made. For if the answer thus satisfies the 
conditions proposed, it is the quantity sought. Thus, in the 
preceding example. 

The original equation is 4a:+70 - 50=220 

Substitutmg 50 for a:, it becomef 4 X 50+70 - 60= 220 
That is, ^ H » 220= 220. 

Prob. 2. What number^lHhat, to which, if its half be add- 
ed, and from the sum 20 be subtracted, the remainder will be 
a fourth of the number itself 1 

In stating questions of this kinds '^^^^ fractions are 
ccmcemed, it should be recollected, mat ix is the same as 

1; that ix=-, &c. (Art. 161.) 

8 5 ^ : 

In this problem, let x be put for the number required. 

X X 

Then by the conditicms proposed, ^^ "" ^^^T 
And reducing the equation x=. 16. 

Proof, 16+1? -20=1?. 

' ^2 4 

Prob. 3. A father divides his estate among his three sons, 
in such a manner, that. 

The first has $1000 less than half of the whole ; 

The second has 800 less than one third of the whole ; 

The third has 600 less than one fourth of the whole ; 

What is the value of the estate 1 

If the whole estate be represented by a;, then the several 

-hares will be |— 1000, and |. - 800, and ~ -600. 
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And as these constitute the whole estate, they are together 
equal to x. 

We have then this equation - - lOOO+f - SOO+f - 600=«. 

2 3 4 

Which reduced gives 07=28800 

Proof ???22 - 1000+^^^^ - QOQ, 28800 _ 600=28800, 
2 ^ 3^ ^ 4 

195. To avoid an unnecessary introduction of unknown 
quantities into an equation, k may be well to observe, in this 
place, that when the sum or difference of two quantities is 
given, both of them mav be expressed by means of the same 
letter. For if one of the two quantities be subtracted from 
their sum, it is evident the remainder will be equal to the 
other. And if the difference of two quantities be subtracted 
from the greater, the remainder will be the less. 

Thus if the sum of two numbers be 20 

And if one of them be represented by x 

The other will be equal to 20 - x. 

Prob. 4. Divide 48 into two such parts, that if the less be 
divided by 4, and the greater by 6, the sum of the quotients 
will be 9. 

Here, if a; be put far the smaller part, the greater will be 
48-a?. 

By the conditkxis of the prdidem ^-) — ^^=9. 

4 6 

Therefore 0?= 1 2, the less. 

And 48 - ar=36, the greater, 

196. Letters may be employed to express the knovm quan- 
tities in an equation, as well as the unknown. A particular 
value is assigned to the numbers, when they arc introduced 
into the calculation : and at the close, the numbers are re- 
stored. (Art. 52.) 

Prob. 5. If to a certain number, 720 be added, and the 
sum be divided by 125 ; the quotient will be equal to 7392 
divided by 462. What is that number] 

Let a;= the number required. 

a=720 d=7892 

ft=125 A5=:462 

8 
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Then by the conditions of the problem 



b "A* 
Therefore ^_ M-aA 



Restoring the numbers,x= (^^^X'^^»^)"('^^Qx462) ^^g3Q^ 

462 
197. When the resolution of an equation brings out a 
negative answer, it shows that the value of the unknown 
quantity is contrary to the quantities which, in the statement 
of the question, are considered positive. See Negative Quan- 
tities. (Art. 54, &c.) 

Prob. 6. A merchant gains or loses, in a bargain, a certain 
sum. In a second bargain, he gains 350 dollars, and, in a 
third, loses 60. In the end he finds he has gain^ 200 pi- 
lars, by the three together. How much did he gain or Idee 
bv the first 1 

In this example, as the profit and loss are opposite in their 
nature, they must be distinguished bv contrary signs. (Art. 
67.) If the profit is marked +> the loss must be - . 
Let rr= the sum required. 
Then according to the statement x-|-S50 - 60=200 

And a?= - 90 

The negative sign prefixed to the answer, shows that there 
was a hss in the fiurst bargain ; and therefore that the proper 
Bign of X is negative also. But this being determined by the 
answer, the omission of it in the course of the calculation 
can lead to no nustake. 

Prob. 7. A ship sails 4 degrees north, then 13 S. then 17 
N. then 19 S. and has finally 11 degrees of south latitude. 
What was her latitude at starting % 
Let x=z the latitude sought. 

Then marking the northings +, and the southings - ; 

By the statement x+4 - 13+17 - 19= - 1 1 

Aiid x=0. 

The answer here shows that the place firom which the ship 
started was on the equator, where tne latitude is nothing. 

Prob. 8. If a certain number is divided by 12, the quo- 
tient, dividend, and divisor, added together, will amount to 
64. What is the number 1 



-Digitized by VjOOQIC 



7 



3'v c 

J. ^ f 


'C- 


Suttf L£ «aUA'»ONS. 




Let«s 


the number 


sought. 






Then 








,-?+•+"= 


=64 






And ^^624^48 

13 

Pr^. 9. An estate is divided among four children, in such 
a manner that 

The first has 200 dollars more than | of the whole, 
The second has 340 dollars more than i of the whole. 
The third has 800 dollars more than ^ of the whole, 
The fourth has 400 dollars more than i of the wlioie, 
What is the value of the estate 1 Ans. 4800 dollars. 

Plbb. 10. What is that number which is as much less than 
500, as a fifth part of it is greater than 401 Ans. 450. 

Prob. 11. There ai^ two numbers whose difference is 40, 
and which are to each othe^ as 6^ to 5. What are the num- 
bers 1 . .. , ' % Ans. 240 and 200. 

Prob. 12. Three persons, .fl, B^ and C, draw prizes in a 
lottery. A draws 200 dollars ; B draws as much as A^ to- 
gether with a third of wha^ C draws ; and C draws as much 
as A and B both. What is the a^iount of the three prizes t 
^ , ., Ans. 1200 dollars. 

. Prob. 13. What number is that, which is to 12%increased 
by three times the number, as 2 to 9 ? ^' ; ' ^^"i^* ^* 

Ptob. 14. A ship and a boat are descending a river at the 
same time. The ship passes a certain fort, when the boat is 
13 miles below. The ship descends five miles, while the 
boat descends three. At what distfimce. below the fort will 
they be together 1 ' ' ;^ } Ans. 32^ miles. 

Prob. 15. What number is that, a sixth part of which ex- 
ceeds an eighth part of it by 20 ? " _ ; . Ans. 480. 

Prob. 16. Divide a prize of 2000 dollars into two such 
parts, that one of them shall be to the other, as 9 : 7. 

Ans. The parts are 1125, and 875. 

Prr^' 17. What sum of money is that, whose third part, 
fourtl ^bi^t, and fifth part, added together, amount to 94 do3 
lars tX^^ Ans. 120 dollars- 
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Prob. 18. Two travellers, A and J?, 360 miles apart, trairel 
towards each other till they meet. A'a progress is 10 miles 
an hour, and J^s 8. How far does each travel before tltey 
meetl Ans. A goes 200 miles, and B 160; 

Prob. 19. A man spent one third of his life in England, 
one fourth of it in Scotland, and the remainder of it, which 
was 20 years, in the United States. To what Age AA he 
live? > Ans. to the age of 48. 

Trob; 20. What number is that i of which is greater than 

iof itby961 , ./ ; r /. - J ^ . ^ 

. / .'I . ' 

Prob. 21. A post is Mn the earth, ? in the water and IS 
fiaet above the water. What is the length of the post ? 
- Ans. 85 lS|t, 

Prob; 22. What number is that, .to which 10 bemg added, 
}of the sum will be 661 . . / 

Prob. 2S. Of the trees m an orchard, i are apple trees, j^ 
pear trees, and the remainder peach trees, wnich are 20 
more than \ of the whole. What is the whole number in 
the orchard] ... Ans. 800. 

Prob. 24. A gentleman bought several gallons of wine f<»r 
94 dollars; and after using 7 gallons himself, sold ^ cf the 
remainder for 20 dollars. How many gallons had he at first % 
'^ ., ; . Ans. 47. 

Prob. 25. A and B have the same inccone. A ccitii^acts 

"^ an annual debt amounting to ]^ of it ; B lives upon i of it ; 

at the end of ten years, B lends to A enough to pay off his 

"^ ^ debts, and has 160 dollars to spare. What is the income of 

S.^ each 1 ' , Ans. 280 dollars. 

V Prob. 26. A gentleman Uved single { of his whole life ; 

^ and after having been married 5 yearrf'more than V of his 

life, he had a son who died 4 years before him, and who 

leached only half the age of his father. To what age did 

the father live 1 Ans. 84. 

Prob. 27. MTiat number is that, of which if y, t> and ? be 
added together the sum will be 73 1 Ajis. 84. 

Prob. 28. A perwi after spending 100 dollars mor^than j 
[i. of his income, had remaining 35 dollars more thsj^^Q^tlf it* 

Required his income 
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Prob. 29. In the composition of a quantity of gunpowder 
The fdtre was 10 lbs. more than | of the whole, 
The sulphur 4^ lbs. less than i of the whole, 
The charcoal 2 lbs. less than \ of the nitre. 

What was the amount of gunpowder 1 Ans. 69 lbs. 
Prob. SO. A cask which held 146 gallons, was filled with 
a mixture of brandy, wine, and water. There were 15 gal* 
Ions of wine more than of brandy, and as much water as the 
brandy and wine together. What quantity was there of 
eachi 

Prob. 31. Four persons purchased a farm in company for 
4755 dollars ; of which B paid three times a^ much as A ; 
C paid as much as A and B ; and D paid as much as C and 
B. What did each pay ? Ans. 317, 951, 1268, 2219. 

Prob. 32. It is required to divide the number 99 into five 
such pails, that the first may exceed the second by 3, be less 
than the third by 10, greater than the fourth by 9, and less 
than the fifth by 16. 

Let a:= the first part. 
Then x - 3= the second, ar - 9= the fourth, 

ar+10= the third, a:+16=r the fifth, 

I Therefore X'\'X - 3+ar+104-a: - 9+ar+16=99. 

I ^ Anda?=:l7. 

I Prob. 33. A father divided a small sum among four sons. 

The third had 9 shillings more than the fourth ; 
The second had 12 shillings more than the third ; 
The first had 18 shillings more than the second ; 
And the whcde sum was 6 shillings more than 7 tihies the 
sum which the youngest received. 
What was the sum divided ? Ans. 153. 

V Prob. 34. A farmer had two flocks of sheep, each contain- 
ing the same number. Having sold fiom one of these 39, 
and from the other 93, he finds twice as many remaining in 
the one as in the other. How many did each flock originally 
contain? ♦ 

y Prob. 35. An express, travelling at the rate of 60 i»iles a 
\ day, had been dispatched 5 days, when a second Was sent 

after him, travelling 75 miles a day. In what tline will the 
one overtake the other 1 Atis. 20 days. 

A Prob. 36. The age of A is double that of lb, the age of B 
\tqple that of C, and the sum oi all their agea 140. What is 
the age of eachi ^ ^^ / 
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xProb. S7. Two pieces of cloth, of the same price by the 
yard, but of different lengths, were bought, the one for five 
pounds, the other for 6^ If 10 be added to the length of 
each, the sums will be as 5 to 6. Required the length of each 
piece. 5 / » r '• 

Prob. 88. A and B began trade with equal sums of money. 
The first year, A gained forty poimds, and B lost 40. The 
second year, Ji lost \ of what he had at the end of the first, 
and B gained 40 pounds less than twice the sum which A 
liad lost. B had then twice as much money as A. What 
■um did each begin with % Ans. 320 pounds. 

Prob. 39. YfTiat number is that, which being severally ad- 
ded to 36 and 52, will make the former sum to the latter, as 
Sto41 /_ / • ^ ' ■ - 

Prob. 40. A gentleman bought a chaise, horse, an4 har- 
ness, for 360 doUars. The horse cost twice as much as the 
harness ; and the chaise cost twice as much as the harness 
and horse together. What was the price of each 1 

Prob. 41. Out of a cask'of wine, from which had leaked 
}• part, 21 gallons were afterwards drawn ; when the cask was 
foimd to be half full. How much did it hold % 

Prob. 42. A mdn has 6 sons, each of whom is 4 years older 
than his next younger brother ; and the eldest is three times 
ajei old as the youngest. What is the age of each 1 

Prob. 43. Divide the number 49 into two such parts, that 
the gredier increased by 6, shall be to the less diminished by 
11, as 9 to 2. 

Prob. 44. What two numbers are as 2 to 3 ; to each of 
which, if 4 be added, the sums will be as 5 to 7 1 

Prob. 45. A person bought two Casks of porter, one of 
which held just 3 times as much as the other ; from each of 
these he drew 4^gallons, and then fomid that there were 4 
times as many gaUons remaining in the larger, as in the other. 
H6w many gallons were there m each 1 

Prob. 46.* pivide the number 68 into two such parts, that 
the difierenceXbetween the greater and 84, shall be equal tp 
3 times the din^rence between the less and 40. 

Prob. 47. Four|?lace8 are situated in the order of the let* 
iera A. B. C. D. TThe distance firom .iS to D is 34 miler 
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The distance firom Jl to Bia to the distance from C ibD aa 
2 to 3. And i of the distance from Jl to B^ added to half 
the distance from C to 1^ is ihree times the distance from 
JS to C. What are the leqpective distances? 

Ans From«dtoi?s=12;from£toC=4;fromCtoI>=:18* 

Prob. 48. Divide the numbet 36 into 3 such parts, that* J 
of the first, ^ of the second, and \ of the third, shall be equal 
lo each other. , 

Prob. 49. A merchant supported himselif 3 years, for 60 
pounds a year, and at the ena of each year, added to that 
part oi his stock whicn was not thus expended, a siun equal 
to one third of this part. At the end of ♦he third year, his 
original stock was doubled. What was that stock 1 

- Ans. 740. pounds. 

Prob. 60. A general having lost a battle, foimd that he 
had only half of his army+SBOO men left fit for action ; f of 
the army-4-600 men being wounded ; and the rest, who were 
J of the whole, either slain, taken prisoners, or missing. Of 
how many men did his aimy consist 1 Ans. 24000. 

For the solution of many algebraic problems, atf acquaint- 
ance with the calculations of powers and radical quantities is 
required. It will therefore be necessary to attend to these 
before finishing the subject of equations^ 



SECTION VIII. 

^ mVOLUTION AND POWERS. ^ ^ ' 

Art. 198i WHEN a quantity is multiplied into IT 
SELF, the product is called a POWER. 

Thus 2 x2==4, the square or second power of 2 

2x2x2=8, the cube or third power. 
2x2x2x2=16, the fourth power, &c. 

So 10 X 10fc=100, the second power of 10. 

10x10x10=1000, the third power. 
10x10x10x10=10000, the'fourth power, &c 
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84 ALGEBRA. 

And ox «==««> the second power ol a 

aXdX^'^^^^*^ the third iK)wer 
aX<>XaX«==aaaa, the fourth power, &o 

199. The original quantity itself though not, like the pow- 
ers proceeding from it, produced by multiplication, is never- 
theless called the first power.) It is also called the root of 
the other powers, because it is that from which they are all 
derived. ^ 

200. As it is inconvenient, especially in the case of high 
powers, to write down all the letters or factors of which the 
powers are composed, an abridged method of notation is ge- 
nerally adopted, ^he root is written only once ; and then a 
number or letter is placed at the right hand, and a little ele- 
vated, to signify how many times the root is employed as a 
^actor^ to produce the power. , This number or letter is called 
the Index or exponent of the power. Thus a^ is put for ax« 
or aa^ because the root a, is twice repeated as a factor, to 
produce the power aa. And a' stands for aaa; for here a 
IS repeated three times as a factor. 

The index of the first power is I ; but this is commonly 
omitted. Thus a^ is the same as a. 

201 v. Exponents must not be confounded with co-effidents. 
A co-efficient shows how often a quantity is taken as a part ' 
of a whole. . An exponent shows how often a quantity is 
taken as a fiktor in a product. 

Thus 40=0+0+0+ a. But o*=:oXflX«X«- 



The scheme of notation by exponents has the pecu- 
liar advantage of enabling us to express an unknown power. 
For this purpose th^ index is a letter^ instead of a numerical 
figure. In the solution of a problem, a quantity may occur, 
which we know to be some powei of another quantity. But 
it may not be yet ascertained whether it is a square, a cube, 
or some higher power. Thus in the expression o*, the index 
X denotes that o is involved to some power, though it does not 
determine what power. So 6* and rf" are powers of h and d ; 
and are read the with power of i, and the nth power of d. 
When the value of the index is found, a number is generally 
substituted for the letter. Thus if wi=3 then 6* =6'; but 
iftn=5, them6*=6'. 

203. The method of expressing powers by exponents is 
also of great advantage in the case of compound quantities. 
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Thus a+6+d|» or 0+6+5' or {a+b+i)\ is (a+b+d)x 
(o-f-fc+d) X (o-f fc+d) that is, the cube of (o+S+d). But 
this involved at length would be 

a^^Sa^'b+Sa^d+Sab'+eabd+Sad'+b^+Sb'd+Sbd'+d^ 

204. If we take a series* of powers whose indices increase 
or decrease by 1, we shall find that the powers themselves 
increase by a common multiplier^ or decrease by a common di^ 
visor; and that this multiplier or divisor is the original quan- 
tity from which the powers are raised. 

Thus in the series aaaaa^ aaaa^ aaa^ aa^ a ; 

Or o* o* a' a* a'; 

the indices counted from right to left are 1, 2, 3, 4, 5 ; and 
the common difference between them is a unit. If we be- 
gin on the right and mvltiply by a, we produce the several 
powers, in succession, from right to left. 

Thus a X «= fl* the second term. And a' X «= »*• 
a' X 0= fl* the third term. o* x «= «*> &c 

If we begin on the left^ and i&inde by a. 
We have a*-j-a=<»* And a^-^^a*. 

205. But this division may be carried still farther ; and 
we shall then obtaui a new set of quantities. 

Thus o-f-a=i=l. (Art.128.) l.^o=JL (Art. 163.) 
a a aa 

|.^a=l i.^a=2-,&c. 

a aa aaa 

The whole series then 

is aaaaoy aaaa, aaa^ oo, a, 1, ^, —, — , &c. 

a aa aaa 

Ora%o%a%a%a,l, 1, i, l,&c. 
a o* o' 

Here the quantities on the righi of 1, are the reciproeals of 
those on the ic/l. (Art. 49.) The former, therefore, may be 

Eropcrly called reciprocal powers of a; while the latter may 
e termed, for distinction's sake, direct powers of a. It may 
be added, that the powers on the left are also the reciprocals 
of those on the right. 

♦ Note. — ^The term aeries is aj^lied to a number of quantitiw sucoeedinff 
each other* in some regular order. It is not confined to any particular law ol 
increase or decrease. 
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S6 ALGEBRA. 

For l-jJL=ilX-=a. (Art* 162.) And l^l-=a'- 

or 1 or 

206. The same plan of notation is applicable to campownd 
quantities. Thus from o+i, we have the series, 

(^)..(^,., (M-*), .. , ±j^. ^ ^ to. 

207. For the convenience of calculation, another form of 
notation is given to reciprocal powers. 

According to this, — or -- =a~'. And —^ or -.=a""'. 
a w aaa tr 

i or 4 =a-». -L. or i=^a-*, &c. 

And to make the indices a complete series, with 1 for the 

common difference, the term fLor 1, which is considered as 

a 

no power, is written rf. 
The powers both direct and reciprocal* then. 

Instead of aaaOf aaoj oo, a, ?^ 1, _, — , , &c. 

a a aa aaa aaaa 

Will be d*, fi^, a», a\ a°, a''\a-\ a'^ o-*, &c. 

Or tf+^, (^, a+», o^-', a", a'\ a-», a"', o"*, &c. 

And the indices taken by themselves will be, 

+4,+3,+2,+l,0,-l,-2,-3,>4, &c. 

208. The root of a power mi^ be expressed by more let- 
ters than one. 

Thus aaxaa^ or aap is the second power of aa. 

And aaXfMXaOy or aa\^ is the third power of aa^ &c« 

Hence a certain power of one quantity, may be a different 
power of another quantity. Thus a* is the second power of 
a\ and the fourth power of a. 

209. All the powers of 1 are the same. For lxl> or 
IXlXlj &c. is still 1. 

See Note B, 
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INVOLUTION 

210. Involution is finding any power of a quantity, by 
mnltipl jing it into itself. The reason of the following gene- 
ral rule is manifest, from the nature of powers. 

Multiply the quantity into itself, till it is taken 

AS A factor, as many TIMES AS THERE ARE UNITS IN THE 
INDEX OF THE POWER TO WHICH THE QUANTITY IS TO BE 
RAISED. 

This rule comprehends all the instances which can occur 
in involution. But it will be proper to give an explanation 
of the manner in which it is applied to particular cases. 

211. A single letter is involved, by giving it the index of 
the proposed power ; or by repeating it as many times, as there 
are units in that index. 

The 4th power of a, is (i5 or aaaa. (Art. 198.) 

The 6th power <rfy, is j^ or yj/yyyy. 

The nth power of rr, is re" or xxx. . .n times repeated. 

212. The method of involving a quantity which consists 
of several factors^ depends on the principle, that the power of 
the product of several factors is equal to the product of their 
powers. 

Thus {ayy=:(f f. For by Art. 210 ; (ay)^=(n/X^. 

But ayxoy=^oyoy=aayy=iij^y^. 

So (bmxyz=:bmxxbf'^Xbf>^==bhlmmimxxx 

And (arfy)"=a(lyx«^yXady...ntimes=ra"dy. 

• In finding the power of a product, therefore, we may either 
involve the whole at once ; or we may involve each of the 
factors separately, and then multiply their several powers in- 
to each otlier. 

Ex. 1. The 4th power of rf/iy, is {dhy)\ or d*h*y^. 

2. The 3d power of 46, is (46)^ or 4W, or 646'. 

3. The nth power of 6arf, is (6ad)% or e^O'dr. 

4. The 3d powder of 3tnx2j/, is (3mx2i/)', or 27m' x8j^. 

213. A compound quantity consisting of terms connected 
by -|- and -, is involved by an actual multiplication of its 
several parts. Thus, 
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88 ALGEBRA. 

(a+byszo+bf the first power. 
d'+ab 



{ch{-by=z(^+Zab+b\ the second power of (a+6.) 
a+b 

+ a«fc+2a6«+6» 



(a+6)'=a'4.Sa'6+3a6'+6^ the third power. 
a+ b 






ra+6)*=o^4.4(^6+6(^6»+4a6'4.6*, the 4th power, &c. 

2. The square of a -6, is a^-goi+i^ 

3. The cube of o+l, is a^^-^-Scf+Sa+l. 

4. The square of a+b+h, is a».}-2a6+2a/i+t«+2ifc+tf 
6. Required the cube of a4-2d-|-3. 

6. Rcquued the 4th power of 6-f 2. 

7. Required the 6thj)ower of ar+l. 

8. Required the 6th power of 1 -6. 

214. The squares of binomial and residual quantities occiir 
so frequently in algebraic processes, that it is unportant to 
make them familiar. 

If we multiply a^h into itself and also a^h, 

We have o+A And a - A 

a-\'h a-& 



+ak+h* --ah+V 



a«+2aA+A». i^-.2aA+/i^ 

Here it will be seen that, in each case, the first and last 
terms are s(|uares of a and h ; and that the middle term is 
twice the product of a into h. Hence the squares of bino-> 
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nodal and reeidual quantities, without multipljringeach of the 
tenns separately, may be found, by the following propoBition.* 

The SQUAIE of a binomial, the terms or which ark 

BOTH POSITIVE, IS EQUAL TO THE SQUARE OF THE FIRST TERM 
*{- TWICE THE PRODUCT OF THE TWO TERMS, -f-THB SQUARE 
OF THE LAST TERM. 

And the square of a residwd quantity, is equal to the 
square ^ the frst term, - twice the product of the two termsi 
•4- the square of the last lerm. 

Ex. 1. The square of 2a+6, is 4a'-f.4a6+6«. 

2. The square of H-l, is h^+2h+l. 

3. The square of ab+cd, is a*6^-f.2aicd+c«(P. 

4. The square of 6y+3, is 36y*+86y+9. 
6. The square of 3i - A^ is 9(P - 6dh-{-hK 
6. The square of a- 1, is a*- 2a+l 

For the method of finding the higher powers of binomials, 
i^ee one of the succeeding sections. 

215. For many purposes, it will be sufficient to express the 
powers of compound quantities by exptmmiSf without an actual 
multiplication. 

- Thus <he square of a+b, k a+6|», or {a+b)\ Art. 203. 
The nth power of fcc+S+rc, is (Jc+S-f-a:)". 

. n cases of this kind, the vinculum must be drawn over aU 
the terms of which the c<mipo\md quantity consists. 

216. But if the root consists of several factors^ the vincu- 
lum which is used in expressing the power, may either extend 
over the whole ; or may be applied to each of the factors 
separately, as convenience may require. 

Thus the square of a+6 Xc+d^ is either 

0-1-6 Xc+dl or a+6l Xc+d\ 

Fpr, the first of these expressions is the square of the pro- 
duct of the two factors, and the last is the product of their 
squares. But one of these is equal to the other. (Art. 212.) 

The cube of axb+d, is {axb+S)\ or (^X{b+i)\ 

* Euclid's Elements, Book U. prop. 4 
9 



Digiti 



zed by Google 



90 ALGEBRA. 

SJI7. When a quantity whose power has been Expressed by 
a vinculum a^ an index, is afterwards involved by an actual 
multiplication of the terms, it is said to be expanded. 

Thus {a+b)% when expanded, becomes a^^-Soi-f-i*. 
And (a+b+h)% becomes a«+8ai+2a*+t'+26A+A«. 

18. T^th respect to the sign which is to be prefixed to 
quantities involved, it is important to observe, that when the 

ROOT IS POSITIVE, ALL ITS POWERS ARE POSII^IVE ALSO ; BUT 
WHEN THE ROOT IS NEGATIVE, THE ODD POWERS ARE NEGA- 
TIVE, WHILE THE EVEN POWERS ARE POSITIVE. 

For the proof of this, see Art. 109. 

The 2dpowerof-ais4-<i^ 
The Sd power is - o* 
The 4th power is + tf* 
The 6th power is - a', Alc. 

tl9. Hence any odd power has the same sign as its root* 
But an even power is positive, whether its root is positive or 
negative. 

Thus+ax4-a=a* 
And -ax -«=«*• 

SSO. A QUANTITY WHICH IS ALREADY A POWER, IS INVOLT- 
ED BY MULTIPLYING ITS INQEX, INTO THE INDEX OF THE POW- 
ER TO WHICH IT IS TO BE RAISED. 

1. The Sd power of c^, is a*«*s=o*./ 

For a*=aa: and the cube of oa is aa><aaX<Mi=:aaaaaa=sd^; 
which is the 6th power of a, but the Sd power of a*. 

For the further illustration of this rule, see Arts. S33, 4. 

2. The 4th power of a»6«, is a»^*6*^*=:a»« 6*. 

3. The Sd power of 4 a% is 64 a*«». 

4. The 4th power of 2a«x3a:«<^ is 16a»*x8W<P. 
6. The 6th power of (a+i)», is (a+b) » •. 

6. The nth power of o*, is a*\ 

7. The nth power of {x - y)*, is («- y)*". 

8. A^«=a*+2a»6»+6*. (Art. 214.) 

9. <?xt^« =a*x6*. 10. (aVAO*=a*W^ 



^- 
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SSI, The rule ia equaUy apjdicable to powers whose expo- 
nents are negatwe. 
Ex. 1. The Sd power of ar\ is ar^^=^ar^. 

For a-»=JL, (Art 207.) And the Sd power of this is 

aa aa aa aaaaaa or ^ 

t. The 4th power of a*lr^ is a^6-**, or t^. 

8. The cube of a«V*, is 8a?*y"*". 

4. The square of 6'dr*, is 6*ar-*. 

5. The nth power of ar", is ar^, or -_. 

«** 

222. It roust be observed here, as in Art 218, that if the 
sign which is prefixed to the power be -, it must be changed 
to -}-, whenever the index becomes an even number. 

Elc 1. The square of - a^ is -{-a*. For the square of 
«- <^, is - a*x - «*» which, according to the rules for the signs 
in multiplication, is -{-a*. 

2. Butthecttfceof-o'is-a^. For-<i?X-a^X-a^=-fl^. 
8. The square of -af, is -fa:*". 
4. The nth power of -0*, is +rf". 

Here the power will be positive or negative, according as 
the number which n represents is even or odd. 

223, A FRACTION is imroLVED by involvino both 

THE NUMERATOR AND THE DENOMINATOR. 

1. The square of - is —. For, by the rule for the multi« 
b 0* 

plication of fractions, (Art 155.) 

2- The 2d, 3d, and nth powers of 1, are h± and JL 



a'' a' 



3. The cube of !f!!, is ?^'. 

3y 27y' 

4. The nth power of ^is £!j^ 
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6. The cube of Zfl, is Zl"! (Art. 221 .) 

224. Examples of Unomtob, in which one of the iama is 
afi-action. 
^. Find the square of *-4*v <^^ « - j, as in art 214. 

2. The square of a +1 is «^-f.^-|.i. 
3 3 9 

8. The square of x+^, is sf+bx+^ 
z 4 

4. Thesquareof«--i,is«»-?*f+^. 
m m wr 



225- It has been shown, (Art. 165,) that a fractional co^ 
efficient maybe transferred from the numerator to the de- 
Qommator c^ a fraction^ or from the denominat(Nr to the nu- 
merator. By recurring to the scheme of notation for recip*. 
rocal powers, (Art. 207,) it will be seen that any factor may 
also be trans^ed, if the sign of its index he changed. 

1 Thus, in the fraction -^we may transfer x from the 

y 

nimierator to the denominator. 
Forf!5"=?x:r-=2xl=-^. 

2. In the fraction ~ we may transfer y from the deno* 
mmator to the numerator. 
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226. In the same manner, we may transfer a factor which 
has a positive index in the numerator, or a negative index in 
the denominator. 

ax* a 
1. Thus ~=jp4" For «• is the reciprocal of oT*, - 

1 (uf a 

(Arts. 205, 207,) that is, a?'=-j=r- Therefore, "X=gJ=^* 

227. Hence the denominator of any fraction may be en* 
tirely removed, or the nmnerator may be reduced to a umi, 
without altering the value of the expression. 

a 1 

f 1. Thus T=j;^ or «*"*• 

ar* 1 



ADDITION AND SUBTRACTION OP POWERS. 

228. It is obvious that powers may be added, like other 
quantities, by writing them one after another toUh their signs. 
(Art. 69.) 

Thus the sum of a' and b\ is a'+t*. 

And the sum of a« - 6" and h'' -d*, is a« -f+A' - d*. 

229. The same powers of the same letters are like qtiantities; 
(Art. 45,) and their co-efficients maybe added or subtracted, 
as in Arts. 72 and 74. 

Thus the sum of 2a* and 3a\ is 5a'. 

It is as evident that twice the square of a, and three times 
the square of a, are five times the square of a, as that twice 
a and three times a, are five times a. 

9* 
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To -Say 86- Say -So'V 8(a+y)- 

Add -2a:»y» 6br -7oy 6aW 4{a+y)- 

Bum -6af*y* - -4a*y" j. ' . ''(H-y)" 



250. But powers of different letters and different powers of 
the «ame fetter, must be added by writing mem down with 
thejr signs. 

The sum of a* and a* is a*-{-a\ 

It is evident that the square of a, and the cube of o^ are 
neither twice the square of a, nor twice the cube of a. 
The sum of a'6- and Sa»6% is aV+3(fb\ 

251. Subtraction of powers is to be performed in the same 
manner as addition, except that the signs of the subtrahend 
are to be changed accordmg to Art. 82. 

From 2a* -Si* SAV a»6- 5(a-/ 

Sub. -r6a* 46- 4hV a»6- 



5(a-A)« 
lla^hy 

Diff. 8a* -fcV 8(a-r^)« 



MULTIPUCATION OP POWERS. 

232. Powers may be multiplied, like other quantities, by 
writing the factors one after another, either with, or without, 
the sign of multiplication between them. (Art. 93.) 

Thus the product of a* into 6*, is a^b^^ or aaabb. 
Mult. x-^^ h^b-^ Say dh'x-^ a«6y 

Into or a* -2« '4%* a^lh/ 



Prod. oTar^ ; . * ' -6aV . a^bya^b^y 

The product in the last example, may be abridged, by 
bringinff together the letters which are repeated. 

It wm then become a*6y 

The reason of this will be evident, by recurring to the se* 
ries of powen^ in Art. 207, viz. 

a+*, a+», a+«, a+», a\ ir^, tr^ (T*, tr^, &c. 

Or, which is the same, 

1 * * * * 1, 
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By comparing the several terms with each other, it will 
be seen that if any two or more of them be multiplied to- 
gether, their product will be a power whose exponent is Uie 
sum of the exponents of the factors. 

Thus €?x^^^aaxaaa=zaaaaa^(f. 

Here 5, the exponent of the product, is equal to 2-{*8, the 
sum of the exponents of the factors. 

So (C xa*=:a***. 

For a", is a taken for a factor as many times as there Are 
units inn; 

And cT, is a taken for a fiou^tor as many times as there are 
units in m; 

Therefore the product must be a taken for a factor as 
many times as there are units in both m and n. Hence, 

233. Powers of the same root mat be multiplied, 
bt adding their exponents. 

Thus fl?xrf'=a**^=a'. And t^x^Xx^t^'^'^^txf. 
Mult. 4a» 3rt* 6y o'ty (fc+A-y)" 

Into 2a" 2a:' 6^ «"*1/ i+A-y 

Prod. Sa** , iy (t+A-y)*^* 

Mult, a^-j-a^-j-ay-f-ji* into a; -y. Ans. **-y^ 

Mult. 4s^-\-Sxif-\ into 2a? -a:. 

Mult', ai^+ar- 6 into 2a?4-a?+l. ; 

234. The rule is equally applicable to powers whose expo* 
nents are negative. 

1. Thus a-«X«'"*=a"'. That is Ix— =- ' 



aa aaa aaaaa 

2. y-"xy--=y"""-. That is i.x-5-=-l-. 

jT yT yy^ 

3. -a-»xa-*=-a-". 4. o-*xrf'=a'-'*=o*. 
6. a-"Xtf'=<3^~"- 6. y-«xy'=y'=l. 

235. If a+b be multiplied into a-i, the product will be 
rf-6*: (Art. 110,) that is 
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The product of the sum and difference of two 

QUANTITIES^ IS EQUAL TO THE DIFFERENCE OF THEIR 
SQUARES. 

This is another instance of the facility with which generam 
truths are demonstrated in algebra. See Arts. 2S ana 77. 

If the sum and difference of the iquares be multiplied, 
the product will be equal to the difference of the fourth 
powers, &G. 

Thus (a-y)x(a+y)=a«-y«. 

(a*-y^)X(a*+y^)=a«-y',&c. 



DIVISION OF POWERS. 

236. Powers may be divided, like other quantities, by re- 
jecting from the dividend a factor equal to the divi&or ; or by 
placing the divisor under the dividend, in the form of a firac- 
tion. 

Thus the quotient of aV divided by b\ is tf. (Art. 116.) 

Divide 9aV* 126V (fb+Say dx(a-A+y)» 
By -So? 26' a' (a-A+y)' 

Quot -3y* 6+3y* d 



The quotient of a* divided by c?, is — . But this is equal 

to a*. For, in the series 

(^, a+^ a+», a+S a\ a'\ a-^ a-% a'\ &c. 

if any term be divided by another, the index of the quotient 
will be equal to the difference between the index of the divi- 
dend and that of the divisor. 

Thus a'^-f-tf=^^^^=a«. And ir-i-a"=^=a-— . 

aaa a" 

Hence, 

237. A POWER MAY BE DIVIDED BT ANOTHER POWER OP 
THE SAME ROOT, BT SUBTRACTING THE INDEX OF THE DI-. 
VISOR FROM THAT OF THE DIVIDEND. 
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Thus t/*^=5f"=y». That is SSffzzy. * 

yy 

Andir+».H»=tf^*^=fl^- That is 25f=rf«. 

a 

Aiidar.^-«^=:;ir-*s«'=l. That is -=1. 

or 

Divide y«* 6* ScT^ cr+* 12(64-y)" 
By y ft* 4a* a* 8(H.y)» 



aaa 


_ 


aaa _ 


I 


I 1 
1^ 


aoooa 
1 a» 


aa 
1 


-a»* 


^ 


-x» 


-«»' 



Quot. y" 8«r 4(6+y)"-» 

2S8. The rule is equally applicable to powers whose ex* 
ponents are negathe. 

The quotient of tr* by a~*, is <r*. 

That is _L_A^=_J_ 
oaooa ooa aoooa 

8. _ar*-s<»"*=-ar*. That is 

3. fc»^*-'=V+'=AP. Thati8A»44=A*XY=A'. 

4. 6rf'-^2d-»=8rf^. 6. irf-s-osfto*. 
6. i«-i.6»=6»-»=fc-«. 7. rf-^'zzo-'. 

8. (a»+«')--s.(o'+j/»)-=(fl?+«')— . 

9. (i+«)"-f-(*+*) = (i+*)-' 

The multiplication and division of powers, by adding and 
subtracting their indices, should be made very familiar ; as 
they have numerous and important applications, in the high- 
er branches of algebra. 

EXAMPLES OP FRACTIONS CONTAINING POWERa 

^39. In the section on fractions, the following examples 
were omitted for the sake of avoiding an anticipation of the 
subject of powers. 

1. Reduce 5?. to lower terms. Ans. ?.. 
Scr* 8 

ForJC=^=^. (Art 146.) 
So? Saa S ^ ' 

%. Reduce —^ to lower terms. Ans. ?f or 2*. 
3«* 1 
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' S. Reduce ?!*!±i^ to lower tenns. AnB.^S±*^ 
M 5 

4. Reduce ^;i*^-+;^Y to lower terms. 

6<A/+4ay' 

Jldb. ^ Z^^ obtained by dividing each term by tag. 

5. Reduce .. and — ^ to a common denominator. 

<r a 

rf X«"* is «"*> the first numerator. (Art 146.) 
oF X«""' is a'=l, the second numerator. 
aP'Xtt""* is a"', the commcm denominator. 

The fractions reduced are therefore fL. and ..^. 



a 



^r 



6. Reduce _? and — , to a common denominator 

5a* a* 

Ans.?^and^or|^and-^. (Art. 145.) 
6a' 5a 5a^ 5c? 

7. Multiply g into % Ans. ^if =|^. 

8. Multiply f^, into il^. ;. i ' - ^ 

9. Multiply ?y;L,into?zi. 

«* a;+a 

10. Multiply — into *l!, and -?1. 

11. Divide ?-, by ?^. Ans. ?!»!=-?. 

)t }t ay » 

12. Divide?^ by ?!:i£l'. ^'. • 

a' a 

13. Divide *ZiC:, by ^db*:J 

y y" 

14. Divide ^^ by *+!• 
♦ d* fc 
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SECTION IX. 



EVOLUTION AND RADICAL aUANTmEa* 



Ajit. S40. If a quantity is multiplied into itself, the pro- 
duct is a power. On the contrary, if a quantity is resolved 
into any number of equal factorfy each of these is a root 6f 
that quantity. 

Thus 6 is the root of hhh; because hhh may be resolved 
into the three equal factors, fr, and fr, and 6. 

In subtraction, a quantity is resolved into two parts. 

In division, a quantity is resolved into two factors. 

In evolution, a quantity is resolved into equal factors. 

841. A ROOT OF A QUANTITY, THEN, IS A FACTOR, WHICH 
MULTIPLIED INTO ITSELF A CERTAIN NUMBER OF TIMES, WILL 
PRODUCE THAT QUANTITY. 

The number of times the root must be taken as a factor, 

to produce the given quantity, is denoted by the name of the 

root. 
Thus « is the 4th root of 16 ; because 2x2x2x8=16, 

where two is taken four times as a factor, to produce 16. 
So a' is the square root o{cf\ for (fx^^^* (Art. 233.) 
And 0^ is the cube root of cf ; for c?x^Xa^=«*- 
And a is the 6th root of a'; for aXaX»XaXaXfl=rf'. 
Powers and roots are correlative terms. If one quantity 

is a power of another, the latter is a root of the former. Als 

V is the cube of 6, i is the cube root of b\ 

S42. There are two methods in use, for expressing the 
roots of quantities ; one by means of the radical sign V* ^^^ 
the other by a fractional index. The latter is generally to 
be prefened ; but the former has its uses on particular occa^ 
sions. • 



* Newton's Arithmetic^ Madaurin, Emenon, Eukr, Saundenoa, aad 
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When a root is expressed by the radical sign, the sign is 
placed over the given quantity, in this i^anner, ^a. 
Thus iya is the 2d or square root of a. 
Xya is the Sd or cube root 
\ /a is t he nth root 
And \/a+y is the nth root of o-fy* 

243. The figure placed over the radical sign, denotes the 
number of factors into which the given quantity is resolved ; 
in other words, the number of times the root must be taken 
as a factor to produce the given quantity. 

So that \/axV^=^ 

Aiwi V^XV^X\/^=^ 

And V^X V^* • • • ** tinacs =«• 

The figure for the square root is commonly omitted ; \/a 
being put for %ya. "Whenever, therefore, the radical sign is 
used without a figure, the square root is to be understood. 

244. When a figure or letter is prefixed to the radical sign, 
without any character between them, the two quantities are 
to be considered as mfdtipUed together. 

Thus 2ya, is 2X\/^ ^^at is, 2 multiplied into the root of 
0, or, which is the same thing, tiHce the root of a. 
And ar\/6, is arX\/^> ^^ ^ times the root of b. 
When no co-efficient is prefixed to the radical sign, 1 is 
always to be understood ; \/a being the same as l\/a, that 
is, once the root of a. 

245. The method of ea^ressmg roots by radical signs, has 
no very apparent connection with the other parts of the 
scheme of algebraic notation. But the plan of indicating 
them hyfiractional indices^ is derived directly from the mode 
of expressing powers by integral indices. To explain this, 
let a* be a given quantity. If the index be divided into any 
number of equal parts, each of these will be the index of a 
root of a*. 

Thus the square root of a* is (f. For, according to the 
definition, JArt. 241,) the square root of a" is a factor, which 
multiplied mto itself will produce a*. But a* X «*=«*. (Art. 
233.) Therefore, a* is the square root of a*. The index of 
the given quantity a", is here divided into the two equal 
parts, 3 and 3. Of course, the quantity itself is resolved mto 
the two equal factors, a* and a'. 
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The ciiie root of of is (f. For <fx<^X(f=^* 

Here the index is divided into three equal parts, and the 
quantity itself resolved into three equal factors. 

The square root of c^ is a^ or a. For ax a=<^* 

By extending the same plan of notation* fradumal indices 
. are obtained. 

Thus, in taking the square root of a^ or a, the index 1 is 

divided into two equal parts, | and ^ ; and the root is o^* 

On the same principle. 

The cube root of a, is a*=5y/a. 

The nth root, is 0"=^/^ ^^' 

And the nth root of o+x, is (a+xy ssH^a+x. 

246. In all these cases, the denominator of the fractional 
index, expresses the number of factors into which the given 
quantity is resolved. 

Sothata'xa x*^=^ And a"Xa"....n times =sa» 

247. It follows from this plan of notation, that 

a^X^^^a^"^- For a^+i=o* or a. 

a*xa*Xa*=a*^*"^*=aS &c. 
where the multiplication is performed in the same manner 
as the multipUcation of powers, (Art. 2S3,) that is, by adding 
the iiidicee. 

248. Every root as well as every power of 1 is 1. (Art. 
209.) For a root is a factor, which multiplied into itself will 

5 reduce the given quantity. But no factor except 1 can pro- 
uce 1, by being multiplied into itself. 

So that 1", 1, Vl> V^J ^^' ^^ ^ equal 

249. KegcAvoe indices are used in the notation of roots, as 
well as of powers. See Art. 207. 

Thus-jsiri -i=:<r-i ^z-ari 
ifi a^ a* 

10 
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POWERS OP ROOTa 

/ ' 

550. It has been shown in what manner any power en 
root may be expressed by means of an index. The index 
of a power is a whole number. That of a root is a fraction 
whose nmnerator is 1. There is also another class of quan- 
tities which may be considered, either as powers of footi^ 
or roots of powers. 

Suppose a' is multiplied into itself, so as to be repeated 
three tunes as a factor. 

The product a^+^+i or a* (Art. 247,) is evidenay the 

cube of a^, that is, the cube of the square root of a. This 
fractional index denotes, therefore, a pomr cf a root. The 
denominator ex{H:es8es the root, and the numerator the power. 
The denominator shows into how many equal factors or root« 
the given quantity is resolved ; and the numerator shows how 
many of these roots are to be multiplied together. 

Thus a* is the 4th power of the cube root of a. 

The denominator shows that a is resolved into the three 

factors or roots a , and a , and a . And the numeratcMr shows 
that four of these are to be multiplied together ; which will 

produce the fourth power of a' ; that is, 

9 

551. As a'is a power of a root, so it is a root qf a fomer. 
Let a be raised to the third power cf. The square root of 

this is a . For the root of c^ is a quantity which midtiplied 
into itself will produce c^. 

But according to Art. 247, a*i=/PX«*Xa ; and this 
multiplied into itself (Art. 103,) is 

^ Xa* X<^X<^ Xa* X^^ =«•• 
Therefore a* is the square root of the cube of a. 

. In the same manner, it may be shown that cT is the mth 
power of the nth root of a; or the nth root of the mth pow- 
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er : that is, a root of a poioer is equal to the tame power of the 
$ame root. For instance, the fourth power of the cube root of 
a, is the same as the cube root of the fourth power of a. 

252. Roots, as well as powers, of the same letter, maj be 
multiplied by adding their exponents. (Art. 247.) It wiU be 
easy to see, that the same principle may be extended to pow- 
ers of roots, when the exponents have a common denomi- 
nator. 

Thus a*xa*=a*"*"*=a*. 

For the first numerator shows how often a^ is taken as afac 
tor to produce o* (Art 250.) 

And the second numerator shows how often a^ is taken as 
a factor to produce a . 

The sum of the numerators therefore, shows how often the 
root must be taken, for the product. (Art 103.) 

6r thus, a^=a^ Xa'. 

■SL X JL J. 

And a'^=a'xa'Xa- 
Therefore a^xa*=a' Xa Xa Xa X<»*=a*, 

253. The value of a quantity is not altered, by applying 
to it a fractional index whose numerator and denominator 
are equal 

Thusa2=a*=sa'=a». For the denominator diovrs that 
a is resolved into a certain number of factors ; and the nu^ 

merator shows that all these factors are included in a'^. 

Thus (r=a*X^X^ 9 which is eoual to a. 

* , ^ J- -"" -*• 
And a« =a" Xfl" X^"--** times. 

On the other hand, when the numerator of a fractional 
index becomes equal to the denominator, the expression may 
be rendered more shnple by rejecting the index. 

n 

Instead of a», we may write a. 

254. The index of a power or root may be exchanged, for 
any other index of the same value. 

Instead of a , we may put a\ 
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104 ALGEBRA. 

For in the latter of these expressions, a is suf^posed to be 
resolved into twice as many factors as in the former ; and the 
numerator shows that twice as many of these factors are to be 
multiplied together. So that the whole value is not altered. 

Thus x^=x*=:x*f &c. that is, the square of the cube root 
is the same, as the fourth power of the sixth root, the sixth 
power of the ninth root, &c. 

So a* =a*=a^=r a • . For the value of each of these in- 
dices is 2. (Art. 135.) 

256. From the preceding article, it will be easily seen, 
that a fractional index may l^ expressed in decimali. 

1. Thus ar=:a^, or (f •• ; that is, the square root is equal to 
the 5th power of the tenth root. 

J. f I 

2. a*=a^""^, or a"-*'; that is, the fourth root is equal to 
the 25th power of the lOOlh root. 

In many cases, however, the decimal can be only an c^ 
proxinuition to the true index. 

Thus a*=rf'* nearly. a'=cif'"*** very neariy. 

In this manner, the approximation may be ciunied to any 
degree of exactness which is required. 

Thus a*=o»""«. a"^=:a'"»*«. 

These decimal indices form a very important class of num* 
bers, called legarithms. 

It is frequently convenient to vary the notation of powers 
of roots, by making use of a vinculum, or the radical sign \/. 
In doing this, we must keep in mind, that the power of a 
root is the same as the root of a power ; (Art. 251,) and also^ 
that the denominator of a fractional exponent expresses a 
rootf and the numerator a power. (Art 250.) 

Instead, therefore, of a* we may write (a*)', or (a*) , or 
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The fin3t of these three forms denotes the scpuure of the 
cuberootof a; and each of the two last, the cube ioot<rf the 
•quare of a. 

And (6x)*=(6V)*=V6V: 
AndS+^^^li^*^^ 

EVOLUTION. 

257. Evolution is the opposite of involution. One is find- 
ing a ptmer of a quantity, by muUipl3dng it into itself. The 
other is finding a rootf by resolving a quantity into equal fac- 
tors. A quantity is resolved into any number of equal fac- 
tois, by dividing its index into as many equal parte ; ( ArU 
245.) 

Evolution may be performed, then, by the following gen- 
eral rule; 

Divide the index of the quantity by the number 

EXPRESSING the ROOT TO BE FOUND. 

Or, place over the quantity the radical sign belonging to 
the required root. 

1. Thus the cube root of o^ is a*. For a*Xa*X»'=«i^. 

Here 6, the index of the given quantity, is divided by S, 
the number expressing the cube root. 

2. The cube root of aor rf, is dr or \/a. 

For a» x«*X«* w V«X\/«X V«=«v (-*J^- *A 246.) 

3. The 6th root of oi, is (a6)* or J^oi. 

4. The nth root of rf is a" or KjiS?. 

6. The 7th root of 2d -a?, is (2(1- x)^ot\/^^^. 
6 The 6th root of a-a?|, is a-a?| or '^olTf. 

7. The cube root of a*, is a*. (Art. 163.) 

8. The 4th root df a-» is a-*- 

9. The cube root of a' is a". 

10. The nth root of «*, is ««. 

10* 
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258. According to the rule just given, the cube root of the 
square root is found, by dividing the index | by S, as in ex- 
ample 7th. But instead of dividing by 3, we may muUhtu 
byf Fori.i-8=i-H=iX+. (Art. 162.) 

So 1-Hi=lx-- Therefore the mth root of the nth 
m m n 

JLvJL 

root of a IS equal to a* •. 

Thati8,a"l =a*^"=cr. 

Here the two fractional indices are reduced to one by mul* 
tiplication. 

It is sometimes necessary to reverse this process ; to resolve 
an index into two factors. 

Thus a?« =«"^^^ =« I That is, the 8th root of « is equal 
to the square root of the 4th root. 

So a+b\ =a+6| =a+6| | . 

It may be necessary to observe, that resolving the index 
into factors, is not the same as resolving the quantity into 
factors. The latter is effected, by dividmg the index into 
parts. 

259. The rule in Art. 257, may be applied to every case 
in evolution. But when the Quantity whose root is to be 
found, is composed of several factors^ there will frequently 
be an advantage in taking the root of each of the factors 
s^arately. 

This is done upon the principle that the root of the product 
of several factors^ is equal to the product of their roots. 

Thus \/^= V* XV^- ^^^ ^^^^ member of the equation 
if involved, will give the same power. 

The square of yol^is ah. (Art. 241.) 

The8quareofV«XV^i8V<»XV«XV*XV*'(^^10«.) 
*' ButVaxV«=«- (Art 241.) And\/&XV*=*- 

Therefore the square of V*XV*=V^XV^XV*XV* 
==a6, which is also the square of \/afr. 

On the same prmciple, {Qby :=iarr. 
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Whcii,*thcrefore, a quantity consists of several factors, we 
mav either extract the root of the whole toe^ether ; or we may 
find the root of the facUKs separately, and then multiply them 
into each other. 

Ex. 1. The cube root of ojy, is either {xyy or x'y''. 

2. The 6th root of 3y, is \/ay or \/3 XVV- 

5. The 6th root of abh, is (oJA)* or ahH\ 
4. The cube root of 86, is (86)*, or 26*. 

6. The nth root of a;^, is (a^)" or xy*". 

260. The root of a fraction is equal to the root 

OF THE numerator DIVIDED BT THE ROOT OF THE DENO- 
MINATOR. 

1. Thus the square root of ^=f-. F«ri-X^=i 

6 5* ji ji 6 

2. So the nth root of 5=fl. For ^ X^. •» tunes =1 

* 6- 6- 6* * 

S. The square root of Jl, is -3l±. 4. V Z:=I^* 

261. For determining what ngn to prefix to a root, it is 
important to observe, that 

An odd root of ant quantity has the same sion as 

THE quantity ITSELF. 

An even root of an affirmative quantity is am-> 

BIGUOUS. 

An even root of a negative quantity is impossible* 

That the 3d, 5th, 7th, or any other odd root of a quantity 
must have the same sign as the quantity itselj^ is evident 
fi-om Art 219. 

262. But an enm root of an oMrmatwe quantity may be 
either affirmative or negative. For, the quantity may be 
{HToduced from the one, as well as from the other. (Art %19.) 

Thus the square root of c^ is -f-^ ex -a. 
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108 ALGEBRA. 

An even root of an affirmative quantity its therefore, iaid 
to be amUgwntSy and is marked with both -f* uid -. 

Thus the square root of S6, is j\/36. 

The 4th root of «, is +»*• 

The ambiguity does not exist, however, when, from the 
nature of the case, or a previous multiplication, it is known 
whether the power has actually been produced from a posi- 
tive or from a negative quantity. See Art 299. 

363. Rut no even root of a negatwe quantity can be founds 
The square root of -a* is neither -{-a nor -a. 
For 4.ax+«(=+<^- And -ax -a=-H? also. 

An even root of a negative quantity is, therefore, said to be 
impossible or imaginary. 

There are purposes to be. answered, however, by appljrmg 
the radical sign to negative quantities. The expression 
y"^ is often to be found in algebraic processes. For, al- 
though we are unable to assign it a rank, among either posi- 
tive or negative quantities ; yet we know that when multi« 
plied into itself, its product is - a, because ^ - a is by notation 
a root of -0, that is, a quantity which multiplied into itself 
produces -a. 

This may, at first view, seem to be an exception to the 
general rule that the product of two negatives is affirm- 
ative. But it is to be considered, that ^"^ is not itself a 
negative quantity, but the root of a negative quantity. 

The mark of subtraction here, must not be confounded 
with t hat w hich is prefixed to the radical sign. The expres* 
sion ^-a is not equivalent to -^o. The former is a root 
of -a; but the latter is a root of -j-^' 

For -^ax -V^= V^=*- 
The root of -a, ho weve r, may be ambigtums. It may be 
either +^"1^ or - V^. 

One of the uses of imaginary expressions is to indicate 
an impossible or absurd supposition in the statement of a 
problem. Suppose it be required to divide the number 14 
into two such parts, that their product diall be 60. If one 
of the parts be a;^ the other will be 14 -or. And by the sup* 
position, 

sX(14-a?)=60, or 14«-a»=60. 
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This reduced, by the rule s m t he following section, will 

give »=7tv/^^. 

As the value of x is here found to contain an imaginary 
expression, we infer that there is an inconsistency in the 
statement of the problem : that the number 14 cannot be 
divided into any two parts whose product shall be 60.* 

264. The methods of extracting the roots of compound 
quantities are to be considered in a future section. But 
there is one class of these, the squares of binomial and re- 
sidual quantities, which it will be proper to attend to in this 
place. It has been shown (Art. 214,) that the square of a 
Dinomial quantity consists of three terms^ two of which are 
complete powers, and the other is a double product of the 
roots of tnese powers. The square of a-fi» for instance, is 

two terms of which, (^ and b\ are complete powers, and 2ab 
is twice the product of a into fr, that is, the root of ^ into the 
loot of 6^. 

Whenever, therefore, we meet with a quantity of this de- 
scription, we may know that its square root is a binomial ; 
and this may be foimd, by taking the root of the two terms 
which are complete powers, and connecting them by the 
sign -{-• The other term disappears in the root. Thus, to 
find the square root of 

a»+2xy+f, 
take the root of re*, and the root of y*, and connect them by 
the sign -|-. The binomial root will then be a?+y. 

In a residual quantity, the double product has the sign - 
prefixed, instead of +. The square of a -6, for instance, is 
a^~2ab+l^. (Art. 214.) And to obtain the root of a quantity 
of this description, we have only to take the roots of the two 
complete powers, and connect them by the sign -. Thus the 
square root of a* -20^4-!/* is x -y. Hence, 

266. To EXTRACT A BINOMIAL OR RESIDUAL SQUARE ROOT, 
TAKE THE ROOTS OF THE TWO TERMS WHICH ARE COMPLETB 
POWERS, AND CONNECT THEM BT THE SIGN WHICH IS PREFIX 
ED TO THE OTHER TERM. 

Ex. 1 . To find the root of a^+2x+l. 

The two terms which are complete powers are re* and 1 
The roots are x and 1. (Art. 248.) 
The binomial root is, therefore, a?+l. 

*SeeNotoF. 
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6' 6 

5. The square root of rf+a6+ j, is o+g* 

2ab V b 

6. The square root of a'+— +nf, is a+T 



266. A ROOT WHOSE VALtie CANNOT BE EXACTLY EXPRESS^ 
BD IN NUMBERS, IS CALLED A SURD. 

Thiis ^2 is a surd, because the square root of 2 cannot be 
expressed in numbers, with perfect exactness. 
In decimals, it is 1.41421356 nearly. 

But though we are unable to assign the value of such a 
quantity iolun token aUme^ yet by miuti]dying it into itself or 
by combining it with other quantities, wo may produce ex- 
pressions whose value can be determined. There is, there- 
fore, a system of rules generally appropriated to surds. But 
as all (juantities whatever, when under the same radical sign^ 
G£ havmg the same index, may be treated in nearly the same 
manner ; it will be most convenient to consider them toge- 
ther, under the general name of Radkci ^jMaM&t$ ; under- 
standing b^ this term, every quantity which is £9und under 
a radicd sign, or which has a fracticmal index. 

267. Every quantity which is not a surd, is said to be 
rational. But for the purpose of distin^shing between ra- 
dicals and other quantities, the term rational will be applied, 
in tiiis section, to those only which do not appear under a 
radical sign, aiid which have not a fractional mdex. 

REDUCTION OP RADICAL aUANTITIES. 

268. Before entering on the consideration of the rales for 
the addition, subtraction, multiplication and division of radi- 
cal quantities, it will be necessary to attend to the methodtf 
of reducing them from one form to another. 

Firsts to reduce a rational quantity to the form of a radi- 
cal; 

Raise the quantity to a power of the same name as 

THE given root, AND THEN APPLT THE CORRESPONDING 
RADICAL SIGN OR INDEX. 
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Ex. 1. Reduce a to the form of the nth root. 
The nth power of a is oT. (Art. 211.) . v ^ 
Over this, place the radical sign, and it becomes \/it. 

It is thus reduced to the form of a radical quantity, with* 

n 

out any alteration of its value. For \/a*=a« =0. 
2. Reduce 4 to the fbrm of the cube root. 

Ans. V64 or (64)*. 
S. Reduce Sa to the form of the 4th root 
Ans. {/Sla\ 

4. Reduce fafr to the form of the square root 

Ans. {ian*)\ 

5. Reduce Sx^J^ ^^ to the for m of the cube root 

Ans. V^gTxa-^r. See Art. 812. ^ / 

6. Reduce a* to the form of the cube root 
Thecubeof a"iia«. <Art 220.) 

And the cube root of a* k l/a* =a*| . 

In cases of this kind, where a power is It be reduced to 
the form of the nth root, it must be raised to the nth power, 
not of the gwm letter^ but of the power of the letter. 

Thus in the example, a* is the cube, not of a, but of a'. 

7. Reduce a' 6* to the form of the square root 

8. Reduce iT to the torn of the nth root 

269. Secondly^ to reduce quantities which have different 
indices, to others of the same value having a common mdiz ; 

1. Reduce the indices to a common denominator. 

2. Involve each quantity to the power expressed by the 
numerator of its reduced index. 

3. Take the root denoted by the common denominator. 

Ex. 1. Reduce a* and 6* to a common index. 

1st. The indices i and i reduced to a common denomina* 
tor, are ft and ft. (Art. 146.) 

2d. The quantities a and b involved to the powers exjurefls* 
ed by the two numerators, are a' and 6*. 
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Sd. The root denoted by the commcHi denmninator is A* 

The answer, then, is ?]" and fc*|^. 
The two quantities are thus reduced to a common mdex, 
without any alteration in their values. 

For by Art. 264, a^=:a^, which by Art. 258, =a'|*'*. 

X i —A 

And universally a" srrf*" =a*|*". 

2. Reduce a* and bx^ to a common index. 
The indices reduced to a c<»nmon denominator are f 
and f. 

a 4 —4 J. 

The quantities then, are or and (6x) , or a'|% and 6*j?*|' 
8. Reduce a* and 6*. Ans. a* "I** and 6". 
4. Reduce a:" and jf*. Ans. ^|*" Aod y"|*". 
6. Reduce 2* and 8*. Ans. 8* and 9^ 



6. Rcduce(a-(-6)'and(a:-y)^. Ans. o+i'l and ar-y | • 

7. Reduce or and 6*. 8. Reduce a;* and 5* 

270. When Tit is required to reduce a quantity to a given 
index ; 

Divide the index of the quantity by the given index, place 
the quotient over the quantity, and set the given index ovci 
the whole. 

This is merely resolving the original index into two factcnrs, 
according to Art. 258. 

Ex. 1. Reduce a* to the index |. 

By Art. 162, i^+=+xf =*=+. 
This is the index to be placed over a, which then becomes 

J. "lli 

or ; and the given index set over this, makes it ar\ , the an« 
swer. 

2. Reduce a* and ar to the common index i. 
2-5-i=2x8=6, the first index 
|^i=IX8=f> the second index 

Therefore (a*)' and {x'y are the qucm^ities required. 
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S. Reduce 4' and S**^, to the common index* 

Answer, (40*and (3«)* 

271. Thirdly 9 to remove a part of a root from imder the 
radical sign ; 

If the quantity can be resolved into iwd factors, one of 
which is an exact power of the same name with the root ; 

FIND THE ROOT OP THIS POWER, AND PREFIX IT TO THE 
OTHER FACTOR, WITH THE RADICAL SIGN BETWEEN THEM. 

This rule is founded on the princifde, that the root of the 
product of two factors is equal to the product of their roots. 
(Art. 259.) 

It will generally be best to resolve the radical quantity into 
such factors, that one of them shall be the greatest power 
which will divide the quantity without a remainder. If 
there is no exact power which will divide the quantity, the 
reduction cannot be made. 

Ex. 1. Remove a factor from \^. 

The greatest square which will divide 8 is 4. 
We may then resolve 8 into the factors 4 and 2. For 4x2=8. 

The root of this product is equal to the product of the roots 
of its factors ; that is, \/8=>\/4x V^- 

But >\/4=2. Instead of >\/4, therefore, we may substitute 
its equal 2. We then have 2 X V^ or 2^2. 

This is commonly called reducing a radical quantity to its 
most simple terms. But the learner may not perhaps at once 
perceive, that 2\^2 is a more simple expression than >\/8. 

2. Reduce V^V Ans. V^XV^=^XV^=^^- 

3. Reduce ylS. Ans. V9x2=V9XV2=SV2. 

4. Reduce ^64^. Ans J!^qWxK/c=^4^\/c. 

♦ /a'b a* /T 

5. Reduce V pj- Ans. c\/ ccl' (Art. 260.) 

6. Reduce ^5*. Ans. a^6, or ab\ 

1. Reduce ((^-a«6)*. Ans. a^A-^b)^. 
8. Reduce (54a«6)*. Ans. 3a«(26)^. 



9. Reduce s/^^c^x. 10. Reduce \/(f+f^l^^ 

11 
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272. By a contrary process, the co-efficient of a radical 
quantity may be introduced under the radical sign. 

1. Thus, a^6=^a"6. 

For a=;;/a* or a». (Art 263.) And ^flrXA/^=\/^ 

Here the co-efficient a is first raised to a power of the same 
name as the radical part, and is then introauced as a factor 
under the radical sign. 

2. a(x-6)*=(a»xi^)*=(a^«-a^*)*. 
8. 2a6(2ai»)*=(16rt*4»)* 



4 tlJ^\i (j^!^\i 



ADDITION AND SUBTRACTION OF RADICAL 
QUANTITIES. 

273. Radical quantities may be added like rational quan-* 
tities, by writing them one after another vnlh their signs. (Art. 

690 
Thus the sum of >\/a and ^b^ is ^a-^>\/b. 

And the sum of a* -A* andar -jf, is a» -A*+af*^-jf. 

But in many cases, several terms may be reduced to one, 
as in Arts. 72 and 74. 

The sum of 2>\/a and S\/a is 2Va+3Va=5Va. 
For it is evident that twice the root of a, and three times 
the root of a, are five times the root of a. Hence, 

274. When the quantities to be added have the same radi- 
cal part, under the same radical sign or index ; add the ra* 
tianalpartSf and to the sum annex the radical parts. 

If no rational quantity is prefixed to the radical sign, 1 is 
always to be understood. (Art. 244.) 

To ZJl^ay 5V« H^+h)^ 5bh^ oa/T^H 

Add J^ay ^2^/a 4{x+h)^ 7bh^ y\/b^ 

Bum SJ^ay ' 7{x+h)'^ h , (a+j/)xV*^ 
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276. If the radical parts are originally different, they may 
sometimes be made allKe, by the reductions in the preceding 
articles. 

1. Add \/8 to V^O. Here the radical parts are not the 
same. But by the reduction in Art. 271, V8=2\/2, and 
V50=6\/2. The sum then is 7V2. 

2. Add V166 to A^/Ab. Ans. 4V6+2V*=6V*- 

S. Add Va*« to V6*a?. Ans. aVx+6V^=(a+6*yxV* 

4. Add (36a*y)* to (25j/)*. Ans. (6a+5) Xy* 

5. Add yiSa to 3V2a. 

276. But if the radical parts, after reduction, are different 
or have different exponents^ they cannot be united in the 
same term; and must be added by writing them one after the 
other. 

The sum of 3\/6 and 2\/a, is 3V6+2\/«' 

It is manifest that three times the root of 6, and tAvice the 
root of 0, are neither five times the root of 6, nor five times 
the root of a, unless 6 and a are equal. 

The sum of lya and Jy/a, is \/a^\/a. 

The square root of a, and the cute root of a, are neither 
twice the square root, nor twice the cube root of a. 

277. Subtraction of radical quantities is to be performed in 
the same manner as addition, except that the signs in the suIk 
trahend are to be changed according to Art. 82. 



From j^ay 
Sub. S^/ay 


STy/a+x 


8h^ 


aix+y) -ar- 
b{x+y) -2a-' 


Diff. - 2A/ay 


«.:/-.;•. 


a " 



From V50, subtract yS. Ans. 5 V2 - 2 \/2 = 3 V2. (Art. 
275.) 

From i^6*y, subtract v^6y*. Ans. (6-.y)x^/*y• 
From ^/Xy subtract S^x. 

MULTIPLICATION OF RADICAL QUANTITIES. 
278. Radical quantities may be multipUed, like other 
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116 ALGEBRA. 

qoantiiies, W writing the factors one after another, either 
with or without the sign of multiplication between thenu 
(Art 98.) 
ThuB the product of V^ ^^ V^9 ^ V^XV^* 

The product of A'^into y* is hry\ 

But it is often expedient to bring the factors under the 
saine radical sign. This may be done, if they are first re- 
duced to a common index. 

Thu8\/j?X'y'y=V*y' ^^^ ^^® ^^^ ^^ ^^® product of 
several factors is equal to the product of their roots. (Art. 
259.) Hence, 

S79. Quantities under the sabie radical sign or in« 

DEX, MAT BE MULTIPLIED TOGETHER LIKE RATIONAL QUAN- 
TITIES, THE PRODUCT BEING PLACED UNDER THE COMMON 
RADICAL SIGN OR INDEX.* 

Multiply \/x into ^y, that is, ar into y*. 
The quantities reduced to the same index, (Art. S69.) are 
(a?*)*, and (y*)*and their product is, (a?'y*)*=J^a?'y*. 

Mult vH-«» V^ « (*-f-y)' ^ 

Into A/a-m \/hy xi (A+A)' a?* 



Prod. V«'-*»* («'*) x«^«") 






Multiply \/8ar6 into V^xfc. Prod. i\^l6x* b^z=4xb. 
In this manner the product of radical quantities often be- 
comes rational. 

Thus the product of V2 into V18=V36=6. 

And the product of (a'y')* into (a*y)*^=(a*y*)*'=ay. 

280. Roots of the same letter or quantity mat be 
multiplied, bt adding their fractional exponents. 

The exponents, like all other fractions, must be reduced 
to a common denominator, before they can be united in one 
term. (Art. 148.) 

* Thd case of an imaginary root of n negative quantity may be considerad 
an exception. (Art 363.) 



Digiti 



zed by Google 



RADICAL QUANTITIES. U7 

Thus a^xa^=^(^^^=^a^'^<^*' 

The values of the roots are not altered, by reducing thev 
indices to a common denominator. (Art. S54.) 






Therefore the first factor 
And the second 
Buta*=a'xa Xa • (Art. 250.) 
And a*=o*xa • 
The product therefore is a* xa X^ X^* X« =« • 

And in all instances of this nature, the common denomin* 
ator of the indices denotes a certain root ; and the sum of 
the numerators, shows how often this is to be repeated as a 
factor to produce the required product. 

Thus a"X»*=a*Xa""=a*'- 
Mult. 8y* a^xa* (a+b)^ (a-y)* «"* 
Into y* 0** («+*)* («-»)• «"* 



Prod. Sy^ (a+b)^ c'^ - ^ * ' «""* 

The product of y* into y""* is y*'"*=y . 
The product of a* mto a •, is a* "=0^=1. 
And/-*X:r*-=/-'^-*=:«^=l. 

Tlie product of €? into a* =:a*X« =« • 

281. From the last example it will be seen, that jmotrt 
and roots may be multiplied by a common rule. This is one 
of the many advantages derived from the notation by frac- 
tional indices. Any quantities whatever may be reduced to 
the form of radicals, (Art. 268,) and may then be subjected 
to the same modes of operation. 

Thusy«xy*=y*^*=y^. 



a 14JL »+t 
And «x*"=* *=x« . 



!!• 
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118 ALUiB^RA. 

The product will become rational, whenever the numera- 
tor of the index can be exactly divided by the denominator. 

Thus rf X a X o = « = of. 

And (a+6)*X (a+6) "*=(a+6)*=a+4. 

And a'x« =a =«• 

282. When radical quantities which are reduced to the 
same index, have rational co-efficients, the rational 

PARTS MAT BE MULTIPLIED TOGETHER, AND THEIR PRO- 
DUCT PREFIXED TO THE PRODUCT OF THE RADICAL PARTS. 

1. Multiply oj^h into c^d. 

The product of the rational parts is ac. 
The product of the radical parts is ^bd. 
And the whole product is acj^bd. 
For aVfr is aX V*- (-^J^- ^^O ^"^^ ^V^ ^ cx\^d. 

By Art. 1C2, axV^ into cxV*> is aXV^X^XV^; or 
by changing the order of the factors, 

aXcXV^XV^==ocX\/bd=:ac^bd 

2. Multiply ax^ into 6d' . 

When the radical parts are reduced to a common index. 

the factors become a{a^y and 4((P)*. 

The product then is ab{iifdFy. 

But in cases of this nature we may save the trouble of re- 
ducing to a conmion index, by multiplying as in Art 278. 

Thus ao^ into M* is oarJd*. 
Mult. a{b^x)^ oVs* aV« ««""* ^V* 

Into y(6-«)* iV*y *V* % yV* 

Prod. ay(y-a;^)* a6Va?«=a6a; Saiy 

288. If the rational quantities, instead of being co-effidenia 
to the radical quantities, are connected with . them by the 
signs + and - , each term in the midtiplier must be multi. 
plied into each in the multiplicand, as in Art. 100. 
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Multiply o-f V^ 
Into c-fV^ 

aJs/d+^bd 

The product of a+ V!/ i^^^ l+r>\/yis 

1. Multiply ya into ^6. Aris. i^a^b\ 

2. Multiply 5^/5 into SyS. Ans. SOyTo. 
r 3. Multiply 2V3 into 3 V^. Ans. 6^432. 

4. Multiply V^ into Vo*- Ans. ^aW^ 

5. Multiply. A^ into ^/9^. Ans. ^/3^. 

6. Multijdy a(a - x)^ into (c - rf) x (cw:)*. 

Ans. {aC''ad)x {(fx - (W*) ' . ' 

DIVISION OF RADICAL QUANTITIES. 

284. The division of radical quantities may be expressed, 
by writing the divisor under the dividend, in the form of a 
fraction. 

Thus the quotient of \/a divided by V6, is ^. 

And (o+A)* divided by (6+*)- is ^2+^ 

(6+x)" 

In these instances, the radical sign or index is separately 
applied to the numerator and the denominator. But if the 
divisor and dividend are reduced to the same index or radical 
sign, this may be applied to the whole quotient. 

Thus ^/a-^^6=:S!^= * /-. For the root of a fraction 

is equal to the root of the mmierator divided by the root of 
the denominator. (Art. 260.) 
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Again, ^ai-7-^&=/y/a. For the product of this quotient 
into the divisor is equal to the dividend, that is, 

^a X \/^= \/o6. Hence, 

285. Quantities under the same radical sign or index 
mat be divided like rational quantities, the quotient 
being placed under the common radical sign or index. 

Divide (a;^*)* by y*. 

These reduced to the same index are {a^j/^)* and (]/*)*: 

And the quotient is («•)•=»•'=:«*. 

Divide V6a^ V^A? (a'+aof)"^ (a%)* (oV)* 

By v^ V^ «* («*)* («y)* 

Quot V2o» {ff+x)^ {ay)^. 



A ROOT IS DIVIDED BT ANOTHER ROOT OF THB 
SAME LETTER OR QUANTITT, BT SUBTRACTING THE INDEX 
OF THE DIVISOR FROM THAT OF THE DIVIDEND. 

Thus a*.^*=a*"*=o*""*=a*=:a*. 
For a*=a*=a* Xtt X» ^^^ ^^s divided by a* Is 
a*Xa*xa* i i * + 
a* 
In the same manner, it may be shown that a'^^a" = a* " *. 

Divide (3a) ^ (ax)* a'^ (b+y)^ (i^»)^ 

a* (ax)^ a" {b+yf^ (rV)^ 



Quot. (3a)i o"^ W)""^ 

Powers and rooi» may be brought promiscuously together, 
ond divided according to the same rule. See Art. 281. 
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Thus a'-H»*=a'**=a*. For a*Xa*=a*=:»V 

So ir-T-y^=j^. 

287. When radical quantities which are reduced to the 
some fndex have rational co-efficients, the rationai 

PARTS MAT BE DIVIDED SEPARATELY, AND THEIR QUOTIENl 
PREFIXED TO THE QUOTIENT OF THE RADICAL PARTS. 

Thus ac/^hd''T'€u^h=:CJ^d. For this quotient multiplied 
into the divisor is equal to the dividend. 

Divide 24«V«y 18d^/6a? fty(a»x*)" 16V33 iV«y 
By 6 V» 2AVa? y(axY 8V4 VV 

AxJs/y hifl^xy b^x 



Diyide ab{x^b)* hy a {x)t 
These reduced to the same index are a6(r*6)* and a{x*y. 

The quotient then is fc(6)*= (fc»)t (Art. 272.) 

To save the trouble of reducing to a cc^nmon index, the 
division may be expressed in the form of a fraction. 

The quotient will then be ?rifL£L. 

a(x)* 

1. Divide 2\/be by S^/ac. Ans. i V a^c 

2. Divide 10V108 by ^V*- Ans. 2^27=6. 

5. Divide 10V27 by SyS. Ans. 15. 

4. Divide SyiOS by 2a/6. Ans. 12V2. 

6. Divide (a«6«d»)* by A Ans. {ab)t 

6. Divide (16a» - 12a»x)* by 2a. Ans. (4a-Sa:)t 

INVOLUTION OF RADICAL QUANTITIES. 
288. Radical quantities, like powers, are involved 

BY multiplying THE INDEX OP THE ROOT INTO THE INDEX OF 
THE REQUIRED POWER. 
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1. The square of a*=a*^®=a*. Fora'^xa =« • 

2. The cube of a*=a"^^^=a* For a*xa*Xa*= A 

m 

8, And universally, the nth power of aT^aT^^ z:za . 

For the nth jpower of crrsa^X^". ...»times,and thesum 

of the indices will then be •». 

* 4. The 6th power of ar^ y , is a^y. Or, by reducing the 
roots to a common index, 

(ay)-^^=(aV)*. 

5. The cube of a"«*, is o"** or ((Ta;^)-*. 

6. The square of (r^r^ is a*» . 
The cube of a''is a^^^=za^z=a. 

And the nth power of a", is a»=a. That is, 

289. A ROOT 18 RAISED TO A POWER OF THE SAME ITAMB, 
pr REMOVING THE INDEX OR RADICAL SIGN. 

Thus tne cube of VM-*> ^ '+*• 

And the nth power of (a - y) *, is (a - y.) 

290. When the radical quantities have ratumd co-effidents^ 
these must also be involved. 

1. The square o{a\/x^ is a^J^x*. 
For aVJ?xaV^=^' V**' 

2. The nth power of a'^x'^^ is o"" «". 

8. The square of a^a?-y, is a' x(^-y-) 
4. The cube of SaJ^y, is 27a'y. 

291. But if the radical quantities are connected with 
Others by the signs + and - , they must be involved by a 
multiplication of the several terms, as in Art. 213. 
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Kt> 1. Required the squares of o-f-VV ^^ a- VSf* 

^+«Vy fi^-OAi/y 

«Vy+y -«Vy+y. 



a*+2a\/y+y a« -• 2aVy+y 

S. Required the cube of a - j^h. 
8. Required the cube of 2d-f V* 



292. It is unnecessary to ^ve a separate rule for the eoo* 
Ivtion of radical quantities, that is, for finding the root of a 
quantity which is already a root. The operation is the same 
as in other cases of evolution. The fractional index of the 
radical quantity is to be divided, by the number expressing 
the root to be found. Or, the radical sign belonging to the 
required root, may be placed over the given quantity. (Art, 
257.) If there are rational co-efficients, the roots of these 
must also be extracted. 

Thus, the square root of a*, is a*"^ =a*. 

The cube root of o(a:y)*, is (ir{pjy. 



The nth root of alyby^ is \/ aiyby. 



293. It may be proper to observe, that dividing the JraC' 
Hanoi index of a root is the same in effect, as muUipbnng the 
number which is placed over the radical sign. For this 
number corresponds with the denominator of the fractional 
index ; and a fraction is divided, by multiplying its denomi* 
nator 

Thus V»=»^- X/a^c^. 

On the other hand, multiplying the fractional index is 
equivalent to dividing the number which is placed over the 
radical sign. 

Thus the square of iya or o*, is \/a or a*^ =»»• 
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293. 6. In algebraic calculation^ we have sometimefl 
occasion to seek for a factor, which multiplied into a gi\en 
radical quantity, will render the product ratimtal. In the 
case of a simple radical, such a factor is easily found. For 
if the nth root of any quantity, be midtiplied by the same 
root raised to a power whose index is n - 1, the product will 
be the given quantity. 

Thus H/xX\/af^ or X x«" =«"=:x. 

And (a?+y)"x(ar+y) " =«+y. 

So Vax V^=^ -^d \/axV^=V^=^- 

And {/axiy(^=(h &c. And (o+t)* x {a+by:=ra+b. 

And {x+y)^x{x+y)*-x+y. 

293. c. A factor which will produce a rational product, 
when multiplied into a binomial stard containing only the 
Mtiore rooty may be found by applying the principle, that 
the product of the sum and difference. of two quantities, is 
equal to the difference of their squares. (Art, 235.) The 
binomial itself, alter the sign which connects the terms is 
changed from-}- to-, or fiom-to-f, will be the factor 
required. 

Thus (A/a+yb) X (V« - V^) = V^ - Vi^=a - b, which 
is free from radicals. 

So(l-f-V2)X(l-V2)=l-2=-l- 
And (3 - 2V2) X (3+2V2) = 1. 

When the compound surd consists of more than two terms. 
It may be reduced, by successive multiplications, firdt to a 
binomial surd, and then to a rational quantity. 

Thus (yiO - V2 - V3) X (V10+V^+V3) =5 - Za/B, 
a binomial surd. 

And (5-2V6)X(5+2V6)=l. 
Therefore (V10-V2-V3) multiplied into (yiO-|-V2+ 

\/3)x(5+2V6) = l. 

293. d. It is sometimes desirable to clear from radical signs 
the numerator or denominator of a fraction. This may be 
clTected^ without altering the value of the fraction, if the 
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numerator and denominator be both multiplied by a fiiotor 
which win render either of them rational, aa the case may 
require. 

1. If both iMurt8 of the fraction ^be multiplied by V«> 

it will become V^XV^=:.JL, in which the numerator is a 

V*XV« V«* 
rational quantity. 

Or if both parts of the given fraction be multiplied by V^t 

it wll become ^ ^^ in which the denormnator is rational. # 

X 

(a+x)+ (a+x)++* -+' 

« a{y+xf a{y+x)* 

4. The fraction 4=-^-!-=^^^^^ — 

5. The fraction ^ ^ V^X(8+V2) ^g±gVg. 

6. Ttofrn-Hirn » - ^(^^+V^) .=V8 

6^6X5^_6, 

7. The fraction i gi+f "" 5 "^ 

8. The fraction ■ ^^ ^^ 

8 8xfV3-V3>l)(-V8) ^4. 

:^3+v2+i ""(vs+v^+ocvs-v^-ix-v^) 

9. Reduce -*. to a fraction having a rational denominator, 

10. Reduce ItV^ to a fraction having a rational denpm- 

inator. 

293. c. The arithmetical operation of finding the prorimata 
value of a fractional surd, may be shortened, by rendenng 
12 
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either the ninnerator or the denominator rational The root 
of a fraction is equal to the root of the numerator divided by 
the root of the denominator. (Art« 260.) 

Thus - /?=^. But this may be reduced to ? , 

^ygxyfr'-^ (Ajt. 293. i) 



The square root of f! is^ or-4^ or ^. 

When the fraction is thrown into this form, the process of 
extracting the root arithmetically, will be confined either to 
the numerator, or to the denominator. 

Thus the square root of 3 \g^V3XV7^:^ 

^ ExampleB for practke. 

1. Find the 4th root of 81a». ' , 

2. Find the 6th root of (a+6)-». ' . ^ 

8. Find the nth root of (« -y) . 

4. Find the cube rpot of - 125a sfi. 

5. Find the squaj-e root of -. . ' 

T 9a^y» . 

6. Find the StETroot of 32aV^^ 

243 

7. Find the square root of «* - 66«4-9B' / ■ 

8. Fmd the square root of a'+ay+iL T -f 

4 

9 Reduce aa^ to the form of the 6th root. 

10. Reduce -Sy to the form of the cube root. 

1 1 . Reduce a' and a*^ to a common index. 

12. Reduce 4* and 5* to a common index. 

13. Reduce a* and 6* to the common index . . 

14. Red ice 2* and 4* to the common index', . . 
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j"^ / 16. Remove a factor from \/294. '.> ' c 

}[ 16. Remove a fiotctor frwn V*'-^**^. 

;| 17. Find the smn and difference of vleS* and vG^ ^ ^ 

1 y^ 18. Find the sum and difference of i^l92 and i^/H ^ * 

^x 19- Multiply 7V18 into 6^4, r 

^ ^' *0. Multiply 4+2V2 into 2-V2. . ^ 

/ 21. Multiply a(a+A^c)i into 6(a - VO* "^ • * 



- * 



J.. -L / 



I / 22. Multiply 2(a+6)- into 3(a+6)' 

C • 23. Divide 6V54 by Sjs/2. ^A I ^ / 
'24. Divide 4^?! by 2^18. i /^ Li 

»B. Divide V7by \/7. . ^ ^ i/"^^ 

26. Divide 8^612 by 4V2. ^^ ; 

27. Find the cube of ITySl. ' ' 

28. Find the square of 5+^2. ^ / 

29. Fmd the 4th power of i^^S. ^ , ^ 
. 80. Find the cube of V^-V*- ' 

2^ Cjf 81. Find a factor which will make Xjy rational 
y^ 82. Find a factor which will make ^5 - \/« rational 

\^ p .;; '^ 83, Reduce!^ to a fraction having a rational numemtor 

34. Reduce ^ ^ to a fraction having a raticmal de» 
V'XV3 
nominator. 
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SECTION X. 



'REDUCTION OF EQUATIONS BTINTOLUTION 
^ AND EVOLUTION. 

Aet. 294. IN an equation, the ktter which expresseg the 
unknown quantity is sometimes found under a ra^al sign. 
We may have ^a?=a. 

To clear tliis of the radicsd sign, let each member of the 
equation be squared, that is, multiplied into itself. We shall 
then have 

^xXV*=M. Or, (Art. 289,) x—cf. 

The equality of the sides is not affected by this operation, 
because each is only multipUed into itself, that is, equal quan- 
tities are multiplied into equal quantities. 

The same principle is applicable to any root whatever. — 
If J^x=a ; then x=:ar. For by Art. 289, a root is raised to 
a power of the same name, by removing the index or radiccd 
sign. Hence, 

295. When the unknown quantity is under a radical 

SIGN, THE equation IS REDUCED BT INVOLVING BOTH SIDES, 

to a power of thq same name, as the root expressed by the 
radical sign. 

It will generally be expedient to make the necessary trans- 
positions, before involving the quantities ; so that all those 
which are not under the radical sign may stand on one side 
of the equation. 

Ex. 1. Reduce the equation j\^x+4=z9 

Transposing 4-4 V^=^^*4=5. 

Involving both sides «=6*=26. 

• Reduce the equation a+\/x ^b=:d 

By transposition, ^x=: d+b - a 

By involution, a?= (d+b - a)* 
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S. Reduce the equation 

Involving both sideiE^ 

And 
4* Reduce the equation 

Cleanng of fractions. 

And 

Involving both sideiE^ 

And 

5. Reduce the equation 



ar=:63. 



«-4=« 






Multiplying by V^+ V^> 
And 
Involving both sides, 

In the fi rst step i n this example, multiplying the first mem- 
ber into V^+V^y ^^^^ ^ ^^^ itself, is the same as squar-. 
inff it, which is done by taking away its radical sign. The 
other member bein^ a fraction, is multiplied into a quantity 
equal to its denommator, by cancelling the denominator. 
(Art 159.) There remains a radical sign over x^ which 
must be removed by involving both sides of the equation. 



6. Reduce S+i^x-^^zsd. 

7. Reduce 4^|=8. 

a Reduce (2«+8)*4.4=7. 
9. Reduce ^12+x=s2+j^x. 

Ifl. Reduce V* "• «=\/* " i V^ 



Ans. xst^ti. 
Ans. 0^=20* 

Ans. x=li. 
Ans. x:=z4. 



Ans. 



11. Reduce V^XV^+^^^^+V^^* -^^'^ '= 



12. Reduce *Zi5*=V« 

IS. Reduce V^+*^=:V^+y. 



Ans. x=z 



25a 

9^ 

20* 

1 



1-a 
Ans. «s4. 
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14 Reduce A/x+A/a+x= J^ Ans. «=ia. 

Vo-f-* 

2(f 

16. Reduce «4.V«*+«*=-7===5- Ans. «=ayi. 



16. Reduce «+a=\/a^+W6'4-a!** Ans.xss— jj 

17. Reduce V2+«+V*=—==r- -A^^* «=y 

18. Reduce \/^-32=16-V^* -Ans. a?i=81. 

19. Reduce V4a;+l7=2V«4-l- Ans. «=16. 
M^ « ^ V6*-2 4V6i-9 

REDUCTION OF EQUATIONS BY EVOLUTION. ^jC" 

296. In many equations, the letter which expresses the 
unknown quantity is involved to some power. Thus in the 
equation 

ir»=16 
we have the value of the square of ar, but not of x itself. If 
the square root of both sides be extracted, we shall have 

rr=4. 
The equality of the members is not affected by this reduc- 
tion. For if two quantities or sets of quantities are equal, 
their roots are also equal. 

If (x4.a)"=6+A, thenac4.a=VH-*' Henc«> 

297. When the expression containing the unknown 
quantity is a power, the equation is reduced b7 ex- 
TRACTING THE ROOT OF BOTH SIDES, a root of thc samc name 
as the power. 

Ex. 1. Reduce the equation 6+0;* -8=7 

By transposition aj*=74-8 - 6=9 

By evolution ap=±\/8=i3. 

The signs -f and -are both placed before \/9, because 
an even rpot of an affirmative quantity isaifAiguons. (Art 
261.) 



Digiti 



zed by Google 



EQUATIONS. 



S. Reduce the equation 
Transposing, &c. 
By evolution, 

S. Reduce the equation, a-|---=&---r 

h d 

Clearing of fractions, &c. a^^^^^f^-^^ 
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By evolution, 

4. Reduce the equation. 
Transposing, &c* 

By evolution. 



b+d 
^_+f bdh^abd \i 



298. From the preceding articles, it wUl be easy to see in 
what manner an equation is to be reduced, when the ex- 
pression containing the unknown quantity is a power, and at 
the same time under a radical sign ; that is, wlien it is a root 
of a power. Both involution and evolution will be necessary 
in this case. 



Ex. 1. Reduce the equation 
By involution 
T5y evolution 
2. Reduce the equation 
By involution 
And 
By evolution 

S. Reduce the equation (x+a) 



^xT'-a^zh^d 

«-=A«-2AAf(P4.a 
x=:\^h*^2hd+d'+a. 
a+b 



Multiplying by (rc-a)* (Art, 279.) (a?-a«)*=a+6 
By involution ar» - a«= a*4-2ai+6' 

Trans, and uniting terms «'=2a'+2ai4-i" 

By evoluUon »= f 2a*+2«H-**)** 
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133 ALGEBRA. 

ProbliiM, 

Prob. 1. A gentleman being asked his age, repHed, '< If 
you add to it ten years, and extract the square root of the 
sum, and from this root subtract 2, the remainder will be 6." 
What was his age 1 

By the conditions of the problem VHp^ -2=6 
By transposition, \/x+T5=z 6+2 = 8 

By involution, x4.10r=:8'=i64. 

And :r=64- 10=54. 

Proof (Art. IH.) ^54+10^ 2=6. 

Prob. 2. If to a certain number 22577 be added, and the 
square root of the sum be extracted, and from this 163 be 
subtracted, the remainder will be 237. What is the num*- 
berl 

Let :r= the number sought. &=163 

a=22577 c=8ST. 

By the conditions {N-oposed \/x+a - b=c 

By transposition, \/x+a=c+b 

By involuticm, x+a=z (c-fi)* 

And a:=(c-4-6)*-tf 

Restoring the numbers, (Art. 62.) x= (237-|-163)« - 22677 
That is a?=160000-22577=137423. 



Proof V1S7423+22677 - 163=237. 

299. When an equation is reduced by extracting an even 
root of a quantity, the solution does not detennine whether 
the answer is positive or negative. (Art. 297.) But what 
is thus left ambiguous by the algebraic process, is frequently 
settled by the statement of the problem. 

Prob. S. A merchant gains in trade a sum, to which 320 
dollars bears the same proportion as five times this sum does 
to 2500. What is the amount gained 1 

Let :r=the sum required. 

0=320. 
- 6=2500. 
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By the BUfqimition a : or : : fix : ( 

MultiplyiDg the extremes and means Sx^ssab 

And 



■(f)' 



Restoring the numbers, x= (5^21^*2^)* =400. 

Here the answer is not marked as ambiguous, because by 
the statement of the problem it is gainy and not loss. It 
must therefore be positive. This might be determined, in 
the present instance, even from the algebraic process. 
Whenever the root of x* is ambiguous, it is because we are 
iterant whether the power has been produced by the mul- 
tiplication of +x, or of-x, into itself. (Art. 262.) But 
here we have the multiplication actually performed. By 
turning back to the two first 8t<s{]^ of the equation, we find 
that 5x' was produced by multiplying 5x into x, that is -^Sx 
into 4-^« 

Prob. 4. The distance to a certain place is such, that if 
96 be subtra<;tGd from the square of the number of miles, the 
remainder will be 48. What is the dhtance 1 

Let x= the distance required. 
By the supposition x* - 96 =48 

Therefore x=\/l^=l^* 

Prob. 6. If three times the square of a certain number be 
divided by four, and if the quotient be diminished by 12, the 
remainder will be 180. What is the number ? 

By the supposition ?^ - 12 = 180. 

4 

Therefore x=V^56=160)t : 

Prob. 6. What number is that, the fourth part of whose 
square being subtracted firom 8, leaves a remamder equal to 
four ? Ans. 4. 

Prob. 7. What two numbers are those, whose sum is to the 
greater as 10 to 7 ; and whose sum multipUed into the les9 
produces 270 1 

Let 10x=their sum. 

Then 7x=the greater, and Sx=the less. 

Therefore x=3, and the numbers required are SI and 9 
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i 

Prob. 8. What two numbers are those, whose diflbrence is 
to the greater as 2 : 9, and the dififorence of whose squares 
is 1281 An8.18andl4. 

Prob. 9. It is required to divide the number 18 into two 
such parts> that the squares of those parts may be to each 
other as 25 to 16. 

. ^ Let x= the greater part. Then 18 - ssthe less. 

, By the ccmdition proposed a;*: (18 -op)*: : 25: 16. 

' Therefore 16a*=25x(18-a?)«. 

By evolution 4«=5 x (18 - «.) 

And :r=10. 

Prob, 10. It is required to divide the number 14 into two 
such parts, that the quotient of the greater divided by the 
less, may be to the quotient of the less divided by the greater, 
as 16 : 9. Ans. The parts are 8 and 6. 

Prob. 11. What two numbers are as 5 to 4^ the sum of 

whose cubes is 510S ? 1 -♦ 

•% » 
Let 5a? and 4«=the two numbers. 

Then a;=d, and the numbers are 15 and 12. 

Prob. 12. Two travellers A an^ B set out to meet each 
other, A leaving the town O, at tlie same time that B left 1>. 
They travelled the direct road between C and D; and on 
meeting, it appeared that A had travelled 18 miles more 
than jB, and that A could have gone £'s distance in lof days, 
but B would have been 28 days in going j^^s distance. Re- 
quired the distance between C and D, / ; / ) ^7 

Let ar=the number of miles A travelled. .^ ^ 

Then «- 18=the number B travelled. ' .: 

X 18 •* 

Jl—z:zA!% daily progress. .;. . , \ ^ / ) ^ , 

piss's daily progress. ^y 

Thcreforea?:«-18::£zi5:-l. \. / . . - 

15} 28 

This reduced gives ap=72, wSTs distance. 

The whole distance, therefore, from C to D=126 miles. 
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Prob. 1 3. Find two numbers wbicb are to eacb otber as 8 
to 5, and whose product is 360. Ans. 24 and 16. 

Prob. 14. A gentleman bought two pieces of silk, which 
together measured 36 yards. Each of them cost as many 
snUlings by the yard, as there were yards in the piece, and 
their wiiole pnees were as 4 to 1. What were the lengths 
of the pieces % Ans. 24 and 12 yards. 

Prob. 15r Find two numbers which ^x^ to each other at 
3 to 2 ; and the difference of whose fourth powers is to tho, 
sum of their cubes, as 26 to 7. 

Ans. The numbers are 6 and 4. 

Prob. 16. Several gentlemen made an excursion, each 
taking the same sum of money. Each had as many servants 
attending him as there were gentlemen ; the number of dol- 
lars which e^^ had was double the number of all the ser- 
vants, and tnPwhole sum of money taken out was 3466 dbC 
lars. How many gentlemen were there t Ans. 12. 

Prob. 17. A detachment of soldiers from a regiment being, 
ordered to march oa a particuleSr service, each company fur- 
nished four times as manj^inen as there were companies in 
the whole regimen^ ; but the^ being found insufficient, each 
company furnished three ^p nbjire ; when their number was 
found to be increased m jpCratio of 17 to 16. How many 
companies were there in me regiment % Ans. 12. 

AFFECTED QUADRATIC EQUATia«B. 

300. Equations are divided into classes, which are distin- 
guished from each other by the power of the lettcfluhat ex- 
presses the unknown quantity. Those which conmin only 
the^rsf power of the unknown quantity are called equations 
of imit dimemian^ or equations of the first degree. Tliose in 
whkSi the highest power ot the unknown quantity is a square^ 
are called quadraticy or equaXions of the seamd degree; 
those in which the highest power is a ctiie, eouations of the 
ikurd degree^ &c. 

Thus xso-j-fry is an equation of the first degree. 

ac^^c, and a«-|-aa?=d, are quadratic equation^ ot 
equations of the ssamd ^gree. 

a:>=ft, and «• A«+5a;=rf, are cubic equations, or 
oatioA ft t\m.ihird degree. 
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138 ALGSBRA. 

301. Equations are also divided into furt and afftiied 
equations. A pure equation contains only ont patoir of the 
unknown quantity. Tius may be tlie first, second, third, or 
any other power. An affected eouation contains different 
powers of the unknown quantity. Thus^ 

( a^=sd - 6, is a pure quadratic equation. 
I a^-^-bx =:dfWi affected quadratic equation. 
C x^=zb - c, a pure cubic equation. 
( x^+as^+bx^hf an affected cubic equation. 

A piire equation is also called a sw^ equation. But tlus 
term has been ap|died in too vague a manner. By some 
writers, it is extended to pure equations of every degree ; by 
others, it is confined to those of the first degree. 

In a pure equation, all the terms which contain the un- 
known quantity may be united in one, (Art. 185,) and the 
equation, however complicated in other respe^^ may be re- 
duced by the rules which have already been given. But ia 
an affected equation, as the unknown quantity is raised to d^ 
fererU powers^ the terms containing these powers cannot be 
unitedL (Art. 280.) There are particular rules for the reduc- 
tion of quadratic, cubic, and biquadratic equations. Of these^ 
only the first will be condde^j},^2Vpreswty 

303. An affected QiMimMl^ct^ATioN is one which 

CONTAINS the UNKNOWN QUANTm IN ONE ^ERM, AND THfi 
SQUARE OF THAT QUANTITY IN ANOTHER TERM. 

The iQilmown quantity may be mdnally in several terms 
of the equwon. But all these may oe reduced to two^ one 
containing the unknown quantity, and the other its square. 

303. It has already been shown that a ptire quadratic ui 
solved by extracting the root of both sides of tfu equation. Aa 
affected quadratic may be solved in the same way, if the 
member which contains the unknown quantity is an kxoie^ 
square. Thus the equation 

a;«4.2aa:+a«=6+A. 
may be reduced by evolution. For the first member is the 
square of a btnomtal quantity. (Art. £64.) And its root ia 
«-fa. Therefore, 



«4-a=:\/^-|-&, an^ by y^ngposi^ a^ 
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S04. But it is not often the case, that a member of an ai* 
fected quadratic equation is an exact square, till an addi- 
tional term is ap[died, for the purpose of makiDg the requi r e d 
reduction. In the equation 

the side containing the unknown quantity is not a comfdete 
square. The two terms of which it is composed are indeed 
such as might belong to the square of a Innomial quantity. 
( Art 214.) But one term is wanting. We have then to in- 
quire, in what way this may be supplied. Frmn having two 
terms of the square of a binomial given, how shall we find 
the third f 

Of the three terms, two are complete powers, and the 
other is twice the product of the roots of these powers; f Art. 
214,) or which is the some thing, the product of one ot the 
roots into twice the other. In the expression 

the term iax consists of the factors 2a and x. The latter is 
the jmknown quantity. The other factor 2a may be consid-> 
ered the co-e/^IdeiU of the unknown quantity ; a co-efficient 
being another name for a factor. (Art. 41.) As :r is the 
root of the first term a^ ; the other factor 2a is twice the root 
of the third term, which is wa^ed to comfdete the square. 
Therefore hatf 2a is the root orthe deficient term, and a^ is 
the term itsell The square completed is 

t^+iax+a\ 

where it will be seen that the last term (f is the sqraare of 
half 2a, and 2a is the co-efficient of x, the root of the first 
term. 

In the same manner, it may be proved, that the last term 
of the square of any binomial quantity, is equal to the square 
of half the co-efficient of the root of the first term. From 
this principle is derived the following rule : 

305. To COMPLETE THE SQUARE iu an afiected quadratic 
equation : take the square of half the co-efficirnt of 

THE FIRST POWER OF THE UNKNOWN QUANTITY, ANp ADD IT 
TO BOTH SIDES OF THE EQUATION. 

Before completing the square, the known and unknown 
quantities must be brought on opposite sides of the equation 

13 
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hf traiiBpoiition; and the highest pav^ of ihe tinlbiown 

rntity must liave the affirinatiTe sign, and be cleared <rf 
tionsy co-eiBcients, &c. 6oe Arts. 808, 9, 10^ II. 
JSyier the square is completed, the equation is reduced, by 
extracting the square root of both sides, and transposing the 
known part of the binomial root. (Art. 303.) 

The quantity which is added to one ade of the equatkniy 
to complete the square, must be added to the other side abo^ 
to preserve the equality of the two members. (Ax 1.) 

306. It will be important for the learner to distinguish be- 
tween what is peculiar in the reduction of quadratic equa* 
tions, and what is common to this and the other kinds which 
have already been considered. The peculiar part, in the 
resolution of affected quadratics, is the completing of the 
square. The other steps are similar to those by which pure 
equations are reduced. 

For the purpose of rendering the completing of the square 
familiar, there will be an advantage in beginning with exam- 
pies in which the equation is alr^y prepared for this step. 

Ex. 1. Reduce the equation af-{-6cMP=6 

Completing the square, a^-^Sax-^Sa^zzzSi^J^-b 

Extracting both ffld^ (Art. 303.) j?+3a=±V»<^+* 

And «=-SaiV9(^+6. 

Here the co-efficient of x, in the first step, is 6a ; 

The square of half this is 9(iP, which being added to both 
sides completes the square. The equation is then reduced 
by extracting the root of each member, in the same manner 
as in Ajrt. 297, excepting that the sauare here being that of 
a binomialy its root is found by the rule in Art. 265. 

2. Reduce the equation a^'-8bxz=:h 

Completing the square, a* - 86ar-|- 1 66*= 1 6M-f-& 

Extracting both aides x - 4i=iVl66«-f.& 

And x^4b±A/l6b^+h. 

In this example, half the co-efficient of a is 4i, the squani 
of which 166* is to be added to both sides of the equation. 
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S. Reduce the equation a*4-^=^+'^ 

Completing the square, a?+^**+T ^ t"I"*+* 

4 4 

■ By evolution «+|=+/"'+*+a)* 

And ,= -|±(«+6+A)i. • 

4. Reduce the equation ^-x^h'-d 
Completing the square, o^-ar-f-JsiJ-fA-il 

And x=J±(4+&-d)*. 

Here the co-efficient of x is 1, the square of half which is |. 

5. Reduce the equation x'-fSarssd+e . 
Completing the square, x'-}-3x-}-|=f-}-d-f6 
And «=-l±(l+d+6)i. 

6. Reduce the equation o^-afrarsab-cd 

Completing the square, of ^ abx-Y-^-^—^ob - cd 

4 4 

And *=!^(^+aft-«l)*. 

7. Reduce the equation x*-f-ff =A 

i 

Completing the square, x^+ff+iL sriL+A 

4 46* 4fc' 

And x=-i+ff^+AU 

• By Art. 163, ^^%xx. The co-efficientof a?, therefore- 

u 

IS 1 Half of this is ^ (ArU ICS.) the square of which is 
o Zb 

4J^ 
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& Reduce the equation s'-fssTiL 



CompMnillwiqiun, .•-*f^=^Ti. 

Here the fraction fsj^X«* (Art 158.) Therefore the 

co-efficient of « is 1. 

\S07. In these and similar instances, the root of the third 
term of the completed square is easily found, because this 
root is the same half co-efficient from which the term has 
just been derived. (Art. 304.) Thus in the last example, 

half the co-efficient of x is _., and this is the root of the 
third term — ^ 

308. When the first power of the unknown quantity is in 
iwercd termsy these should be united in one, if they can be 
by (he rqles for reduction in addition. But if there are fite- 
ral co-efficients, these may be considered as constituting, to- 

Ether, a compound co-efficient or factor, into which the un- 
lown quantity is multiplied. 

Thus ax+bx+dx={a+b+d)x^' (Art 120.) The 
square of half this compound co-efficient is to be added to 
both sides of the equation. 

1 . Reduce the equation x* -f.8ar+2x4-ap= i 
Uniting terms «* '■\-6x= d 
Completing the square «*-j-6«+9=9-|-d 

And a?=-3JV9+A 

2. Reduce the equation x^+ax-^-bxzrzh 
By Art. 120. «« 4.(0+6) Xx=zh 

Thereforex«+(a+6)Xx+(^)'=:(2±*)V* , 
By evolution «+f!±*=± //?+*]*+* 
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S. Reduce the equation ^•{■ax - x=h 
By Arc 120 »»+(a-l)x»=* 

Therefore a«+(a-l)x«+(i^)'=(i^) +6 

S09. After becoming familiar with the method of complete 
ing the square, in affected quadratic equations, it will be 

f roper to attend to the steps which are preparcUary to this, 
lere, however, little more is necessary, than an application 
of rules already given. The known and unknown (juanti'.- 
ties must be brought on opposite sides of the equation by 
transposition. And it will generally be expedient to make 
the square of the unknown quantity the first or leading term, 
as in the preceding examples. This indeed is not essentiaL 
But it will show, to the best advantage, the arrangement of 
the terms in the completed square. 

1 . Reduce the equation a^Sx - 36 =; So? - 9* 
Transp. and uniting terms a:'+2a:=36 - a 
Completing the square a^-\-2x-\- 1 = l-f-S6-- a 
And x= - lJVl+S6-a. 

2. Reduce the equation - = — - - 4 

^ 2 x+2 

Clearing of fractions, &c. a:*-|-10a:=56 

Completing the square a:*+10ar+25= 254-56=81 

And x=^5V81=?-5±9- 

310. If the highest potoer of the unknown quantity has 
any co-effident^ or divisor^ it must, b^ore the square is com- 
pleted, by the rule in Art. 305, be freed from these, by multi- 
plication or division, as in Arts. 180 and 184. 

1 . Reduce the equation a;»+24a - 6A=: 1 3a? - 5a^ 
Transp. and uniting terms, 6a? - 1 2a?= 6A - 24a 
Dividmg by 6, «* - 2a?= A- 4a 

Completing the square, sf - 2x+ 1 = 1 +h - 4a 

Extracting and transp. 9= lt\/l+h -^ 4a. 
1.0^ 
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% Reduce the equation h+ix^d-^ _ 

a 
Clearing of fractions baf+^axzsad - ak 

Dividing by 6, «»+!ff=?ilf* 

b b 

3lL If the square of the unknown quantity is in several 
lentif, the equation must be divided by oU the co-efficienta 
of this square, as in Art. 185. 

1. Reduce the equation b^-^-d^^^ixsab'^h 

Dividing by b+d, (Art 121.) ^ - m=CT 

2. Reduce the equation aa?+a?=A-f Sa?-** 
Transp. and uniting terms ax^-^-si^ - 2x=zh 

Dividing by «+l, -•-^=^, 

Coo^K the square ^--^+(-^)' =(-l^)'+-j . 

Extnu^Ung and transp. x=^+^(_^)'+^. 

There is another method of completing the square, which, 
m many cases, particularly those in which the highest power 
of the unknown quantity has a co-efficient, is more simple 
in its appUcation, than that given in Art. 305. 
Let a«*-|-6a?=rf. 

If the equation be multiplied by 4a, and if V be added to 
both sides, it will become 

4(^+4abx+V=z4ad+V ; 
the first member of which is a complete power of iax+b. 

Hence, 

Sll. 6. Id a quadratic equation, the 4|uare may be com- 
pleted, by multiplying the equation into 4 times the co-effi. 
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cient of the highest power of the unknown quantity and luL* 
ding to both sides, the square of the co-efScient of the lowest 
power. 

The advantage of this method is^ that it avoids the Intro* 
duction of JractumSf in completing the 8(|uare, 

This will be seen, by solving an equation by both methodsi 

Let aa5*-|-(feF=A. 

Completing the square by the rule just given ; 

Extracting the root 2aai^d=t^4ah+<P 

And x=2^V?S?. 

2a 

Completing the square of the given equation by Arts. 305 

and 810; ^+t+^Jl+^^. 

a 4a a 4a* 

Extractmg the root a4-l=:±. /-+^. 

^ .2a Va^4a« 

And x^^i±^/E+L. 

2a V a4cP 

If a=l, the rule will be reduced to this: "Multiply the 
equation by 4, and add to both sides the square of the co* 
efficient of «.*' 

Leta?+dar=A 
Completing the square 4a;'4-4dj?4-cP= 4A+cP 

Extracting the root 2j:+d=±V4A+rf' 

And x^Z^S^. 

2 

1. Reduce the equation 3a;'4-5ar=42 

Completing the square 36a;^4-60x4-25= 529 

Therefore f=3. 

3. Reduce the equation a:*- 15a?= -54 

Completing the square 43? - 60a:+225 = 9 

Therefore 2ar= 1 5i3 = 18 or 12. 

SI 2. In the square of a binomial, the first and last terms 
aio always poMvt* For each is the square of one of the 
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terms of the root. (Art 214.) But every square is positive.. 
(Art 218.) If then - ^ occurs in an equation, it cannot, with 
this sign, form a part of the square of a binomial. But if 
M the signs in the equation be changed, the equality of the 
sides will be preserved, (Art. 177,) the term - J^ will become 
positive, and the square may be completed. 

1. Reduce the equation -a:*4-2x=:rf-i 
Changing all the signs vf - 2g= A-rf 
Therefore «=l±Vl+A-rf 

2. Reduce the equation 49-^^=:- 12 

• Ans. «=2iVl6. 

SIS. In a quadratic equation, the first term ^ is the square 
of a single letter. But a binomial quantiQr may consist of 
terms, one or both of which arc aheady powers. 

Thus x*-!-^ i^ ^ binomial, and its square is 

a;*4.2aa?+a«, 
where the index of % in the first term is twice as great as m 
the second. When the third term is deficient, the square 
may be completed in the same manner as that of any other 
binomial. For the middle term is twice the product of the 
roots of the two others. 

So the square of «*4"<»» is a?*-|-2aaf+fl^. 

And the square of x"+^ ^^ a?"4-2aaf +(r. 
Therefore, 

S14. Ant equation which contains oni^y two dif- 
ferent POWERS OR roots OF THE UNKNOWN QUANTITY, 
THE INDEX OF ONE OF WHICH IS TWICE THAT OF THE 
OTHER, MAT BE RESOLVED IN THE SAME MANNER AS A QUA- 
DRATIC EQUATION, BY COMPLETING THE SQUARE. 

It must be observed, however, thatgn the binomial root, 
the letter expressing the unknown quantity may still have a 
firactional or integral index, so that a farther extraction, ac- 
cording to Art. 297, may be necessary. 

1. Reduce the equation ar* - a?= 6 - a 

Completing the square x* - rc^+i = i+^ "" ^ 

Extracting and transposing a^=|± >\/|+6-a 

Extracting again, (Art 297,) a?=±yj V(i+* - «) 
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S. Reduce the equation «**-46ar=:ii 

Answer «=±V26JV(4*'+a.) 

S. Reduce the equation «-4-4/^x=&-n 

Completing the square x+AA^x+A^h^n^^ 

Extracting and transp. ^x=:: - 2,t\/h - n-f 4 

Involving «= ( - 2±\/A^ »*+*)*• 

4. Reduce the equation «"-|-8a;''=a-4-i 

Completing the square a;"-f-8x'*-f 16=c4-6-f 16 

Extracting and transp, x" = - 4J:\/a-(-fr-|-16 

Involving «= ( - 4iV«+*+16)\ 

315. The solution of a quadratic equation, whether pure 
or affected, gives two results. For after the equation is re- 
duced, it contAins an ambiguous root. In a pure quadratic, 
this root is the whole value of the unknown quantity. (Art. 
297.) n / V 

Thus the equation s's64 

Becomes, when reduced x==±\/64. 
That is, the value of x is either -|-8 or - 8, for each of 
these is a root of 64. Here both the values of x are the 
same, except that they have contrary signs. This will be 
the case in every pure quadratic equation, because the whole 
of the second member is under the radical sign. The two 
Talues of the unknown quantity will be alike, except that 
one will be positive, and the other negative. 

316. But in affected quadratics, a part only of one side of 
the reduced equation is under the raoical sign. When this 
part is added to, or subtracted from, that which is without 
the radical sip^ ; the two results will differ in quantity, and 
will have their signa in some cases alike, and in others un« 
like. 

1. The equation «^4.8a?=20 

Bec(»nes when reduced, x=z - 4±\/16-f-20. 
That is «=-4i6. 

Here the first value of x is, -4-)-6=:4-2 ) one positive, and 
And the second is - 4 - 6= - 10 ) the other negative. 
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2. The equation sf^Sxz s^lS 

Becomes when reduced, «=;4jbv/l^ " ^^ 
That is «2x4±l 

Here the first value of x is 4+1 =+6 > i .i^ ^s,^4i„^ 
And the second is 4I1 =+S { '^^ P^^^'*' 

That these two values of x are correctly found» may be 
proved, by substituting first one and then the other, for x it* 
8el4 in the original equation. (Art 194.) 

Thu8 6'-8x5=25-40=-.15 

AndS»-8x3=9-24=-16. 

317. In the reduction of an affected quadratic equation, 
the value of the unknown quantity is firequently found to be 
wuigkuvym 

Thus the equation o^ - 8x= - 20 

"Becomes, when reduced, a?=4t\ /t6- 20 

That is, x=4±V-4. 

Here the root of the negative quantity -4 can not be as- 
signed, (Art. 263,) and therefore the value of x can not be 
found. There will be the same impoesilHltty, in every in- 
stance in which the negative part of tne quantities under the 
radical sign is greater than the positive part.* 

318. Whenever one of the values of the unknown quan- 
tity, in a quadratic equation, is imaginary, the other is so 
also. For both are equally affected by the imaginary ro<^. 

Thus in the example above 

The first value of x is 4+ V - 4, 

And the second is 4 - V" 4 ; each of which 
contains the imaginary quantity V "• "*• 

319. An equation which when reduced contains an ima- 
ginary root, is oflen of use, to enable us to determine wliether 
a proposed question admits of an answer, or involves an ab- 
surdity. 

Suppose it is required to divide 8 into two such part% that 
the product will be 20. 



* See Note G. 
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If « is one of the parts, the other will be 8 -x (Art 196.) 
By the conditions proposed (8 -x) X^=20 

This becomes, when reduced, x^ 4±\/ - 4. 

Here the imadnary expression >y/-4 shows that an an- 
swer is impossible ; and tnat there is an absurdity in si^ppo- 
sing that 8 may be divided into two such parts, Uiat their 
product shall be 20. 

320. Although a quadratic equation has two solutions, yet 
both these may not always be appHcabl^^ the subject pro- 
posed. The quantity under the radical si^ may be produced 
either from a positive or a negative root. But both these roots 
may not, in every instance, belong to the problem to be sol- 
ved. See Art. 299. 

Divide the number 30 into two such parts, that their pco- 
duct may be equal to 8 times their difference. 

If 9SS the lesser part, then 30 -x=: the greater. 

By the supposilion, XX (SO - a:) =8 X (80 - 2ar) 

This reduced, gives xs=23±17=40 or Gs the lesser part. 

But as 40 cannot be a part of 30, the problem can have 
but one real solution, making the lesser part 6, and the greater 
part 24. 

Examples of Claadratie Equatiant. 
1. Reduce 3a:' - 9a? - 4=80. Ans. «=7, or - 4. 

8. Reduce 4x - ?5zf =46. Ans. a?=12, or- 1. 

X 

3. Reduce 4«- iil^=14. Ans. «=4, ot -f. 

x+l 

4. Reduce 5x - 5£z|=2x+*fzi. Ans. «=4, or - 1. 

6. Reduce 11^19^Z^^S. An8.«=4, or t 

«. Reduce 5izf+l =10^11?. Ana «=lt,or6. 

«-4 2 

7, Reduce f+i-Iz^^lf+Z-l. Ans. «=«1, or ft. 

3 X — 8 9 
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a Reduce 5^llJ^=«-S. An8.«=rl,or-S8. 

9. Reduce -A-+?=:S, Ans. «=«• 

a:+l OP 

10. Reduce Jf-.5zl=«-9. Ans. «=10. 

«+« 6 

11. Reducelf ?=?. Am. «a=l±Vl"^ 

a ^ a 

12. Reduce x*+aa^=6. Ans. «=(-f+^HZ\* 

18. Reduce f! -.?!=- i- Ans. «= Vi- 

2 4 32 ^* 

14. Reduce 2«*+3a:*'= 2. Ans. «=i. 

15. Reduce ix-iVx=:22i. Ans. ffs49. 

16. Reduce 2a^-ar*+96r=99. Ans.jrsiV^* 

17. Reduce (lO+a:)* - (lQ+a:)i=2. Ans. «»$. 

18. Reduce 3ai**-2a:"=8. Ans. «:&.;/& 

19. Reduce 2(14-«-a?) - Vl+*-**= -+• 

Ans. «==|+iV41. 

20. Reduce V«^^=«-fc- Ans. «=:|!:^i^^. 

21. Reduce V^!+l^iz^ Ans. «=4. 

22. Reduce x*4.«*=756. Ans. ff=s24S. 



21 



23. Reduce a/2x+1+2a/x=z ^ Ans. «=:4. 

V2«+l 

24. Reduce 2V«^^3V2«=^?^^^. Ans. «=9a. 

26, Reduce x4-16-7V»+16=10-4V«+l6.An8.«cr9 
26. Reduce Va^4-V«'=6V«« 

Dividing by V*> a^4-*=8* Ans. »»s2. 
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27. Reduce 4x-5.3£:^^9^ ^^^ ^^^^ 

X Sa?4-7 13a? 

28. Reduce _i_+_i_=ll. Ans. «=8. 

6a: -a;* ar^+2x 5a? 

29. Reduce (a: -6) -S(x-5)*=40. Ans. «=9^ 
SO. Reduce a?+ya?-|-6=2+3 yar+G. Ans. «=10. 

PROBLEMS PRODUCING aUADRATIC EaUATIONS. 

Prob. 1. A merchant has a piece of cotton cloth, and a 
piece of silk. The number of yards in both is 110 : and if 
the square of the number of yards of silk be subtracted from 80 
times tiie nund)er of yards of cotton, the difference will be 
400. How many yards are there in each piece ] 

Let x= the yards of silk. 
Then 110- a?= the yards of cotton. 
By supposition 400=80 x (1 10 - x) - ai* 
Therefore a?= - 40iVioooo= - 40il00, 

The first value of x^ is - 40+100=60, the yards of silk; 
And 110-a?=110- 60= 50, the yards of cotton. 

The second value of x, is - 40 -<; 100= - 140 ; but as this 
is a negative quantity, it is not apjdicable to goods which a 
man has in his possession. 

Prob. 2. The ages of two brothers are such, that their sum 
is 45 years, and their product 500. What is the age of each 1 

Ans. 25 and 20 years. 

Prob. 3. To find two numbers such, that their difference 
shall be 4, and their product 117. 

Let a?» one number, and a?4-^» the other. 

By the conditions (*+4) x a?=« 1 1 7. 

This reduced, gives a? « - 2i\/i2i «» - 2±1 1 . 

One of the numbers therefore is 9, and the other 13. 

Prob. 4. A merchant hjiving sold a piece of cloth which 
cost hun 30 dollars, found that if the price for which he sold 
it were multiplied by his gavoy the proauct would be equal to 
the cube of his gain. What was his gain 1 



Digiti 



zed by Google 



150 AIX3EBRA. 

Let x«- the gain. 

Then SO+«=s the price for which the cloth was sold 

By the statement tfmm (SO+x) x« 

Therefore ^-ilVl+SO-ii-V- 

The first value of « is \+^ — +6. > 
The second value is \ --V~"-'-5. ) 

As the last answer is negatiot^ it is to be rejected as incon- 
sistent with the nature of the problem, (Art. S2Q.) for fsjn 
roust be considered j)oW(ioe. 

Prob. 5. To find two numbers whose difierence shall be S, 
and the difference of their cubes 117. 

Let x«- the leas number. 
Then x-fS » the greater. 

By supposition (^+3)' - «"- 1 17 

Expanding {x+iy (Art. 217.) 9«*+«7«« 11 7 - 27-90 

And «--iJVV--4±*. 

The two numbers, therefore, are 2 and 5. 

Prob. 6. To find two numbers whose differei^e shall be 
12, and the sum of thdr squares 1424. 

Ans. The numbers are 20 and 32. 

Prob. 7. Two persons draw prizes in a lottery, the difier- 
ence of which is 120 dollars, and the greater is to the less, 
as the less to 10. What are the prizes 1 

Ans. 40 and 160. 

Prob. 8. What two numbers are those whose sum is 6,aad 
the sum of their cubes 72 % Ans. 2 and 4. 

Prob. 9. Divide the number 56 into two such parts, that 
their product shall be 640. 

Putting X for one of the parts, we have, xbb28j:12»'40 or 
16. 

In this case, the two values of the tmknown quantity are 
the two parts into which the given number was required to 
be divided. ; 

Prob. 10. A gentleman bought a number of pieces of cloth 
for 675 dollars, which he sold again at 48 dollars by the piece, 
and gained by the bargain as much as one piece cost him. 
What was the number of pieces 1 Ans. 16. 
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Prob. 11. •/} and B started together, for a place 160 miles 
distant- Jts hourly progress was 3 miles more than ^s, and 
he arrived at his journey's end 8 hours and 20 minutes before 
S. What was the hourly progress of each 1 

Ans. 9 and 6 miles. 

Prob. 12. The difference of two numbers is 6 ; and if 47 
be added to twice the square of the less, it will be equal to 
the square of the greater. VHiat are the numbers 1 

Ans. 17 and 11. 

Prob. \i. A and B distributed 1200 dollars each, among 
a certain number of persono^ A relieved 40 persons more 
than jB, wid B gave to each individual 6 dollars more than 
•tf . How many were relieved by A and B ? 

Ans. 120 by A, and 80 by JB. 

Prob. 14. Find two numbers whose sum is 10, and the sum 
of their squares 68. Ans. 7 and S. 

Prob. 16. Several gentlemen made a purchase in company 
for 176 dollars. Two of them having withdrawn, the biU 
wad* paid by the others, each furnishing 10 dollars more than 
would have been his equal share if the biU had been paid by 
the whole company. What was the number in the company 
atfirstt Ans. 7. 

Prob. 16. A merchant bought several yards <tf linen f<Hr 
60 ddlars, out of which he reserved 16 yards, and sold the 
remainder for 64 dollars, gaining 10 cents a yard. How 
many yards did he buy, and at what price 1 

Ans. 76 yards, at 80 cents a yard. 

Prob. VI. A and B set out from two towns, which were 
S47 miles distant, and travelled the direct road till they met. 
A went 9 miles a day ; and the number of days which they 
travelled before meeting, was greater by 3, than the number 
of miles which B went in a dav. How many miles did each 
travel ? Ans. A went 117, and £ 130 miles. 

Prob. 18. A gentleman bought two pieces of cloth, the 
finer of which cost 4 shillings a yard more than the other. 
The finer piece cost £1% ; but the coarser one, which was 2 
yards longer than the finer, cost only £\6. How many 
yards were there in each piece, and what was the price of a 
yard tit each 1 

Ana- There were 18 yards of the finer piece, and 20 of the 
ooaner ; and the prices were 20 and 16 shillings. 
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Prob. 19. A merchant bought 54 gallons of Madeira wine, 
and a certain quantity of Teneriffe. For the former, he pve 
half as many shillings hv the gallon, as there were gallons 
of Tenerifle, and for the latter, 4 shillings less by the gallon* 
He sold the mixture at 10 shillings by the gallon, and lost 
JttS 1 6s. by his bargain. Requir^ the price of the Madeira, 
and the number of gallons of Teneriffe. 

Ans. The Madeira cost 18 shillings a gallon, and there 
were S6 gallons of Teneriffe. 

Prob. 80. If the square of a certain number be taken from 
40, and the square root of this difference be increased by 10, 
and the sirni be multiplied by 2, and the product divided by 
the number itself, the quotient will be 4. What is the 
number t Ans. 6. 

Prob. 21. A person being asked his age, replied. If you 
add the square root of it to half of it, and subtract 12, the 
remainder wOl be nothing. What was his affe 1 

Ans. 16 years. 

Prob. 22. Two casks of wine were purchased for 58 doU 
«ars, one of which contained 5 gallons more than the other, 
and the price by the gallon, was 2 dollars less than } of the 
number of gallons in the smaller cask. Required the num- 
ber of gallons in each, and the price by the rallon. 

Ans. The numbers were 12 and 17, and the price by the 
gallon 2 dollars. 

Prob. 23. In a parcel which contains 24 coins of mlver and 
copper, each silver coin is worth as many cents as there are 
copper coins, and each copper coin is worth as many cents as 
there are silver coins ; and the whole are worth 2 dollars and 
16 cents. How many are there of each 1 

Ans. 6 of one, and 18 of the other. 

Prob. 24. A person bought a certain number of oxen for 
80 guineas. If he had received 4 more oxen for the same 
money, he would have paid one guinea less for each. What 
was the number of oxen 1 Ans. 16. 

SUBSTITUTION. 

321. In tne reduction of Quadratic Equations, as well as 
in other parts of Algebra, a complicated process may be ren- 
dered much more simple, by introducing a new letter which 
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ih&U be made to represeat several othere. This is termed 
mtbMmHon. A letter may be put for a compound quantity 
as well as for a single number. Thus in the equation 

«»- 2a»=i+V86 - 64+A, 
we may substitute b, for i-f V^ ^ 64+h. The equation 
will then become 2*- 2aa;=&, and when reduced 

will be a;=aj:\/a*+i. 

After the operation is completed, the compound quantity 
for which a single letter has been substituted, may be rutor - 
ed. The last equation, by restoring the value of 6, will he 
come 



Reduce the equation (|ap - 2x - dzzbx - x* - a? 
Tramqposing, Ate. a?+(a-*-l)x«=d 
Substituting h for (a- 6- 1), a*+Jb=d 

Therefore «= - ^\/^+d 



Restoring the value of A, «= ,a-t"l + /(a-t-l)'^j 



SECTION XI. 



SOLimON OF PROBLEMS WHICH CONTAIN TWO 
OR MORE UNKNOWN QUANTITIES* 

DCHONSTRATION OF TH£OR£MS. 

Akt. S33. IN the examples which have been given of the 
resolution of equations, in the preceding sections, each pro- 
blem has contained only (me unknown quantity. Cr i^ in 
some instances, there have been two^ they have beets so re- 
lated to each other, that thev have both b^n exprei^ed by 
means of the same letter. (Art 195.) 
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But coses frequently occur, in which sevenol unknown 

auantities ore introduced into the same calculation. And if 
[le problem is of such a nature as to admit of a determinate 
answer, there will arise from the conditions, as many equa- 
tions independent of each other, as there are unknown quan- 
tities. 

Equations are said to be independent^ when they express 
different conditions ; and dependent^ when they express the 
same conditions under different forms. The former are not 
convertible into each other. But the latter maybe changed 
from one form to the other, by the methods of reduction 
which have been considered. Thus 6 - x=:y, and 6=y-|>^, 
are dependent equations, because one is formed from the 
other by merely ti-aosposing x. 

823. In solving a problem, it ib necessary first to find the 
value of one of the unknown qimntities, and then of the 
others in succession. To do this^ we must derive from the 
equations which are given, a new equation, from which all 
ihe unknown quantities except one shall be excluded. 

Suppose the following equations are given. 

1. «+y=14 

2. «-y=:3. 

If y be transposed in each, they will become 

1. a;=14-y 

2. «=2+y. 

Here the first member of each of the equations is «, and 
the second member of each is equal to x. But according to 
axiom 11th, quantities which are respectively equal to any 
other quantity are equal to each other ; therefore, 
2+y=14-y. 

Here we have a new equation, which contains only the 
unknown quantity y. Hence, 

324. Rvk I. To exterminate one of two unknown quan- 
tities, and deduce one equation from two ; Find tHE value 

OF OXE OF THE UNKNOWN QUANTITIES IN EACH OF THE EQUA- 
TIONS. AND FORM A NEW EQUATION BT MAKING ONE OF THESK 
VALUES EQUAL TO THE OTHER. 

That quantity which is the least involved should be the 
one which is chosen to be exterminated. 
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For the convenience of referring to different parts of a so- 
lution, the several steps wUl, in future be numbered. When 
an equation is formed from one immediately preceding, it will 
be unnecessary to specify it. In other cases, the number of 
the equation or equations from which a new one is derived^ 
'Will be referred to. 

Frob. 1. To find two numbers such, that 
Their sum shall be 24 ; and 
The greater shall be equal to five times the less. 
Let 2= the greater ; And y=the less. 

1. By the first conditicm, x-f-y=24> 

2. By the second^ x=5y ) 

S. Transp. y in the first equation, a;=24 - y 

4. Making the 2d and Sd equal, 5y=24-y 

5. And y=4, the less number. 

Prob. 2. To find one of two quantities. 
Whose sum is equal to h; and 
The difference of whose squares is equal to i. 

Let xs the greater quantity ; And y=: the less. 

1. By the first condition, 9-|-y=& ) 

2. By the second, a^^y^szd y 
S. Transp. y* in the 2d equaticm, g*=<f- fy» 

4. By evdution, (Art 297.) »= V*+-y* 

5. Trans, y in the first equation, g =A-y 

6. Making the 4th and 5Ui equal, /^itfj^=A - y 

7. Therefore V^—A 

^ 2A 

Prob. S. Given ax+byxzh > m^ ^.^ , „ a„« •. A-ai 
And x+yLd } To find y. Ans. y=_^. 

S25. The rule g[iven above may be generally applied, for 
the extermination of unknown quantities. But tnere are 
I in which other methods will be foimd more expeditious. 



Suppose xsihy > 
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As in the first of these equatkms s is equal to J^, we may 
in the second equation iwMihUe this value of « instead <^ 
X itself Hie second equation will then be converted into 

The equality of the two sides is not affected by this alter<» 
ation, because we only change one quantity « for anothw 
which is equal to it. By this means we obtain an equation 
which contains only one unknown quantity. H^ice, 

326. Rde IL To exterminate an unknown quantity, find 

THE VALUE OF ONE OF THE UNKNOWN QUANTITIES, IN ONE OF 

THE EQUATIONS ; and then in the other equation SUBSTI- 
TUTE THIS VALUE FOR THE UNKNOWN QUANTITY ITSELF. 

Problem 4. A privateer in chase of a ship 20 miles distant, 
sails 8 miles, while the ship sails 7. How fai must the pri- 
vateer sail before she overtakes the ship 1 

It is evident that the whole distance which the privateer 
sails during the chase, must be to the distance wnich the 
ship sails in the same time, as 8 to 7. 

Let xzs the distance which the privateer saQs : 
And y= the distance which the ship sails. 
1. By the supposition, x=:2f-4-SO > 

5. And also, 4;:y::8:7) 

3. Art 188, y=f« 

4. Substituting t 'or y, in the 1st equation, xszix^20 

6. Therefore, #=160. 

Prob. 5. The ages of two persons, A and Bf are such that 
seven years ago, •& was three times as old as B; and seven 
years hence, jf will be twice as old as B. What is the age 
of^? 

Let x= the age of A; And yathe age of B. 
Then «-7 was the age of jI, 7 years ago ; 
And y-7 was the age of JB, 7 years ago ; 
Also 9<-|-7 will be the age of .A, 7 years hence ; 
And y+7 will be the age of By 7 years hence. 

1. By the first condition, ap-7=Sx(y-'n=8y-21 1 

2. By the second, x+7=e x (y+7) =2y+14 J 

3. Transp. 7 in the 1st eqna. > ar=:3y - 14 

4. Subst. Sy- 14 for or, in the 2d, 3y - 144-7=2y+14 

5. Therefore, y=21, the age ot B. 
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Prob. 6. There are two numbers, of which, 

The greater is to the less as 3 to 2 ; and 
Their sum is the 6th part of their product. 

What is the less number 1 Ans. 10. 

S27. There is a third method of exterminating an unknown 
quantity from an equation, which in many cases, is preferable 
to either of the preceding. 



Suppose that x-^Syz^a > 



Ana X' 



If we add together the first members of these two equa- 
tions, and also me second members, we shall have 

2d?=a4-if 

an equation which contains only the unknown quantity x. 
The other, having equal co-efficients with contrsuy signs, has 
disappeared. (Art 77.) The equality of the sides is preserved 
because we have only added equal quantities to equal quan- 
tities. 

Again, suppose 3ar<-|-y=& > 

And 2x+y=d ) 

If we iubtraet the last equation from the first, we shall have 

where y k exterminated, without afiecting the equality of 
the sides. 

Again, suppose ar-2y=a > 

And x+4yS:bl 

Multiplying the 1st by 2, 2a? - 4y =2a 

Then adding the 2d and 3d, 3x=:b+2a. Hence, 

328. Rtde III. To exterminate an unknown quantity, 

MULTIPLY OR DIVIDE the equations, if necessart, 

IN SUCH A manner THAT THE TERM WHICH CONTAINS ONE 
OF THE UNKNOWN QUANTITIES SHALL BE THE SAME IN BOTH. 

Then SUBTRACT one equation from the other, 
IF the signs of this unknown quantity are alike, 
•R ADD them together, if the signs are unlike. 

It must be kept in mind that both members of an equa^ 
tion are always to be increased or diminished, multiplied or 
divided alike. (Art 170.) 
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Prob. 7. The numbeni in two opponng armiee an socIh 
that. 

The sum of both is 21110 ; and 

Twice the number in the greater army, added to three 
times the number in the less, is 52219. 

What is the number in the greater army ? 

Let 9=r the greater. And y= the less. 

1. By the first condition, ar+y=21110 ) 

2. By the second, 2a:-f8y- 62219 J 
S. Multiplying the tst by S, 8a?-f 3y = 6SS30 

4. Subtracting the 2d from the3d,x= 11 UK 

Prob. 8. Oiven 2x-fjf=16, and S4P-3jf=6, to find the 
Talue of x» 

1. By supposition, 2x4-jf=sl6 > 

2. And &v-Sy=:6 5 

5. Multiplying the 1st by S, 6a;-f3ys48 
4. Adding the 2d and 3d, 9ap=:64 

6. Dividing by 9, x=z6. 

Prob. 9. Oiyen x-f 9=1^ ^^^ x-y=2, to find the value 
of y* Ans. 6* 

In the succeeding problems, either of the three rules 
for exterminating unmy>wn quantities will be made use of, as 
will in each case be most convenient 

329. When cm of the unknown quantities is determined, the 
other may be easily obtained, bj going^ back to an equation 
which contains both, and substituting instead of that which 
is already found, its numerical value. 

Prob. 10. The mast of a ship consists of two parts : 

One third of the lower part added to one sixth of the 
npptt part, is equal to 28 ; and. 

Five times the lower part, diminished by six times the 
rapptr part, is equal to 12. 

What is the height of the masti 
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Let x=i the lower peurt ; And y= the upper part. 

1. By the first condition, i^+ly=28 > 

8. 67 the second, &x - 6y= 12 ) 

\9. Multiplying the Ist by 6, 2a;+y=168 

•4. Dividing the 2d by 6, {a? - y=2 

5. Addmg the 3d and 4th, 2a:+|a:=170 

6. Multiplying by .6, 12a;4-6a;=:1020 

7. Unitingtermsanddividingby 17,a;=60, the lower part. 

Then by the 8d step, 2a?+y = 168 

That is, substituting 60 for ar, 1 204-9 = 1 68 [per part. 

Transposing 120, y=168- 120=48, the up- 

Prob. 11. To find a fraction such that. 
If a unit be added to the numerator, the fraction will be 
equal to i ; but 

If a unit be added to the denominator, the firaction will be 
equal to J. 

Let ffss the numerator. And y = the denominator. 
1. By the first condition, fi-:=i 

y 

By the second. — ^ 

y+1 

S. Therefore x=4, the numerator. 

4. And y=15, the dencmiinator. 

Prob. 12. What two numbers are those. 

Whose difference is to their sum, as 2 to 3 ; and 
Whose sum is to their product, as 3 to 5 1 

Ans. 10 and 2. 

Prob. 13. To find two niraibers such, that 

The product of their sum and difierence shall be 5, and 
The product of the sum of their squares and the difier- 
ence of their squares shall be 65. 

Let «= the greater number ; Andy=: the less. 






Digiti 



zed by Google 



160 ALGEBRA. 



(*+y)x(«-y)=5 ] 



1. By the first condition, 

5. By tlie eecond, 

3. Mult the factors in the Ist, (Art. 236,) a* -y'=:5 

4. Dividing the 2d by the 3d, (Art 1 18,) a?+y»= IS 

6. Adding the Sd and 4th, 2a^=18 

6. Therefore «=3, the greater number, 

7. And y=2, the less. 

In the 4th step, the first member of the second equation is 
divided by«*-y*, and the second member ty 5, which is 
equal to ar-y*. 

Prob. 14. To find two numbers whose difference is 8, and 
product 240. 

Prob. 16. To find two numbers, 

Whose difference shall be 12, and 
The sum of their squares 1424. 

Let «= the greater ; And y= the less. 

1. By the first condition, x - 1/= 12 > 

2. By the second, a;*-fy*=1424 J 

3. Transposing y in the first, x=y4-12 

4. Squaring both sides, a;^=y*+24y4-144 
6. Transposing y' in the second, a;*=1424-y* 

6. Making the 4th and 6thequal,!/^4.24y-|- 144= 1424 - 1/^ 

7. Therefore y = - 6 V(676) = - 6+26 

8. And ar=y4-12=204.12=32. 

EaUATIOKS WHICH CONTAIN THBEE OR MORE 
UNKNOWN aUANTITIES. 

330. In the examples hitherto given, each has contained 
no more than two unknown quantities. And two indepen* 
dent equations have been sufficient to express the conditions 
of the question. But problems may involve three or more 
unknown quantities ; and may require for their solution as 
many independent equations. 

Suppose a?+y+z= 12 ^ 

And «+2y - ^^= 10 S are given to find, «, y, and z» 

And x-|-y-«=4 ) 
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From these three equationfl^ two others may be derlted 
which shall contain only two unknown quantitie». One U 
the three in tho^ original equations may oe exterminated, in 
the same manrier as when there are, at first, only two, by the 
niles in Arts. 324, 6, 8. 

In the equations giv^i above, if we transpoie y and s, we 
shall have, 

In the first, a:=12-y-2r 

In the second, a?=10-2y+2rj 

In the third, a:=4 - y+z 

From these we may deduce two new equaticms, firom which 
X shall be excluded. 

By making the 1st and 2d equal, 12 -y-z=10-2y4.2z > 
By making the 2d and Sd equal, 10 - 2y+2z=z4 - y+z ) 
Reducing the first of these two, y=Sz-2\ 
Reducing the second, y=z4-6 

From these two equaticms one may be derived containing 
only one unknown quantity 

Making one equal to the other, 8z- 2=z4-6 
And z=z4. Hence, 

331. To solve a problem containmg three imknown quan* 
titles, and producing three independent equations, 

First, from the three equations deduce two con» 
taining only" two unknown quantities. 

Then, from these two deduce one, containing only 
one unknown quantity. 

For making these reductions, the rules already given are 
BufBcient. (Art. 324, 6, 8.) 
Prob. 16. Let there be given, 

1. The equation a?+5y+6z= 63 ) 

2. And x+Sy+Sz=SQ } To find ar, y, and z. 
8. And x+y+z=l2 ) 

From these three equations to derive two, containing only 
two unknown quantities, 

4. Subtract the 2d from the 1st, 2y+3r=23 > 
6. Subtract the 3d from the 2d, 2y-f 2^= 1^ ) 
From these two, to derive one, 

6. Subtract the 5lh from the 4th, zszB. 

16 
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32=20 V 
.z=6 ) 
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To find s and y^ we have (miy to take their vAlnes team 
the third and fifth equations. (Art 329.) 

7. Reducing the fifth, y=9-z=9-5=4 

8. Transposing in the third, 9=12-«-jf=12-5-4=3 

Prob. 17. To find x, y, and x, firom 

1. Theequati<m ff-|-y-f<r=12 

2. And x+ty+3z 

3. And fap+ly+i 

4. Multiplying the 1st by 3, 3a?4.3y4-3z=36 

5. Subtracting the 2d from the 4th, 2a?4-y=16 

& Subtracting the 3d from the Ist, # - ix-f y - iy=6 

7. Clearing the 6th of fractions, 4a;-|-3y=36 > 

8. Multiidymg the 5th by 3, 6x+iy=^48 ) 

9. Subtracting the 7th from the 8th, 2x=12. And x=6. 

10. Reducing the 7th, y=?izif =5£z^=4. 

f 3 3 

11. Reducing the Ist, z=12-a;-y=12-6-4=2. 

In this example all the reductions have been made accor- 
ding to the third rule for exterminating unknown quantities.--- 
(Art 328.) But either of the three may be used at pleasure. 

332. A calculation may often be very much abridged, by 
the exercise of judgment in stating the question, in selecting 
the equations from which others are to be deduced, in simpli- 
fving fractional expressions, in avoiding radical quantities, 
&c. The skill which is necessary for this purpose, however, 
18 to be acquired, not from a system of niles, but from prac- 
tice, and a habit of attention to the peculiarities in the con- 
ditions of different problems, the variety of ways in which 
the same quantity may be expressed, the numerous forms 
which equations may assume, &c. In many of the examfdes 
in this and the preceding sections, the processes might have 
been shortened. But the object has been to illustrate gen- 
eral principles rather than to ftimish specimens of expeditious 
solutions. The learner will do well, as he passes along, to 
exercise his skill in abridging the calculations which are 
here given, or substituting others in their stead 
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^ Prob. 18. Given <2. ar4-«=6> To find a?, y and r. 
(S. y+zz=ze ) 

An& «= 5 — Andy= 1 — Andz= g — • 

Prob. 19. Three persons ^y JS, and C, purchase a horse 
for 100 dollars, but neither is able to pay for the whole. 
The payment would require. 

The whole of ^a money, together with half of JB*s ; or 

The whole of Ra, with one third of Cs ; or 

The whole of Cs, with one fourth of Jfs. 
How much money had each 1 

Let xz=Jf 8 zzzzCa 

y=jB*s a=:100 

By the first condition, x-{-iy^a ; 

By the second, y+iz- 

By the third, z+{t 

Therefore a?=s64. y=72. z=84. 

333. The learner must exercise his own judgment, as to 
the choice of the quantity to be first exterminated. It will 
generally be best to begin with that which is most firee from 
co-efilcients, fractions, radical signs, &c. 

Prob. 20. The sum of the distances which three person^ 
•A, Bj and C, have travelled, is 62 miles ; 
•liTs distance is equal to 4 times C7s, added to twice B^s ; and 
Twice JTa added to 3 tunes JT's, is equal to 17 times Cb. 

What are the respective distances 1 

Ans. ^Sy 46 miles ; JB^s, 9 ; <?8 7. 

Prob. 21. To find :r, y, and z, from 

The equation ia:+iy+iz=( 

And ix+iy+iz= 

And Ix+iy+izz 

9=^u. jr==60. z=ito. 



Jy=aj 



r=:62N 

r=47V 
p=S8> 



Prob. 28. Given <««3rS00> Tofind*, y, ands. 

(y«=200) 
Ans. arssSO. y=20. irsia ^ 
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3S4. The same method which is enmloyed for the reduc- 
tion of three equations, may be extended to 4, 5, or any num« 
her of equations, containing as many unknown quantities. 

The unknown quantities may be exterminated, one after 
another, and the number of equations may be reduced by 
successive steps from five to four, from four to three, from 
three to two^ &c. 

Prob. 23. To find tc, x, y, and Zf from 

1. The equation iy+z+ivs=^8 \ 

2. And a?+t/4-w=9 f *, 

S. And 4!!+^=12 (^^«1^^*«^ 

4. And x+w+zz=:\0 ) 

5. Clear, the 1st of frac. y-{-22r-f-v~16 ^ 

6. Subtract 2d from 3d, z - 19=3 > Three equations. 

7. Subtract 4th from 3d, y - ir=2 ) 

I: ^£lu' WIV '+y+rJ? I ^ '^'^ 

10. Adding 8th and 9th, 4z=20. Orz=:5) 

11. Transp. in the 8th, y=19 -3«:=4 f Quantities 

12. Transp. in the 3d, a7= 1 2 - y - z=S ( required. 

13. Tronsp. in the 2d, ti»x59-ar-y=32 3 

r w+50=x \ 
Prob. 24. Given J yijljlo^gz [ To find w, x, y, and z. 
( z+196=3w ) 
Answer. ti^slOO y=c90 

ar=150 z=106. 

Prob. 25. There is a certain number consisting of two 
digits. The left-hand digit is equal to 3 times the right- 
hand digit ; and if twelve be subtracted from the number 
itself, the remainder will be equal to the square of the 1^ 
hand digit What is the number 1 

Let «= the left-hand digit, and y= the right hand digit. 

As the heal value of figures increases in a ten-feld ratio 
from right to left ; tlie number required . = 10»4.y 

By the conditions of the problem «=3y ) 

And . IQx+y^litsJ y 

The required number is,'therefow^ 93. 
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Prob. 26. If a certain number be divided by the product 
ct its two digits, the quotient will be 2 ; and ^ 27 be added 
to the number, the digits will be inverted. What is the 
number 1 Ans. 36. 

Prob. 27. There are two numbers, such, that if the less be 
taken from three times the greater, the remainder will be 35 ; 
and if 4 times the greater be divided by 3 times the less -f-l* 
the quotient will be equal to the less. What are the nmnbers t 

Ans. 13 and 4. 

Prob. 28. There is a certain fraction, such, that if 3 be 
added to the numerator, the value of the fraction will be i ; 
but if 1 be subtracted from the denominator, the value will 
be i. What is the fraction ? *^ 4 

2r- 

Prob. 29. A gentleman has two horses, and a saddle which 
is worth ten guineas. If the saddle be put on the first horse, 
the value of both will be double that of the second horse [ but 
if the saddle be put on the second horse, the value of both 
will be less than that of the first horse by 13 guineas. What 
is the value of each horse ] 

Ans. 56 and 33 guineas. 

Prob. 30. Divide the nimiber 90 into 4 such parts, that the 
first increased by 2, the second diminished by 2, the third muU 
tiplied by 2, and the fourth divided by 2, shall all be equal. 

If Xf y, and r, be three of the parts, the fourth will h% 
90 - OP - y - jr. And by the conditions, 

ar+2=y-2 
a?4-2=2^ 

fe^90-a:-y-z 

2 
The parts required are 18, 22, 10, and 40. 

Prob. 31. Find three numbers, such that the first with f 
the sum of the second and tfUrd shall be 120 ; the second with 
I the difference of the third and first shall be 70 ; and i th« 
sum of the three numbers shall be 95. 

Prob. 32. What two numbers are those, whose difference, 
sum and product, are as the numbers 2, 3, and 5 1 

^^^ Ans. 10 and 2. 
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Prob iS. A vintner sold at one time, SO dozen ct port 
wine, and SO dozen of sheriy ; and for the whole received 
180 guineas. At another time, he sold SO dozen of port and 
25 dozen of sherry, at the samejprices as before ; ana for the 
whole received 140 guineas. What was the price of a dozen 
of each sort of wine 1 

Ans. The port was S guinea^ and the sherry 2 guineas a 
dozen. 

Prob. S4. A merchant having mixed a certain number of 
gallons of brandy and water, found that, if he had mixed 6 
gallons more of each, he would have put into the mixture 7 
gaUons of brandy for every 6 of water. But if he had mixed 
6 less of each, he would have put in 6 gallons of brandy for 
every 6 of water. How many gallons of each did he mix 1 
Ans. 78 gallons of brandy and 66 of watei*. 

Prob. S5. What fraction is that, whose numerator being 
doubled, and the denominator increased by 7, the value be- 
comes f ; but the denominator being doubled, and the nume« 
rator increased by 2, the value becomes f 1 Ans. f. 

Prob. S6. A person expends 30 cents in apples and pears, 
giving a cent for 4 apples and a cent for 5 pears. He after- 
wards parts with half his apples and one third of his pears, 
the cost of which was 13 cents. How many did he buy of 
each t Ans. 73 apples and 60 pears.* 



335. If in the algebraic statement of the conditions of a 
problem, the origind equations arc more numerous than the 
unknown quantities ; these equations will either be contra^ 
dicton/f or one or more of them will be superfhums, 

C Qj- fifl J 

Thus the equations ) i Zon \ *^^ contradictory. 

For by the first j?=20, while by the second, a?=4a 
But if the latter be altered, so as to give to x the same value 
as the former, it will be useless, in the statement of a 



Algebra, 
Maclaurin 

po6itor]r> aod Bland's Algebraical Probl«na. 
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problem. For nothing can be determined firom the one, 
which cannot be from the other. 

Thus of die equati<ms < i^^jq ( ^^^ ^ auperfluous. 

For either of them is snfiScient to determine the yalue of 9, 
They are not i$idefendent equations. (Art. 322.) One is 
convertible into the other. For if we divide the 1st by 6, it 
will become the same as the second. 

Or if we multiply the second by 6, it will become the same 
as the first 

386. But if the number of independent equations produc- 
ed frcHU the conditimis of a problem, is kss than the number 
of unknown quantities, the subject is not sufficiently limited 
to adi^it of a definite answer. For each equation can limit 
but one quantity. And to enable us to find this quantity, all 
the others connected with it, must either be previously known, 
or be determined from other equations. If tliis is not the 
case, there will be a variety of answers which will equally 
satisfy the conditions of the question. If, for instance, in 
the equation 

«+y=100, 
s and y are required, there may be fifty difTerent answers. 
The values of x and y may be either 99 and 1, or 98 and 2, 
or 97 and 3, &c. For the sum of each of these pairs of 
numbers is^ equal to 100. But if there is a second equation 
which determines one of these quantities, the other may then 
be found from the equation already given. As a;-f-y=100, 
if ar=46, y must be such a number as added to 46 will make 
100, that is, it must be 54. No other number will answer 
this condition. 

SS7. For the sake of abrid^ng the solution of a problem, 
however, the number of independent equations actually put 
upon paper is frequently less, than the number of imknown 
quantities. Suppose we are required to divide 100 into two 
such parts, that the greater shall be equal to three times the 
less. If we put x for the greater, the less will be 100 - x. 
(Art 195.) 

Then by the supposition, or = 800 - S^r. 

Transposing and dividing^ «= 75, the greater. 

And 100 -75=25, the lesiL 
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Here, two unknown quantities are found, although there 
appears to be but one independent equation. The reason of 
this is, that a part of the solution has been omitted^ because 
it is so simple, as to be easily supplied by the mind. To 
have a view of the whole, without abridging, let x=: the 
greater number, and y=: the less. 

1. Then by the supposition, x-f-y=100 > 

t. And Syr=:a? ) 

3. Transposing x in the 1st, y = 100 - x 

4. Dividing the 2d by 3, y=l^ 

5. Makinc^ the 3d and 4th equal, j«=: 100 - x 

6. Multiplying by 3, a?=300-3ap 

7. Transposing and dividing, ar= 75, the greater. 

8. By the 3d step, jf =: 100 - a;s=2o, the less. 

By comparing these two solutions with each other, it will 
be seen that the first begins at the 6th step of the latter, all 
the preceding parts being omitted, because they are too sim- 
ple to require the formality of writing down. 

Prob. To find two numbers whose sum is 30, and the dif- 
ference of their squares 120. 

Leta=30 6=120 

«= the less number required. 
Then a^-xsz the greater. (Art. 195.) 
And a'- 2aa?+a;*= the square of the greater. (Art. 214.) 
From this subtract a;*, the square of the less, and we shall 
have a'-2aj;= the difference of their squares. 

Therefore, .=^=«1^0=13. 
2a 2x30 

338. In most cases also, the solution of a problem which 
contains many unknown quantities, maybe abridged, by par- 
ticular artifices in substituting a single letter for several. 
(Art. 321.) 

* Suppose four numbers, ti, ar, y and z, are required, of which 
The sum of the three first is 13 

The sum of the two first and last 17 

The sum of the first and two last 18 

The sum of the tliree last 21 



♦ Ludlam'i Algebra, Art 161. c 
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Tten 1. ti-fff+ysrlS 

4. x+y+z=z2l. 
Let S be substituted for the nan of the four numben^ that 
is, for i*-(-^+y+'^* I^ ^^ '^ ^^^^ ^^ of these four equa« 
tions, 

The first contains all the letters except Zy that is, fif - <:=: IS 
The second contains all except y, that is, 5 - y =s 17 

The third contains all except x, that is, S- ar=r 18 

The fourth contains all except «, that is S^ ii=21. 

Adding all these equations together, we have 

4iSf-z-y-a?-t«=69 
Or 45- (z+y4.a:+ti)=:69 (Art. 88. c.) 
But 45= (^-f y+*+«*) by substitution. 
Therefore, 45-&'=:69, that is, 35=69, and 5=23. 

Then putting 23 for 5, in the four equations in which it 
is first introduced, we have 

23-2r=13^ 

23-y=17 

23-ar=18 



23-«=21 



^Therefore 



>=23 -13=10 

y=23 - 17=6 

9=23-18=5 

u=23-21=2. 



Contrivances of this sort for facilitating the solution of 
particular problems, must be left to be furnished for tlie occa- 
sion, bv the ingenuity of the learner. They are of a nature 
not to be taught by a system of rules. 

339. In the resolution of equations containing several un- 
known quantities, there will often be an advantage in adopt* 
ing the following method of notation. 

The co-eflicients of one of the unknown quantities are 
represented. 

In the first equation, by a single letter, as a. 

In the secondt by the same letter marked with an accent, as of. 

In the third, by the same letter with a doubk accent, as af^Sic. 

The co-efficients of the other unknown quantities, are re- 
presented by other letters marked in a similar manner ; as are 
also the terms which consist of ftnoiMi quantities only. 
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Two equations containing the two unknown quantities z 
and y may be written thus, 

aa?-)-fry=c 

ITiree equations containmg x^ y, and r, thus^ 

ax^hy-^-cz^d 

a'x-^^h'y+c'z^zzdf 

a''x+b''y+(/'z=zd'\ 

Four equations containing x, y, z^ and u, thus^ 

ax^by^cz'^'dui^e 
a'x+b'y+t/z+d'u^e" 
a''x+b''y+i/'z+d''^t^e'' 
af''x+b'''y+(/''z+d'''u=e'''. 

The same ktter is made the co-efficient of the same un^ 
known quantity, in diflerent equations, that the co-efficients 
of the several unknown quantities may be distinguished, in 
any part of the calculation. But the letter is marked with 
diflerent accents, because it actually stands for diflerent quan* 
titles. 

Thus we may put a=4, a'=6, o''=10, a''''=fO, &c. 

To find the value of x and y. 

1. In the equation, aa;-f-iy=:c > 

8. And afx+b'yz^c'S 

5. Multiplying the 1st by 6^(Art. S28.)ab'x+bb'y=icy 
4. Multiplying the 2d by 6, bafx^-bb'y-bc^ 

6. Subtracting the 4th from the 3d, oi^jr - ba^xsscb^ - bcf 

6. Dividing by ab' - ba\ (Art. 121.) y=^*'"*^^ 

ai'— ba' 

By a similar process, * ysfflZLf^ { 

The sjnnmetry of these expressions is well calculated to fix 
them in the memory. The denominators are the same in 
both ; and the numerators are like the denominators, except 
a change of one of the letters in each term. But the par- 
ticular advantage of this method is, that the expressions here 
obtained may be considered as general solutions, which give 
the values of the unknown quantities, in other equation^ of 
a simUar nature. 
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Thus if lOar+ByrrlOO) 
And 40«+4y=:200 5 
Then putting a= 10 6=6 c=100 

0^=40 6'=4 €^=200 

We have ^^^ft^-t^- 100x4 -6x200 ^^ 
6 nave ;. ofc/.Ja' 10x4-6x40 

And y,af-ci,^^ 10X200- 100X40 ^^^ 

^ a5^^ 10x4-6x40 

The equations to be resolved may, originally, consist of 
more than three terms. But if the^ are of the first degree, 
and have only two unknown quantities, each may be reduced 
to three terms by substitution. 

ThiMi the equation dx - 4ar-f Ay - 6y ssm-f-S 

Is the same, by Art 120, as (d-4)jr+(fc~6)y=m+8. 
And putting a=(l-4, fr=:A-6, cz^m+8 

It becomes ax-\-by=zc.* 

DEMONSTRATION OP THEOREMS. 

340. Equations have been applied, in this and the preced- 
ing sections, to the solution of probleins. They may be em- 
ployed with equal advantage, in the demonstration of Iheo^ 
rtms. The principal difference, in the two cases, is in the 
order in whicn the steps are arranged. The opemtions them- 
selves cure substantially the same. It is essential to a demon- 
stration, that complete certainty be carried through every 
part of the process. (Art. 11.) This is effected, in the re 
auction of equations, by adhering to the general rule, to make 
no alteration which shall affect the value of one of the mem- 
bers, witliout equally increasing or diminishing the other. 
In applying tliis principle, we are guided by the axioms laid 
down in Art. 63. . These axioms are as applicable to the de- 
monstration of theorems, as to the s(dution of problems. 

But the order of the steps will generally be different. In 
solving a problem, the object is to find the value of the un- 
known quantity, by disengaging it from all other quantities. 
But, in conducting a demonstration, it is necessary to bring 

* For the application of this plan of notation to the lohition of equatkma 
which contain more than two unknown quantities, see LaCroix*a Algebra, Art. 
SS ; Maclaurirfs Algebra, Part. I. Chap. 12 j Penn's Algebra, p. 57 ; and a 
paper of Laplace^ in the Memoirs of the Academy of Sciences for 1773. 
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the equation to that particiilar form which will exptem, io 
algebraic terms, the proposition to be proved. 

Ex. 1. Theorem. Four times the product of any two 
numbers, is equal to the square of their sum, diminished by 
the square of their difference. 

Let x= the mater number, t = their sum, 

ys the M88, d=z their differeneei. 

DemionitralUm. 

1. By the notation x-4-y=t ) 

S. And jc-ysrd ) 

3. Addling the two, (Ax. 1.) 2x=$+d 

4. Subtracting the 2d from the Ist, 2yz=:$^d 

5. Mult 8d and 4th, (Ax. 8.) 4xy =; {s+d) X (t -d) 

6. That is, (Art. 235.) 4xy^^ -^dr 

The last equation expressed in words is the proportion 
which was to be demonstrated. It will be easily seen that 
it is equally applicable to any two numbers whatever. For 
the particular values of x and y will make no difference in 
the nature of the proof. 

Thus4x8x6=(8+6)*-(8-e)«=192. 

And4xlOx6=(10+6)»-(10-6)«=240. 

And4xl2xlO=(12+lO)*-(12-10)»=480. 

Theorem 2. The sum of the squares of any two numbers is 
equal to the square of their difference, added to twice their 
product. 

Let x=: the greater, c2= their difference. 

ys the less, j)z= their product. 

Demomtratum. 

1. By the notation x - y=rf > 

2. And «y=P J 

3. Squaring the first x^-zxy-\-y^^d^ 

4. Multiplying the second by 2 Zxy=2p 

6. Adding the third and fourth ar'-^y'=(P-4-2p. 

Thus 10*+8«=(10-8)«+2xl0x8=164. 

341. General propositions are also discovered^ in an expedi- 
tious manner, by means of equations. The relations of 
quantities may be presented to our view, in a great variety 
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of ways by the several changes through which a given equa- 
tion may be made to pass. Each step in the process will 
contain a distinct proposition. 

Let 8 and d be the sum and difference of two quantities 9 
and f/f as before. 

1. Then 9=:x+y) 

2. And il=x-y) 

3. Dividing the first by 2, h^=h^+iy 

4. Dividmg the 2d by 2, ^d^^x^iy 

5. Adding the 3d and 4th, ^s-^ld^z^x-^-^x^x 

6. Sub. the 4th firom the 3d, i^-i^^^iy+jV^y* 
That is, 

Half the difference of two qmnMes^ added to halfthdr swn^ is 
equal to the greater; and 

Half their difference subtracted from half their eunif is equal to 
tlu less. 



SECTION XII. 



RATIO AND PROPORTION.* 



Art. 342. THE design of mathematical investigations, is 
to arrive at the knowledge of particular quantities, by com- 
paring them with other quantities, either equal to, or greater 
or less than those which are the objects of inquiry. The end 



♦ Euclid's Elements, Book 5, 7, 8. Euler^s Algebra, Part I. Sec 3. ^Jf "?a 
on Proportion. Camus' Geometry, Book III. Ludlam's Mathematics. Wallitf 
Alffebra, Chap. 19, 20. Saunderson's Algebra, Book 7. Barrow's Mathmui^ 
ticai Lectures. Analyst for March, 1814. Port Royal Art of Thinking Part 
IV. Ch. !▼• 16 
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h most oommonly attained by means of a series of equatkm 
md proportiati$. When we make use of equations, we deter- 
mine the quantity sought, by discovering its eqiuUUy witk 
^some other quantity or quantities aheady known. 

We have frequent occasion, however, to compare the un- 
known quantity with others which are not equal to it, but 
either greater or less. Here a different mode of proceeding 
becomes necessary. We may inquire, either how much one 
of the quantities is greater than the other ; or houf many times 
the one contains the other. In finding the answer to either 
of these inquiries, we discover what is termed a ratio of the 
two quantities. One is called arithmetical and the other geo» 
metrical ratio. It should be observed, however, that foth 
these terms have been adopted arbitrarily, merely for dis- 
tinction's sake. Arithmetics! ratio, and geometrical ratio are 
both of them applicable to arithmetic, and both to geometry. 

As the whole of the extensive and important subject of pro- 
portion depends upon ratios, it is necessary that these should 
be clearly and fully imderstood. 

343. Arithmetical ratio is the difference between two 
quantifies or sets of quantities. The quantities themselves are 
caUed the terms of the ratio, that is, the terms between which 
the ratio exists. Thus 2 is the arithmetical ratio of 5 to 8. 
This is sometimes expressed, by placing two points between 
the quantities thus, 5. . 3, which is the same as 5 -3. Indeed 
the term arithmetical ratio, and its notation by points, are 
almost needless. For the one is only a substitute for the word 
difference^ and the other for the sign -• 

344. If both the terms of an arithmetical ratio be mvltiplied 
or divided by the same quantity, the rati>o will, in effect, be 
multiplied or divided by t^at quantity. 

Thus if a-'h:=:ir 

Then mult, both eddes by hf (Ax. 3.) ha-hb^^hr 

* a b r 

And dividing by A, (Ax. 4.) jj - j=^ 

345. If the terms of one arithmetical ratio be added to, or 
subtracted from, the corresponding terms of another, the ratio 
of their sum or difference will be equal to the sum or differ* 
ence of the two ratios. 
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And d^hi^^^ *^® ^^^ ratios, 
Then (a+d) -(6+A) = (a-i)4. (d- A). For each =4i+d[-6-&. 
And (a-.cO-(6-A) = (a-6)-(d-A). For each z^a^d^h+k 
Thus the anth. ratio of 11 . .4 is 7 / 
And the arith. ratio of 5. .2 is 3 > 
The ratio of the sum of the terms 16. .6 is 10, the sum (rf 

the ratios. 
The ratio of the difference of the terms 6. .2 is 4, the differ- 
ence of the ratios. 

346. GEOMETRICAL RATIO is that relation be- 

TWEEN QUANTITIES WHICH IS EXPRESSED BT THE QUO* 
TIENT OP THE ONE DIVIDED BY THE OTHER.* 

Thus the ratio of 8 to 4, is f or 2. For tliis is the quotient 
of 8 divided by 4. In other words, it shows how o^en 4 k 
contained in 8. 

In the same manner, the ratio of any quantity to another 
may be expressed by dividing the former by the latter, or, 
which is the same thing, maUng the former the numerator 
of a faction, and the latter the denominator* 

Thus the ratio of a to 6 is r* 

The ratio of d-\-h to 6+c, is -rj^ 

347. Geometrical ratio is also expressed by placing two 
points, one over the other, between the quantities compared. 

Thus a : b expresses the ratio of a to 6 ; and 12 : 4 the ratio 
of 1^ to 4. The two quantities together are called a cotiplet, 
of which the first term is the antecedent^ and the last, the 
consequefU. 

348. This notation by points, and the other in the form of 
a firaction, may be exchanged the one for the other, as ccm- 
venience may require ; observing to make the antecedent of 
the coui^et, the numerator of the fraction, and the ccmsequent 
the denominator. 

b 
Thus 10 : 5 is the same as ^ and 6 : il, the same as 2* 

349. Of these three, the antecedent, the consequent, and 
the ratio, any two being given^ the other may be found. 

^ See Note H. 
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Let 03= the antecedent, c= the consequent, r=s the ratio. 

By definition r='~; that is, the ratio is equal to the antece- 
dent divided by the consequent, 

Multiidying by c, a^cff that is, the antecedent is equal to 
the consequent multiplied into the ratio. 

Dividing by r, c=p that is, the consequent is equal to the 
antecedent divided by the ratio. 

Cor. 1. If two couplets have their antecedents equals and 
their consequents eqiud, their ratios must be equal.* 

Cor. S. I^ in two couplets, the ratios are equal, and the 
antecedents eoual, the consequents are equal ; and if the 
ratios are equal and the consequents equal, the antecedents 
areequaLf 

850. If the two quantities compared are equals the rajtio is 
a unit, or a ratio of equahty. The ratio of 8x6 : 18 is a 
unit, for the quotient of any quantity divided by itself is 1. 

If the antecedent of a couplet is greater than the conse« 
quent, the ratio is j^eater than a unit. For if a dividend is 
greater than its divisor, the quotient is greater than a unit. 
Thus the ratio of 18 : 6 is 3. (Art 128. cor.) This is called 
a ratio ci greater meqwJity. 

On the other hand, if the antecedent is less than the con- 
sequent, the ratio is less than a unit, and is called a ratio of 
Uss inequalUy. Thus the ratio of 2 : 3, is less than a unit, 
because the dividend is less than the divisor. 

361. INVERSE or RECIPROCAL ratio is the ratio 

OF THE RECIPROCALS OF TWO QUANTITIES. See Art. 49. 

Thus the reciprocal ratio of 6 to 3, is i to i, that is i-ri. 

a 
The direct ratio of a to 6 is r, that is, the antecedent divided 

by the consequent. 

L, . ,..1111166 
The reciprocal ratio is - : jot --j--j=-x f =^' 

that is the consequent 6 divided by the antecedent a. 



* Euclid 7. 6. t Emc 9. 5. 
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Hence a reciprocal ratio is expressed by inoertb^ the fnc^ 
twii which ex{N:esses the direct ratio ; ot when the notation 
is by points, by moerting the order of the terms. 

Thus a is to 6, inversely, as 6 to a. 

352. COMPOUND RATIO is the ratio op the PRO- 

DUCTS, OF THE CORRESPONDING TERMS OF TWO OR MORB 
SIMPLE RATIOS.* 

Thus the ratio of 6 : 3, is 2 

And the ratio of 12 : 4, is 3 



The ratio compounded of these is 72 : 12=6. 

Here the compound ratio is obtained by multiplying 
together the two antecedents, and also the two ccmsequentSi 
of the simple ratios. 

So the ratio compounded, 

Of the ratio of o : 5 

And the ratio of e: d 

And the ratio of h:y 

Is the ratio of ach : bdy=:^^ 

^ bdy 

Compound ratio is not different in its nature from any other 
ratio. The term is used, to denote the origin of the ratio^ io 
particular cases. 

Cor. The compound ratio is equal to the product of the 
simple ratios. 

The ratio of a : 6, is ^ 

The ratio of c : d, is i 

The ratio of & : y, is - 

And the ratio compounded of these is -^ which is the 

product of the fractions expressing the simple ratios. (Art 
165.) 

353, If, in a series of ratios, the consequent of each pre- 
ceding couplet, is the antecedent of the following one, the 



♦SeeNotel. 
16» 
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mstio of the fint a$Ueeedmt to the last eonseqwnty i$ ejual to thai 
tiftjdk U compounded of all theinUrvetmg ratioe.* 
Thus, in the series of ratioe a : & 

b : c 
c:d 
d:h 
the ratio of a: hie equal to that which is compounded of the 
ratios of a : 6, of 6 : ^ of c : 4» of <{ : A. For the compound 

ratio by the last article is ^=? or o : A. (Art 145.) 

bcdh h 

In the same manner, all the quantities which are both 
antecedents and consequents will aisappear when the frac- 
tional product is reduced to its lowest terms, and will leave 
the compound ratio to be ejqpressed by the first antecedent 
and the last consequent. 

S54. A particular class of compound ratios is produced, by 
multipljing a simple ratio into Uselff or into another equal 
ratio. These are termed duplkatey triplicate^ qwulfiqmate^ 
&c. according to the number of multiphcations. 

A ratio compounded of two equal ratios, that is, the square 
of the simple ratio, is called a dtqflicate ratio. 

One compounded of threes that i^, the cube of the simple 
ratio, is called triplicate^ &c. 

In a similar manner, the ratio of the square roots of two 
quantities, is called a subdupUcate ratio ; that of the cube 
roots a subtriplicate ratio, &c. 

Thus the simple ratio of a to 6, is a : 6 

The duplicate ratio of a to 6, is a* : i* 

The triplicate ratio of a to 6, is a? : 6* 

The subduplioate ratio of a to 6, is j^a : j^b 

The subtriplicate of a to 6, is J^a : ^5, Slc. 

The terms duplicate^ triplicate^ &c. ought not to be con* 
founded with double^ triple, fccf 

The ratio of 6 to 2 is 6 : 2=S 

Double this ratio^ that is, twice the ratio, is 12 : 2=r6 > 

Tr^le the ratio, i. e. three times the ratio, is 18 : 2=9 ) 



* Thif if the partieular case of compound ratio which la treated of in the 
5th book of Euclid. See the editiona of Simeon and Play&ir. 
tSeeNoteK. 
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But the duplicaU ratio,i.e.the square of the ratio^is 6* : Psz 9 > 
And the tr^icate ratio,Le.the cube of the ratio, is 6* : 2*=S7 > 

S55. That quantities may have a ratio to each other, it is 
necessary that they should he so far of the same nature, as 
that one can properly be said to be either equal to, or greater, 
or less than tne other. A foot has a ratio to an inch, for one 
IB twelve times as great as the other. Bat it cannot be said 
that an hour is either shorter or longer than a rod ; or that 
an acre is greater or less than a degree. Still if these quan- 
tities are expressed by numbers^ there may be a ratio between 
the numbers. There is a ratio between the number of min- 
utes in an hour, and the number of rods in a mile. 

356. Having attended to the nature of ratios, we have next 
to consider in what manner they will be affected, by varying 
one or )x>th of the terms between which the comparison is 
made. It must be kept in mind that, when a direct ratio is 
expressed by a fraction, the antecedent of the couplet is always 
the numerataTf and the consequent the denominator. It will 
be easy, then, to derive from the properties of fractions, the 
changes produced in ratios by variations in the quantities 
compared. For the ratio of the two quantities is the same as 
the value of the fractions, each being the quotient of the 
numerator divided by the denominator. (Arts. 135, 346.) 
Now it has been shown, (Art. 137,) that multiplying the 
numerator of a fraction by any quantity, is multiplying the 
value by that quantity ; and that dividing the numerator is 
dividing the value. Hence, 

857. Multiplying the antecedent of a couplet by any quantity^ 
is muitiplying the ratio by that quantity; whd dUnding the oiUe- 
cedent is divwing the ratio. 

Thus the ratio of 6 : 2 is 3 
And the ratio of 24 : 2 is 12. 

Here the antecedent and the ratio, in the last couplet, are 
each four times as great as in the first. 

The ratio of a : fr is ^ 
o 

And the ratio of na: 6is^ 
6- 
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Cor. WHh a given coDBequmi, the greater the m t atdmii^ 
the greats the ratio ; and on the other httud, the greater the 
ratio^ the greater the antecedent.* See Art. 137. cor. • 

358. MtMpMng the am$equeiU of a couplet by any qwrntky 
fo, m effeetf dmimg the ratio by thai qwmiU^ ; and drntftngf (ke 
comeftterU i$ muUjplying the roHo. Fcnr multiplying the denom* 
inator of a fraction, is dividing the value ; and dividing the 
denominator ia multiplying the value* (Art. 138.) 

Thus the ratio of 12 : 2, is 6 
And the ratio of 12 : 4, is 3. 

Here the consequent in the second cou{det, is twice as great» 
and the ratio only hd{f as great, as in tne &:st 

The ratio of a : fc is ^ 
b 

And the ratio of a : nft, is -!L^ 

nb 

Cor. With a given antecedent, the greater the consequent, 
the less the ratio ; and the greater the ratio, the less the con- 
sequentf See Art. 138. cor. 

359. From the two last articles, it is evident that muUqjIg^ 
ing the antecedent of a couplet, by any quantity, will have the 
same effect on the ratio, as dimding the comequent by that 
quantity; and dividing the antecedent^ will have the same 
effect as muUipbfing the consequent. See Art. 139. 

Thus the ratio of 8 : 4, is 2* 

Mult, the antecedent by 2, the ratio <^ 16 : 4, is 4 
Divid. the consequent hgr 2, the ratio of 8 : 2, is 4. 

Cor. Any factor or divisor may be transferred, from the 
antecedent of a couplet to the consequent, or from the conse- 
quent to the antecedent, without altering the ratio. 

It must be observed that, whena £stctor is thus tranrferred 
from one term to the other, it becomes a divisor ; and when 
a divisor is transferred, it becomes a factor. 

Thus the ratio of 3x6 : 9=2 > ,. „^^^ ^^^ 

Transferring the factor 3, 6 : ♦=2 J ^^^ ^^® "^^ 



<» Euclid 8 and 10. 5. The first part of the propositions, 
t Euclid 8 and 10. 5. The last part of the propositions. 
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The ratio Of 7-^=7-^="^ 

Transferring y ma : &y=:ma-r-oy = t;- 



Transferring m. 



ig by. ma I 



860. It is farther evident, from Arts. 357 and 358, that if 

THE ANTECEDENT AND CONSEQUENT BE BOTH MULTIPLIED, 
OR BOTH DIVIDED, BY THE SAME QUANTITY, THE RATIO WILL 

icoT BE ALTERED.* See Art. 140. 
Thus the ratio of 8 : 4=: 2 ^ 

Mult, both terms by 2, 16 : 8=2 > the same ratio. 
Divid. both terms by 2, 4:2=2) 

The ratio of a : 6=t 

Multiplying both terms by m, ma : ^=^=1 

a b an a 
Dividing both terms by w, -: n^bn'^b' 

Cor. 1. The ratio of two fracAom which have a common 
denominator, is the same as the ratio of their nwmraUyri. 

a b 
Thus the ratio of - : -, is the same as that of a : 6. 

Cor. 2. The dvteci ratio of two fractions which have a 
common numerator, is the same as the reciprocal ratio of 
their dcMmtMUora. 

a a . 1 11 

Thus the ratio of— • -, is the same as — • j^, or » : m. 

861. From the last article, it will be easy to determine the 

ratio of any two fractions. If each term be multij^lied by 

the two denominators, the ratio will be assigned in integral 

expressions. Thus multiplying the terms of the coujiet 

a c , abd oca , . , , 

T-s 3 by 6rf, we have -r- • -^, which becomes ad : 6c, by can 

celhng equal quantities from the numerators and denomi 
nators. 



* Euclid, 15. 5. 



Digiti 



zed by Google 



lat ALGEB&A. 

861. 6. A ratio of greater inequaUiyt compounded mth 
anodier ratio, mcreoiee it. 

Let the ratio of greater inequality be that of I4-A : 1 

And any given ratio, that c^ a:b 

The ratio compounded of these, (Art. 852,) is o-f-na : 6 
Which is |[rcater than that of a : 6 (Art, 856. cor.) 
But a ratio of lesser inequalUyf compounded with another 
ratio, dinmishes it. 
Let the ratio of lesser ioequality be that of 1 -n : 1 

And any given ratio^ that of a:b 

The ratio compounded of these is a - na : 6 

Which is less than that of a : 6. 

862. If to or from the terms of any couplet^ there he AnnsD or 
suBTRACTfiD txoo Other quantities hamng the same ratiOy the swm 
or remainders mil also have the same ratio.* 

Let the ratio of a : fr > 

Be the same as that of c:dy 

Then the ratio of the sum of the antecedents, to the sum 
of the consequents, viz. of a+c to 64.4, is also the same. 
^ . a+e c a 

Demonstration. 

a c 

1. By supposition, j=j 

2. Multiplying by b and d, oi =5c 

8. Adding cd to both sides, ad+cd=zbc+cd 

be+cd 
4. Dividing by 4, a-|-c=: — j— 

^. ., *+^ ^ ^ 

6. Dividing by b+d, j-p=2= j- 

The ratio of the difference of the antecedents, to the differ- 
ence of the consequents, is also the same. 

Thatisllf«f-.f. 



^ Euclid, 5 and ^ 5. 
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1. By supposition, as before, ^=4 

o a 

2. Multiplying by h and d^ ad:=zbc 

S. Subtracting ci from both sides, ad^cdz^bc-^ed 

4. Dividing by (^ a-c=-ill£-. 

a 

5. Dividing hyb-d ll£=^=^ 

6 — a a 

Thus the ratio of 15 : 5 is 3 > 

And the ratio of 9 : 3 is 3 ) 

Then adding and subtracting the terms of the two couplets^ 

The ratio of 15+9 : 5+3 is 3 > 

And the ratio of 15-9 : 5-3is35 

Here the terms of only two couplets have been added to- 
gether. But the proof may be extended to any number of 
couplets where the ratios are equaL For, by the addition of 
the two first, a new couplet is formed, to which, upon the 
same principle, a third may be added, a fourth, &c. Hence, 

363. If, in several couplets, the ratios cure equal, the sum 

OF ALL THE ANTECEDENTS HAS THE SAME RATIO TO THE 
SUM OF ALL THE CONSEQUENTS, WHICH ANT ONE OF THE 
ANTECEDENTS HAS TO ITS CONSEQUENT.^ 



Thus the ratio < 



12 : 6=2 

10 : 5=2 

8:4-:2 

6:3=2 



Therefore the ratio of (12+10+8+6) : (6+5+4+3) =2. 

363. b. A ratio of greater inequality is dmhUshed^ by adding 
the same quantity to both the terms. 

Let the given ratio be tbat of a+6 : a or fX- 

a 

Adding X to both terms, it becomes a+6+« : o+o? or ^^^ 



^ Euclid, 1 and 1% 5. 
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Reducing them to a common d^iominatCMr, 

The first become* i^+ab+ax+hx 

(Ua+x) 
And the latter <f+ab+ax^ 

a{a+x) 

As the latter numerator is manifestly less than the other, 
the ratio must be less, (Art. 356. con) 

But a ratio of lesser mequaUty is increased^ by adding the 
same quantity to both terms. 

Let the given ratio be that of a- 6 : a, or fLzf 

a 

Adding c to both termsi it becomes a -6-1-^: o+gor ^" "* * 

a+x 

Reducing them to a common denominator, , 

The first becomes a'-^ab+ax-bx 

a{ar\-x) 

And the latter, ^-ab+ax 

a{a^x) 

As the latter numerator is greater than the other, the ratio 
is greater. 

If the same quantity, instead of being added, is subtracted 
from both terms, it is evident the eflfect upon the ratio must 
be reversed 

ExampUi. 

1. Which is the greatest, the ratio of 11 : 9, or that of 
44:351 

2. Which is the greatest, the ratio of o+S : ia, or that of 
2a+7:ia% 

3. If the antecedent of a couplet be 65, and the ratio 13, 
what is the consequent 1 

4. If the consequent of a couplet be 7, and the ratio 18, 
what is the anteceilent. 

6. What is the ratio compounded of the ratios of 3 : 7, and 
2a : 56, and 7a:+l :3y-21 

6. What is the ratio compounded of «4-y : 6, and 
jp-y :a-j-6, anda+6: A1 Ans. r-j^: bh. 
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7. If the ratios of Sx+7 : iac - 3> hnix+Z : ^or+S be com- 
pounded, will they produce a ratio of greater inequality, or of 
lesser inequality 1 Ans. A ratio of greater inequality, 

8. What is the ratio compounded of x-^y : a, and «*- y : ^, 

and b : — - — 1 Ans. A ratio of equaKty. 

9. What is the ratio compounded of 7 : 5, and the ivjii- 
cate ratio of 4 : 9, and the ^plicate ratio of 3 : 2 1 

Ans. 14 : 15. 

10. What is the ratio compounded of 3 : 7, and the tripli- 
cate ratio of 0? : y, and the subduplicate ratio of 49 : 9 1 

Ans. «• : y*. 
» 

PROPORTION. 

363. An accurate and familiar acquaintance with the doc-^ 
trine of ratios, is necessary to a ready understanding of the 

Erinciples of proportion^ one of the most important of all the 
rancnes of the mathematics. In considering ratios, we 
compare two quantities, for the purpose of finding either their 
difference, or the quotient of the one divided by the other. 
But in proportion, the comparison is between two ratios. 
And this comparison is limited to such ratios as are eqtuiL 
We do not inquire how much one ratio is greater or kis than 
another, but whether they are the same. Thus the niunbert 
12, 6, 8, 4, are said to be proportional, because the ratio of 
12 : 6 is the same as that of 8 : 4. 

364. Proportion, then, is an emtality of ratios. It is ei« 
ther arithmetical or geometritaU Arithmetical proportion is 
an equality of arithmetical ratios, and geometrical proportion 
is an equality of geometrical ratios.* Thus the numbers 6, 
4, 10, 8, are in arithmetical proportion, because the differenet 
between 6 and 4 is the same as the difference between 10 and 
8. And the numbers 6, 2, 12, 4, are in geoinetrical proper* 
tion, because the quotient of 6 divided by 2, is the same a& 
the quotient of 12 divided by 4. 

365. Care must be taken not to confound proportion with 
ratio. This caution is the more necessary, as in common 
discourse, the two terms are used indiscriminately, or rather, 

♦See Note L. 
17 
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proportion is used for both. The expenses of one man are 
■aia to bear a greater proportion to his income, than those of 
another. But according to the definiticm which has just been 

f Wen* one proportion is neither greater nor less than another, 
or equaUty does not admit of degrees. One ratio may be 
£ eater or less than another. The ratio of 12 : 2 is greater 
an that of 6 : 2, and less than that of 20 : 2. But these dif- 
ferences are not appUcable to praportUmy when the term is 
used in its technical sense. The loose agnification which is 
80 frequendy attached to this word, may be proper enough in 
familiar language : for it is sanctioned by a generad usc^. 
But for scientific purposes, the distinction between proportion 
and ratio should be clearly drawn, and cautiously observed. 

566. The equality between two ratios, as has been stated, 
is called proportion. The word is sometimes applied also to 
the series of terms among which this equality of ratios exists. 
Thus the two couplets 15:6 and 6 : 2 are, when taken to- 
gether, called a proportion. 

567. Proportion may be expressed, either by the common 
dgn of equality, or by four pomts between the two couplets. 

rp, (8-6=4-2, or8-6::4-2 > are arithmetical 

^fl •• 6aic-d, ora- 6: : c-dj proportions. 
. , C 12 : 6=8 : 4, or 12 : 6 : : 8 : 4 > are geometrical 
"^^^ ( a:i=(l.:fc,or a:b::d:hl prq)ortions. 

The latter is read, * the ratio of a to 5 equals the ratio of d 
to &;' or more concisely, *tf is to 6, as d to h.* 

368. The first and last term^ are called the extremes^ and 
the other two the means. Homologous terms are either the 
two antecedents or the two consequents. Analogous terms 
ieure the antecedent and consequent of the same couplet. 

S69. As the ratios are equal, it is manifestly immaterial 
which of the two couplets is placed first. 

Ifat6::c:d,thenc:d::a:5. For if !^=f then^=2. 

a a < 

870. The number of terms must be, at least, four. For 
ihe equality is between the ratios of two couplets ; and each 
couplet must have an antecedent and a consequent. There 
may be a proportion, however, among three quantities. For 
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one of the quantities may be rtpeiOed^ so asto form two 
terms. la this case the quantity repeated is called the mid- 
dle term, or a niean proportional between the two other quan- 
tities, especially if the prop(^tion is geometriced. 

Thus the numbers 8, 4, 2, are proportional. That is, 8 : 
4 : : 4 : 2. Here 4 is both the consequent in the first couplet, 
and the antecedent in the last. It is therefcure a mean pro* 
portional between 8 and 3. 

The last term is called a third proportional to the two other 
quantities. Thus 2 is a third proportional to 8 and 4. 

371. Inoerse or reciprocal proportion is an equality between 
a direct ratio, and a reciprocal ratio. 

Thus 4 : 2 : : i : i ; that is, 4 is to 2, reqprocoBy, as 3 to 6. 
Sometimes also, the order of the terms in one of the couplets^ 
is inverted, without writing them in the form of a fraction. 
—(Art. 351.) 

Thus 4 : 2 : : 3 : 6 inversely. In this case, the frtt term 
is to the ee&mdf as the fourth to the third ; that is, the first 
divided by the second, is equal to the fourth divided by the 
third. 

372. When there is a series of quantities, such that the 
ratios of the first to the second, of the second to the third, of 

I the third to the fourth, &c. are aU equal; the quantities are 

said to be in continued proportion. The consequent of each 
preceding ratio is, then, the antecedent of the fbllowinft 
one.-^Gpntinued proportion is also csRed progression^ as wiU 
be seen in a following section. 

Thus the numbers 10, 8, 6, 4, 2, are in continued arUkme^ 
tied proportion. For 10-8=8-6=6- 4=4 - 2. 

The numbers 64, 32, 16, 8, 4, are in continued geoineirieai 
I proportion. For 64 :32: :32 : 16 : : 16 :8::8:4. 

If a, 6, c, d, A, &c. are in continued ge(»netrical propoiw 
tion ; then a : b : : b : c : : c : d : : d : h, &c. 
I- One case of continued proportion is that of thrn pxjpor- 

I tional quantities. (Art. 370.) 

373. As aui arithmetical proportion is, generally, nothing 
more than a very simple equation, it is scarcely necessary to 

t give the subject a sepirate consideration. 

The proportion a . • 6 : : c • . d 

Is the same as the equation a-i=tf-d. 
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188 ALGEBRA. 

It will be proper, however, to observe that, if fmer qtianti- 

ties are in arithinetical prop(»rtioii, the mm of the extremes i$ 

equal to the sum of the means. 
Thus if a. .b::h..my then a+m=zb+h 

For by suppositicm, a^b=:h^m 

And transposing --6 and -^m, a+m=b+h 

So in the proportion, 12 . . 10: : 11 . .9, we have 12-f 9=10+1 1. 
Again if three quantities are in arithmetical proportion, the 

sum of the extremes is equal to double the mean. 
If a.. 6:: 6.. c, then, a-i=6-c 

And transposing -6 and- c, a4-c=s8&. 

GEOMETRICAL PROPORTION. 

374. But if four quantities are in geometrical j^rqportioOy 
the PEODUCT of the extremes is equal to the product of the 
means. 

Ua:b: leid, ad^bc 

For by supposition, (Ajrts. 346, 364.) 2z=zl 

b d 

, Multiplying by bd, (Ar. S.) ^=f^ 

b d 

Reducing the fractions, ad:s:bc 

Thuf 12 ; 8 : : 15 : 10, therefore 12x10=8x15. 
Cat. Any factor may be transferred from one mean to the 
other, or from one extreme to the other, without affecting the 
propokion. U a:mb::x:y^ then a:b::mx:y. For the 
product of the means is, in both cases the same. And if 
naib iixir/f then a:b::x:ny. 

375. On the other hand, if the product of two quantities 
is equal to the product of two others, the four quantities will 
form a proportion, when they are so arranged, that those on 
one side of the equation shall constitute the means, and those 
on the other side, the extreme^. 

. If iiqf sfiA, then m : » : : fc : y, that is, £?=* 

•» y. 

For by dividing my=znh by ny, we have ^=:_ 

ny ny 

And reducing the fractions, !?==^ 



n y 
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PROPORTION. 189 

Cor. The same must be true otaoijffaetora which "tonxt the 
two sides of an equation. 

If (a-|.6)xc=(rf-m)xy> theno+ft : (l-m::y je. 

376. If three quantities are proportional, the product of the 
extremes is equal to the square of the mean. For this mean 
proportional is, at the same time, the consequent of the first 
couplet, and the antecedent of the last. (Art. 370.) It is 
therefore to be multipUed into itself^ that is, it is to be tquared, 

If a : i : : 6 : c, then mult, extremes and means, ocsfi^. 

Hence, a. mean proportional between two quantities may be 
found, hy extracting the square root of their product. 

It a : x::x: Cy then a'ssoc, and x^^ac (Art 297.) 

377. It follows, from Art. 374, that in a proportion, eithei 
extreme is equal to the product of the means, divided by the 
other extreme ; and either of the means is equal to the jnto* 
duct of the extremes, divided by the other mean. 

1. If a : 6::c : (2,then ad=ibe 

2. Dividing by d, ^^^ 

d 

5. Dividing the first by (^ 6=2^ 

c 

4. Dividing it by J, c^— 

b 

6. Dividing it by a, d=:— ; that is, the 

a 
fourth term is equal to the product of the second and third 
diitided by the first. 

On this principle is founded the rule of simple proportion 
in arithmetic, commonly called the Rule of Three. "Three 
numbers are given to find a fourth, which is obtained by 
multiplying together the second and third, and dividing by 
the first. 

378. The propositions respecting the products of the 
means, and of the extremes, furnish a very simple and con* 
venient criterion for determining whether any four quantities 
are proportional. We have only to multiply the means 
together, and also the extremes. If the products are equal, 
the quantities are proportional. If the (Nroducts are not equal, 
the quantities are not pix^rtional. jy« 
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S79^ In mathematical mTestigalkms, when the relations 
of several quantities are given, they are frequently stated in 
the Conn of a proportion. But it is commonly necessary that 
this first prqxikion should pass through a number of trans- 
formations before it brings out distinctly the unknown quan- 
tity, or the proposition which we wish to demonstrate. Il 
may undergo any change which will not affect the equality 
of the ratios ; or which will leave the product of the means 
equal to the product of the extremes. 

It is evident, in the first jdace, that any alteration in the 
arrangement^ which will not affect the equality of these two 
products, will not destroy the proporticm. T1iu8|if a:6::c:<i, 
the order of these four quantities may be varied, in anyway 
which will leave adssbc. Hence, 

880. If four quantities are proportional, the order of 

THE MEANS, OR OF THE EXTREMES, OR OF THE TERMS OF 
BOTH COUPLETS, MAT BE INVERTED WITHOUT DE8TR0TIN6 
THE PROPORTION. 

If a:bi:c: d) ..^ 

And 12:8::6:45"^^ 
1. Inverting the means,''^ 

a:c::b:d} ... . C Tht first is to the third, 
1 2 : 6 : : 8 : 4 5 "^ i As the second to the faurih. 

In other words, the ratio of the antecedents is equal to the 
ratio of the consequents. 

This inversicm of the means is frequently referred to by 
geometers, under the name of JUtemation.'\ 
t. kwerting the extremes^ 

dihixci a \ ., . . C The fourth is to the see&nd, 
4 : 8::6 : 12 J ^^^^ ^ \ As the f AW to the >««. 
3. Ineerting the terms of each couplety 

6:a::d:c)., .. C The second is to the firsty 
8 : 12 : : 4 : 6 5 "^*^ ^^ i As the fourth to the third. 
This is technically called Inversion. 
Each of these may also be varied^ by changing the order 
of the two couplets. (Art. 369.) 

Cor. The order of the uhole proportion may be inverted. 
U aibiicidy then dic::b: a. 

*SMNoteM. t£ttfilkl,lS.5. 
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In each of these cases, it will be at once seen tfaat, by 
taking the products of the means, and of the extremes, we 
have ad=zbc, and 12x4=8x6. 

If the terms of only one of the couplets are inverted, the 
proportion becomes redprocal. (Art 371.) 

If a : & : : c : d, theti a is to fr, recijMrocally, as d toe. 

381 • A difference of arrangem^it is not die (mly alteration 
which we have occasion to produce, in the terms of a pro- 
portion. It is frequently necessary to multiply, divide, involve, 
&0i In all cases, the art of conducting the investigation 
consists in so ordering the several changes, as to maintain a 
constant equality, between the ratio of the two first termsy 
' and that of the two last. As in resolving an equation, we 
must see that the sides remain equal ; so m varying a pro- 
portion, the equality of the ratios must be preserved. And 
this is effected either by keeping thp ratios the samcy while 
the terms are altered ; or by mcreasing or diminishing one of 
the ratios as much as the otner. Most of the succeeding proofiv 
are intended to bring this principle distinctly into view, and 
to make it familiar. Some of the propositions might be de- 
monstrated, in a more simple manner, perhaps, by multiplying 
the extremes and means. But this woula not give so clear 
a view of the nature of the severed changes in the proportions. 

It has been shown that, if both the terms of a couplet be 
multiplied or divided by the same quantity, the ratio will re- 
main the same ; (Art. 360.) that multiplying the antecedent 
ia, in effect, multiplying the ratio, and dividing the antece- 
dent, is dividing the ratio ; (Art. 357.) and farther, that mul- 
tiplying the consequent^ is, in effect, dividing the ratio, and 
dividing the consequent is multiplying the ratio. (Art. 358.) 
As the ratios in a proportion are equal, if they are botn 
multiphe^ or both divided, by the same quantity, thejr will 
still be equal. (Ax. 3.) One will be increased or diminished 
as much as the other. Hence, 

382. If four quantities are proportional, two analogous 

OR TWO HOMOLOGOUS TERMS MAT BE MULTIPLIED OR DI- 
VIDED BT THE SAME QUANTITY, WITHOUT DESTROYING THE 
PROPORTION. 

If analogous terms be multiplied or divided, the ratios will 
not be altered. (Art. 360. ) If homologous terms be multi- 
plied or divided, both ratios will be equally increased or 
diminished. (Arts. 357, 8.) 
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Jf at b::c: df then, 

1. Multiplying the two first tenns, mazmb::c: d 

2. Multifdying the two last terms, aibiimeimd 

5. Multiplying the two antecedents,* tnaibiime: d 
4. Multi^ying the two consequents, aimbiieimd 

6. Dividing the two first terms, Jf :^::e: d 

m m 

6. Dividing the two last terms, a : 6 : : £ : fl 

m m 

7. Dividing the two antecedents, fL ibiiS.: d 

m fli 

8. Dividing the two consequents, a : £ : : c : £• 

mm 
Cor. 1. Au the terms may be multiplied or divided by die 
same quantity.f 

I J a b e d 

m m m m 

Cor. 2. In any of the cases in this article, muldriication 
of the consequent may be substituted for division of the ante- 
cedent in the same couplet, and division of the consequent, 
for multiplication of the antecedent. (Art. S59, cor.) 





ma:b::mc:d 


1 


for ' 


l:b::L:d 





m m 






ma:b::c :£ 




m 


>or^ 






l:b::e:md 




Lm 



S83. It is often necessary not only to alter the terms of a 
proportion, and to vary the arrangement, but to compare one 
proportion mth another. From this comparison will firequently 
arise a new proportion, which may be requisite in solving a 
problem, or in carrying forward a demonstration. One of 
the most important cases is that in which two of the terms 
in one of the proportions compared, are the $ame with two in 
the other. The similar terms may be made to duappeear, 
and a new proportion may be formed of the four remaming 
terms. For, 






Digiti 



zed by Google 



PROP(mTlON. 193 

S84. If two ratios are rcspectitelt equal to a third, 

THET ARE EQUAL tO EACH OTHER.* 

This is nothing more than the 1 1th axicnn af^lied to ratioa 

2 If «:>::'»;«Jthena:i::c:d;ora:c::i:i 
Andm:n: :e : a) 

For if the ratio of m : n is greater than that of c : i^ it is 
manifest that the ratio of a : 6, which is eqwd to that of m : n^ 
is also greater than that of c : d. 

885. In these instanceg, the terms which are alike in the 
two proportions are the two first and the two list But this 
arrangement is not essential. The order of the terms may 
be chai^;ed, in various ways, without a&cting the equality 
of the ratios. 

1. The similar terms may be the two antecedents, or tho 
two consequents, in each proportion. Thus^ 

If m:a::n:b'> ^, (By altemation,m:n: :a:fr 
AnAm:c::n:di (And tnin::c:d 

Therefore a : 6 : : c : <^ or a : c : : i : d, by the last article. 

2. The a$Uecedents in one of the proportions, may be the 
same as the consequents in the other. 

If m : a : : n : 6 > ^y^^^ C By inver. and altem. a:b::min 
Andc:m:rd:»5 ( By alternation, c:<I::m:ii 

Therefore a : 6, &c. as before. 

S. Two homologous terms, in one ct the proportions, may 
be the same, as twoantdogous terms in the other. 

If «-»'*--*-»>?then J By alteniation, a:b::m:n 
Andczditmini ^" ( And e:d::m:n 

Therefore, a : 6, &c. 

All these are instances of an equdliiy, between the ratm in 
ofie proportion, and those in another. In geometry, the 

♦ EiididU.5. t£ttelidl3.tf. 
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proponticm to which they belong is usually cited by the 
words "ex aequOf^* or **ex aequalL^* The second case in 
this article is that which in its form, most obviously answers 
to the eiqplanation in Euclid. But they are all upon the 
same principle, and are frequently referred to, without dis- 
crimination. 

886. Any number of proportions mc^ be compared^ in the 
same manner, if the two first or the two last terms in each 
preceding proportion, are the same with the two first or the 
two last m the following one.* 

Thus if a:b::c:d^ 

And c:d::h:l 

And h:l::m:n 

And m:n:;x:y} 
That is^ the two first terms of the first propinrtion have Uie 
same ratio, aS the two last terms of the last proportion. Foi 
it is manifest that the ratio of aU the couplets b the same. 

And if the terms do not stand in the same cnrder as here, 
yet if they can be reduced to this form, the same princq^e is 
applicable. 



^ then aib::x:y. 



^then by alternations 



'a:b:ie:d 
€:d::h:l 
h:l::m:n 
m:ni:x:y 



Thusifo:c::A:(l' 
And e:h::d:l 
And him::l:n 
And m:x::n:y^ 

Therefore a ; 6 : : j; : y, as before. 

In all the examples in this, and the preceding articles, the 
two terms in one proportion which have equafi in another, 
are neither the two meansy nor the two extremesylmi cme of 
the means, and one of the extremes ; and the re's!!iltiiig pro- 
portion is uniformly direct 

387. But if the two means, or the two extremes, in one 
proportion, be the same with the means, or the extremes, in, 
another, the four remaining terms will be reciprocally propor' 
Honal. 

If ' a : m : : n : 6 > . , 11 , . 

Ando:m::«:dr^^'^«-^-'i-y<^'«^^''^-*- 

J^^ 2=JJJj(Art.374.)Therefofeai=€rf,M^^ 

«Euclid88.5. 
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In this example, the two meana in one propottion, are like 
those in the other. But the principle will oe the same, if the 
eatremet are alike, or if the extremes in one proportion are 
like the means in the other. 

Y^'^^'jJini then«:c::d:i. 
And m : c : : a : » 5 

Orifa:m::»:5> .u^„^.^.. j. t 

The proposition in geometry which appKes to this case, is 
usually cited by the words " ex aequo perhirbate.^* 

388. Another way in which the terms of a proportion may 
be varied, is by addUUm or subtraction. 

If to or from two analogous or two homolooous 
term6 of a proportion, two other quantities hating 
the same ratio be added or subtracted, the proportion 

WILL BE PRESERVED.f 

For a ratio is not altered, by adding to it, or subtracting 
from it, the terms of another equal ratio. (Art. 362.) 

If a:b:: c :d} 
And aibiiminl 

Then by adding to, or subtracting from a and 6, the terms 
of the equal ratio m : n, we have, 

a+mib+nitcid, and a-m:&-ii: tcrd. 
And by adding and subtracting m and n, to and from e and 
d we have, 

a: 6: :c-\-m: d+n, and a: 6::c*m:({-^n. 
Here the addition and subtraction are to and from anahh 
gwa terms. But by alternation, (Art 380,) these terms will 
become homologous^ and we shall have, 

o-fm:c: :6+n:d, and a-iii:c: : 6<-»:d 

Cor. 1. This addition may, evidently, be extended to ang 
number of equal ratios.:]^ 

^ c\ d 

h.l 

mm 

x:y 

Then a : 6 : : e+h+m+x: d+l+n+y. 



Thus if a: 6: u 



♦ Euclid23, 5. tEudid2,5. $£QeIid9,S. Cor. 
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Cor.8. Ifa:J::c:d) j^ ^ j..^^jj» 
And m : 6 : : n : a 5 ^ ^ 

For by alternation a : c : : 6 : d > there- ( o-fm : c+n zibii 
And m:n::6:d5 fore (ora-^-mibr.c+nid. 

889. From the last article it is evident that i^ in any pro. 
portion, the terms be added to, or subtracted frpm tach other, 
that is. 

If two analogous or homologous terms bb added to, 
or subtracted from the two others, the froportion 
will be preserved. 

Thus, ifa:b::c:dy and 12:4: :6: 2, then, 

1. hiding the two last terms, to the two fint. 

a+c:b+d::a:b 12+6: 4+2::12:4 

miAa+c:b+d::c:d 12+6: 4+2:: 6:2 

or a+c:a::b+d:b 12+6: 12:: 4+ 2:4 

BXida+e:e::b+d:d 12+6: 6::4+ 2:2. 

2. Adding the two antecedents^ to the two consequents. 

a+b:b::c+d:d 12+4: 4::6+2:2 

a+b :a:: c+d : c, &c. 12+4 : 12 : : 6+2 : 6, &c. 
This is called ComposiHon,'\ 
S. Subtracting the two first terms, from the two lart. 

c-a:«: :cI-6:6 
c^a: c : :d-i:<^ &c. 

4 Subtractb^ the two last terms from the two first. 
o-c:6-(l: :o:6:j: 
a-c: 6-d: : c: rf, &c. 

5. Subtractb^ the consequents from the antecedents. 

a-b : 6: :c-d: d 
a : a-6: :c: c-d, &c. 
The alteration expressed by the last of these forms is called 
Coneersion. 

6. Subtracting the antecedents from the consequents, 

6-a : a::({-c: c 
b : 6-*a:: <{ : d-c, &c. 



* Euclid 24^ 5. t Euclid 18, 5. X Euclid 19, 5. 
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7. AMng and subtracting. 

That is, the sum of the two first terms, is to their diflbr* 
ence, as the sum of the two last, to their difference. 

Cor. If any compound quantities, arranged as in the prece* 
ding examples, are proportional, the simple quantities of which 
liiey are compounded are proportional also. 

Thus, if o-f-t • 6 J • C'\'d : d, then a:b::cid. 

TTiis is called Division.* 

390. If the correspondino terms of two or mors 

RANKS OF proportional QUANTITIES BE MULTIPLIED 

together, the product will be proportionai.. 

This is compoundir^ ratios, (Art 352,) or compounding 

proportions. It should be distinguished from what is called 

compodtimif which is an adi^Hon of the terms of a ratio. (Art 

889. 2.) 

If a:b::c:d\ 12:4::6:2> 

And h:l::m:nS 10:5::8:45 

Then ah: bl::m:dn 120 : 20:: 48 : 8. 

For from the nature of proportion, the two ratios in the 
first rank are equal, and also the ratios in the second rank. 
And multiplying the corresponding terms is multiplying the 
ratios, (Art. 357. cor.) that is, multiplying equals by equals ; 
(Ax. 3.) so that the ratios will still be equal, and therefore 
me four products must be propcHtional. 

The Same proof is appUcable to any number of proportioiis. 

d 
:n 
[p:qx:x:y 
Then ufyiblq:: cmx : dfif. 

From this it is evident, that if the terms of a proportion be 
multiplied, each into itself^ that is, if they be raised to any 
ootoer, they will still be proportional. 

If a:b::c:d S:4::6: 12 

a:b::c:d S:4::6:12 



Ca:b:ic: i 

If <h:l::m:\ 

(p:qx:x:i 



Then ir* : 6« : : c« : eP 4 : 16 : : 36 : 144 



jg * Euclid 17. 5. See Note N. 
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Proportionals wiU also be obtained, by reverriii|r Aifl pto- 
cesB, tnat is, by extracting the roots of the terms. 

If aibiieid, then V« : V* • • V<^ • V<^ 

For taking the product of extr. and means, adz=-be 
And extracting both sides, ^ad^^bc 

That is, (Arts. 269, S75.) ^a:\^b::A/c: A/d, 

Hence, 
391. If several quantities are proportional, thkir likb 

fOWERS OR LIES ROOTS ARE PROPORTIONAL.* 

If a : 6 : : c : d 
Thenir : 6*: : c^ : d\ and J^/a : V* • • V^ rV^- 

mm m » 

And 1^<t : V^* : : V^ : V^9 that is, a"" : 6" : : (F : iF. 

S92. If the terms in one rank of proportionals be divided 
by the corresponding terms in another rank, the quotients 
will be proportional. 

This is sometimes called the resolution of ratios. 

If a:b::c:d\ 12:6::18:9> 

Andfc:I::m:ii5 6:2:: 9:35 

Th.n«.*.- ^ .^ 12.6.. 18.9 

^^"^AT-m-n T-2--9-3 

This is merely reversing the process in Art. 390, and may 
be demonstrated in a similar maimer. 

This should be distinguished from what geometers caQ 
dimdon, which is a subtraction of the terms of a ratio. ( Art« 
389. cor.) 

When proportions are compounded by multipUcation, it 
will often be the case, that the same factor will be found in 
two analogous or two hom<dogous terras. 
Thus if a : 6 : : c : d ) 
And m: a::n: c) 



am: ab::cn : cd^ 

Here a is in the two first terms, and c in the two last. Ds- 
viding by these, (Art. 382,) the proportion becomes 
m: b::n:d. Hence, 



* It must n6t be inferred from this, that quantities hare the same rtUio as 
their like powers or like roots. See Art. 35^. 
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893. In compounding proportions, equal fiuAwB or dkimn 
in two analogous or homologous terms, may be rqecud. 

b::c:d 12:4::9:3 

h::d:l 4:8::3:6 

fn::l:n 8 : 20 : : 6 : 15 



If \b: 
(A: 



Then atm::c:n 12 : 20 : : 9 : 15 

This rule may be applied to the cases, to which the terms 
** ex aequo^^ and " ex aequo perturbate^^ refer. See Arts. 385 and 
887. One of the metnods may serve to verify the other. 

394. The changes which may be made in proportions, 
without disturbing the equality of the ratios, are so nume- 
rous, that they would become burdensome to the memory, if 
they were not reducible to a few general principles. They 
are mostly produced, 

1. By inverting the order of the terms. Art. 380. 

2. By multiplying or dividing by the same quantih/^ Art. 382* 

8. By comparing proportions which have like terms, Art 384, 
5, 6, 7. 

4. By adding or subtracting the terms of equal ratios, Art. 
388,9. 

6. By multiplying or dividing one proportion by another. Art* 
390, 2, 3. 

6. By involving or extracting the roots of the terms, Art. 391. 

396. When four quantities are proportional, if the first be 
^eater than the second, the third will be greater than the 
fourth ; if equal, equal : if less, less. 

For, the ratios of the two couplets being the same, if one is 
a ratio of equality, the other is also, and therefore the ante* 
cedent in each is equal to its consequent ; ^Art. 350,) if one 
18 a ratio of greater inequality, the other is also, and therefore 
the antecedent in each is greater than its consequent ; and 
if one is a ratio of lesser inequality, the other is also, and 
therefore the antecedent in each is less than its consequent. 

Caz=:b,e:=zd 

Let axhiieii; then if < a>&, c>d 

( a<6, c<;d. 
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Cor, I. If the fint be greater than the Mrd^ tin mcoimI 
will be greater than the /oi^; if equal, equal; if lew^ leas.* 

For by alternation, a: b::c : dbecomes a:c::b : d, with- 
out any alteration of the quantities. Therefore, if a=i, 
cszdf &c. as before. 

For, bv equality of ratios* (Art. 385. 2.) or compounding 
ratios, (Arts. 390, 393.) 

a:b::c : d. Therefore, if a=6, c=zdj &c. as before. 

Cor. 8. If «--«j::«-^^henif a=6,c=rf,&c.t 
and m:6::c:n5 * 

For, by compounding ratios, (Arts« 390, 393,) 

a:b::c: d. Therefore, if a=6, c=d, &c. 

395. 6. If four quantities are proportional, their reciprocals 
are proportional ; and t. t. 

If a:i::c:(f,theni:i::i:4 
abed 

For i& each of these proportions, we have» by reduction^ 
adssbc 



CONTINUED PROPORTION. 

396. When quantities are in continued prqx>rti(»i« aU the 
ratios are equoL (Art 372.) If 

a : b : :b : e : : c : d : : d : e^ 
the ratio of a : 6 is the san^, as that of 6 : c, of c : (^ or of 
d : e. The ratio of the first of these quantities to the last^ is 
equal to the product of all the intervening ratios ; (Art. 353,) 
tha,t is, the ratio of a : e is equal to 
abed 
b e d e 
But as the intervening ratios are all eqwU^ instead of muhi* 
plying them into each other, we may multiply any one of 
them into itself; observing to make the number ai factCHrs 

* Euclid 14. 5. t Euclid 80. 5. | Euclid St. fi. 
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equal to the number of intervening ratios. Thus the rauo 

of a : e, in the example just given, is equal to 

a. a a a a* 
s^ V V — 

When several quantities are in continued proportion, the 
number of couplets, and of course the number of ratios, is 
mie less than the number of quantities. Thus the five jjro* 
pcNTtional quantities a, 6, c, c2, e, form four couplets containing 
four ratios ; and the ratio of a : e is equal to the ratio of 
o* : b\ that is, the ratio of the fourth power of the first quan* 
.tity, to the fourth power of the second. Hence, 

397. If three quantities are proportional, the first is to the 
thirdy as the square of the firsts to the square of the second; or 
as the square of the second, to the square of the third. In 
other words, the first has to the third, a duplicate ratio of the 
^rst to the second. And conversely, if the first of the three 
quantities is to the third, as the square of the first to the 
square of the second, the three quantities are proportional. 

If a : 6 : : 6 : e, then a: c::a^ :b\ Universally, 

398. If several quantities are in continued proportion, the 
ratio of the first to the last is equal to one of the mtervening 
ratios raised to a power whose index is one less than the num- 
ber of quantities. 

If there are four proportionals a, 6, c, d, then a : d : : a' : 6' 
If there are five a, 6, c, d, c ; a : e : : o* : 6*, &c, 

399. If several quantities are in continued proportion, they 
will be proportional when the order of the whole is inverted. 
This has already been proved with respect to four proportional 
quantities. (Art, 380. cor.) It may be extended to any num» 
ber of quantities. 



Between the nimibers, 


64,32,16,8,4, 


The ratios are 


2,2,2,2, 


Between the same inverted 


4, 8, 16, 32, 64, 


The ratios are 


1111 

'29 2» 5» r 



So if the order of any proportional quantities be inverted^ 
the ifatios in one series will be the reciprocals of those in the 
ether. For by the inversion, each antecedent becomes a con- 
sequent, and v. v. and the ratio of a consequent to its antece* 
dent is the reciprocal c£ the ratio of the antecedent to the 

IS* 



Digiti 



zed by Google 



tot ALGEBRA. 

conieqttekit (Art S51.) That the reciprocals of equal quan- 
tities are themfelves equal, is evident from Ax. 4. 

400. Hari; oNiCAL OR MusicAL PROPORTION may be con- 
sidered as a species of geometrical proportion. It ccmsists in 
an equality of geometrical ratios ; but one or more of the 
terms is the difference between two quantities.' 

JTiree wfowr Quantities are said to be in Aarm^tiieal jm^por- 
tion^ when the first is to the Iat(, as the difference between 
the UiDO frstf to the difference between the ttioo huL 

If the three quantities a, 6, and c, are in harmonical pro- 
portion, then a: c:: a-fr : b-c. 

If the /bur quantities a, 6, c, and d, are in harmonical pro- 
portion, then aid: :a-6 : e-d. 

Thus the three numbers It, 8, 6, are in harmonical |m:o- 
portion. 

AjQid the four numbers 20. 16, 12, 10, are in harmonical 
proportion. 

401. I^ of four quantities in harmonical proportion, any 
three be given, the other may be found. For from the pro- 
portion, 

aid:: a-fr : c-d, 

by taking the product of the extremes and the means, we 
have ac^ad^^ad-bd. 

And this equation may be reduced^ so as to give the value 
of either of the four letters. 

Thus by transposing - ad^ and dividing by a, 
, iad^bd 

a 

« 

Example8f in which the tfrinciples of proportum are appUedtoth^ 
solution of problem. 

1. Divide the number 49 into two such parts, that the 
greater increased by 6, may be to the less dimmished by 11 ; 
as 9 tot. 

Let x=: the greater, and 49 -«= the less. 
By the ^^mditions proposed, x-^B : S8-x : : 9 : S 

Adding terms, (Art. S89, 2.) x+6 : 44 : : 9 : 11 

Dividmg the consequents, (Art S82, a) x+6 : 4 : : 9 : 1 
Multif^yinglhe extremes and means, ar+6a36. And sszSO. 
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2« What number is that, to which if 1, 5, and 18, be seve* 
rally added, the first sum shall be to the second, as the sec- 
ond to the third 'I 

Let «ss the number required. 

By the conditions, a:+l : x-^S : : x-^5 : x-j-lS 

Subtracting terms, (Art 389, 6.) a?-fl • 4 ^ : ^+^ '• 8 
Therefore 8x+8=z4x+i0. And 9=9. 

9. Find two numbers, the greater of which shall be to the 
less, as their sum to 42 ; and as their difference to 6 

Let X and y = the numbers. 

By the conditions, x:y:: x+y : 42 

And a?:y::ap~y: 6 

By equality of ratios, x-^y : 42 : : x^y : 6 

Inverting the means, x+y : x-^y : : 42 : 6 

Adding and subtracting terms,(Art. S89, 7,) 2ar : 2y : : 48 : 86 
Dividing terms, (Art. 882,) a? : y : : 4 : 3 

Therefore 8:r=:4v. And x=^ 

From the second proportion, 6x=:y X (^ - y) 

Substituting J? for af, y=24. And «=S2. 

4. Divide the number 18 into two such parts, that the 
squares of those parts may be in the ratio of 25 to 16. 

Let xrs the greater part, and 18 - 0?= the less. 
By the conditions, «* : (18- «)' : : 26 : 16 

Extracting, (Art. 891,) x : 18-a: : : 5 : 4 

Addingterms^ « : 18 : : 5 : 9 

Dividing terms, x: 2::5: 1 

Therefore, 9=10. 

5. Divide the number 14 into two such parts, that the (|uo- 
tient of the greater divided by the less, shall be to the quotient 
of the less divided by the greater, as 16 to 9. 

Let ssz the greater part, and 14-ss the less. 
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By the conditions, ^^ ^ : — J- : : 16 : 9 



Multiplying teraw, «• : (14 - a?)* : : 16 : 9 

Extracting, «:14-«::4:8 

Adding terms, « : 14 : : 4 : 7 

Dividing terms, « : 2 : : 4 : 1 
Therefore, «=8. 

6. If the number SO be divided into two parts, which 
are to each other in the dtfUcaie ratio of 3 ta 1, what num- 
ber is a mean prc^rtional lietween those parts 1 

Let «=: the greater part, and 20- «rs the less. 

By the conditions, « : 20- «: : S* : 1* : : 9 : 6 

Adding terms, ar : 20 : : 9 : 10 

Therefore, «=18. And20-«=2 

A mean proper, between 18 and 2 (Art, 376.) =^2x18=6. 

7. There are two numbers whose product is 24, and the 
difference of their cubes, is to the cube of their difference, as 
19 to 1. What are the numbers 1 

Let X and y be equal to the two nmnbers. 

1. By supposition, xy=zi4 > 

2. And a?-j/»: (a?-y)«::19: 1 J 
S. Or, (Art. 217.) a?'-j^» : s?^3a!)i+Sxf^y': : 19 : 1 

4. Therefore, (Art. 389, 6,) Sixhf - Sxf : (a:-y)' : : 18 : 1 

5. Dividing by ar-y (Art. 382, 6^) Say : (a;-y)' : : 18 : 1 

6. Or, as 3a^^=3x24=72, 72 : (ar-y)« : : 18 : 1 

7. Multiplying extremes and means, (ap-y)*=4 

8. Extracting, a?-y=: 2> 

9. By the first condition, we have ay =24 ) 
Reducing these two equations, we have ar=6, and y=4- 

8. It is required to jwrove that a: x:: ^2a-y : ^y 
on supposition that («+*)* • (« - a:)* : : x+y : a: - y.* 



^Bridge's Algebra. 
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1. Expanding, a*+2ax+3^:(f'-2ax+sf::x+y:M''y 

2. Adding and subtracting terms, 2a^-f ^^ ' ^^ : : 2« : 2y 

3. Dividing terms, a*+rr* : 2<tx :: x:y 

4. Transf. the factor a:, (Art. 374. cor.) a*+s^ :2a::a^:y 
6. Inverting tlie means, o^+a* : ^ : : 2a : y 

6. Subtracting terms, a*:3i^::2a^y :y 

7. Extracting, a:x:: ^2a-y : ^y 

9. It is required to prove that cfcr=cy, if a? is to y in the 
^xiplicate ratio of a : 6, and a:b:: X/c-^x : : \/d+y. 

1. Involving terms, a' : 6* : : c-|-ap : d-\-y 

2. By the first supposition, a*:b^::x:y 

8. By equality of ratios, c+x : d-f-y : : « : y 

4. Inverting the means, c+x : ar : : rf+y : y 

5. Subtracting terms, c : x : : J : y 

6. Therefore, dx=zcy, 

10. There are two numbers whose product is 136, andtho 
difference of their squares, is to the square of their difference, 
as 4 to 1. What are the nimibers % Ans. 16 and 9. 

11. What two numbers are those, whose difference, sum, 
and product, are as the numbers 2, 3, and 6, respectively] 

Ans. 10 and 2. 

12. Divide the number 24 into two such parts, that their 
product shall be to the Bum of their squares, as 3 to 10. 

Ans. 18 and 6. 

13. In a mixture of rum and orandy, the difference be- 
tween the quantities of each, is to the quantity of brandy, as 
100 is to the number of gallons of rum ; and the same dif- 
ference is to the quantity of rum, as 4 to the number .of 
gallons of brandy. How many gallons are there of each 1 

Ans. 26 of rum, and 6 of brandy. 

14. There are two numbers which are to each other as 3 
to 2. If 6 be added to the greater and subtracted firom the 
less, the sum and remainder will be to each other, as 3 to 1. 
What are the numbers 1 Ans. 24 and 16. 

16. There are two numbers whose product is 320 ; and the 
difierenee of their cnbes^ is to the cube of their difference, as 
61 to 1. What are the numbersi Ans. 20 and 16. 
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16. There are two numbers, which are to each other, in 
the duplicate ratio of 4 to 3 ; and 24 is a mean proportional 
between them. What are the numbers 1 Ans. 32 and 18. 

402. A list of the articles in this section which contain the 
propositions in the 5th book of Euclid.* 



Prop. I. 


Art. 36S. 




XIII. 


384, cor. 


II. 


388. 




XIV. 


395, cor. I 


III. 


382. 




XV. 


360. 


IV. 


883, cor. 1. 




XVL 


380. 


V. 


363. 




XVII. 


389, cor. 


VI. 


362. 




XVIII. 


.89, 2. 


VII. 


349, cor. 1. 




XIX. 


389, 4. 


VIII. 


357, cor. 358, 


cor 


XX. 


395, cor. 2. 


IX. 


349, cor. 2. 




XXI. 


395, cor. 3. 


X. 


357, cor. 358, 


cor 


XXII. 


386. 


XI. 


384. 




XXIII. 


387. 


XII 


363. 




XXIV. 


888. cor. 2. 



SECTION XIII. 



VARIATION OR GENERAL PROPORTlON-t 

Art. 403. THE quantities which constitute the terms of 
a proportion are, frequently, so related to each other, that, if 
one of them be either increased or diminished, another de- 
pending on it will also be increased or diminished, in such a 
manner, that the proportion will still be preserved. If the 
value of 50 yards of cloth is 100 dollars, and the quantity 
be reduced to 40 yards ; the value will, of course, be reduced 
to 80 dollars ; if the quantity be reduced to 30 yards, the 
value will be reduced to 60 dollars, &c. 

*SMiioteO. 

t Newton's Prinoipw Book I. See. L Lemma 10, aehoL Cmenoa on Pro* 
TOrtion, Wood's Algebra, Ludlam's ^ft^^, Saundenon's Algebra, Art. S99 
Farldnson's Mechanic^ p. 84^ 
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ya. yd. dot dol. 
That is, 50 : 40 : : 100 : 80 
50: 30:: 100:60 
50:20::100:40,&c. 
As the consequent of the first couplet is varied, the conse- 
quent of the second is varied, in such a manner, that the foo* 
portion is constantly preserved. 

If the two antecedents are Jl and B ; and if a represents a 
quantity of the same kind with Ay but either greater or less ; 
and by a quantity of the same kind with By but as many times 
greater or less, as a is greater or less than A ; then 

A:a::B:b; 
that is, if .4 by varying becomes a, then B becomes b. This 
is expressed more concisely, by saying that A varies as By or 
A is as B. Thus the wages of a laboring man vary as the 
Hme of his service. We say that the interest of money which 
is loaned for a given time, is proportioned to the principal. 
But a prq)ortion contains four terms. Here are only two, 
the interest and the principal. This then is an abridged 
Btatementy in which two terms are mentioned instead of four. 
The proportion in form would be : 

As any given principal, is to any other principal ; 

So is the interest of the former, to the interest of the latter. . 

404. In many mathematical and philosophical investiga- 
tions, we have occasion to determine the general relations 
of certain cleisses of quantities to each other, without limiting 
the inquiry to any particular values of those quantities. In 
such cases, it is frequently sufficient to mention only two of 
the terms of a proportion. It must be kept in mind, how- 
ever, that four are always implied. Wlien it it said, for in- 
stance, that the weight of water is proportioned to its bidk, 
we are to understand. 

That one gallon, is to any number of gallons ; 
As the weight of one gallon, is to the weight of the given 
ntunber of geolons. 

405. The character c/> is used to express the proportion of 
variable quantities. 

Thus A O) B signifies that A varies as B, that is, that 
A:a::B:b. 

Tilt* expression A (j)B may be called a general proportion. 
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406. One quantity is said to vary HrecUy as wother, when 
the one increases as the other increases, or is diminished as 
the other is diminished, so that 

du>Bj that is, «/} : a : : B:b. 
The interest on a loan is increased or diminished^ in pro- 
portion to the principal. If the principal is doubled, the in- 
terest is doubled ; if the principal is trebled, iht interest h 
trebled, &c. 

407. One Quantity is said to vary inversdy or reciprocals 
as another, wnen the one is proportioned to the redprocai 
of the other ; that is, when the one is diminished, as the other 
is increased, so that 

^CD^thatisj^tfra*:^ :j^crA:a::b':B. 

In this case, if A in greater than a, JB is less than 6. (Art. 
395.) The time required for a man to raise a given sum, by 
his labor, is inversely as his wages. The higher his wages, 
the less the time. 

408. One quantity is said to vary as two othtnjomUy^ when 
the one is increased or diminished, as ih^ produci of the other 
two, so that 

A OD J?C, that iaAia:: EC : 6c. 
The interest of money varies as the product of the princi- 
pal and time. If the time be douU^ and the prmctpal 
doubled, tlie interest will be four times as great 

409. One quantity is said to var^ directly as a itcondj and 
inversely as a thirds when the first is always proportioned to 
the second divided by the third, so that 

jla)^,thatis^:a::5--- 
C C c 

410. To understand the methods by which the statements 
of the relations of variable quantities are changed from one 
form to another, little more is necessary, than to make an 
application of the principles of common proportion ; bearing 
constantly in mind, that a general proportion is only an 
abridged expression, in which two terms are mentioned in- 
stead of four. When the deficient terms are supplied, the 
reason of the several operations will, in most cases, be appa- 
rent. 
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411. It is evident, in th^ first place, that th^ witr of t&a 
terms in a general proportion may be moeritd. (Art ft^9.) * 

If .tf :a::J9:i,thaiis,if «4a>f ; 
ThenJ9:J^;:*A:0^aMttis, B^A. 

41 S. If one or both of the terms m a general propcHrtion, 
DC mvi&plie4 or divided by a constant quantity, the ptoportim 
will be preserved. . 

. Ibr multiplying ctf dividing one ot both g( the terms is the 
same, as multiplying or di^ding anatogouB t^rms in the ptm^ 
portion expressed at length. (Art. 38!^. and cor. 1.) 

If Ji:a::B:b, that is, if j9 co i?. 

Then nuAitMiiB ib, thatis, nuAci>^, 
And 91^ : ma:: mjS:fii(, that is, nui^mBttic. 
413. If both the terms be multiplied or divided even by 
a variable quantity, the proportion will be preserved. Fo| 
this is equivalent to multiplying the two antecedents hy one 
quantity, and the two consequents by another. (Ajt. 382.) 
If J:a::B:by that is, if .5 c/j jB; 

TheaMJlimaiiMBimb.iheLiiaMacf^MB^ &c. 
Cor. 1. If one quantity varies as another, the quotUnt of 
the one divided by the other is constant. In other words, if 
the numerator oi a fraeUoa varies as the denominator, the 
value remains the same. 

If ^ : a : : Jff : 6, thajt is^U Jt^B, 

Then ^ :?::^ :*::!: 1. (Art. 148.) 
B b B b 

Here the third and foortli terms are equal, because each is 

equal to 1. Of course the two first terms are equal ; ^Art 

395.) so that if «fl be increased or diminished as many tmies 

a3 J?, the quotient will be invariably the same. 

Cor. 2. If the product of two quantities is constrnt^ one 

varies reciprocally as the other. 

If^B:a6::l:l,then:^:^::i:l,orwi:a; * • J. 
B b B b Bo 

Cor. 3. Any factor in one term of a general proportioa 
may be transferredy so as to become a divisor in the other, 
andv. V. 

If A U5JBC, then dividing by 5, :?c/) C. (Art. 118) 

19 ^ 
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4 A (T JL then mult by C, ./IC cx) -L (Art 159.) 

414 If two qoantities vary respectively as a third, then 
one of the two varies as the other. (Art Si94.) 

And C:c::jB:65^^^^icc/iB; 
Then AiaxiCxc^ that is Ais^C. 

415. If two quantities vary respectively as a third, their 
wm or ifi^ercneewill vary in the same manner. (Art S88.) 

And C:e::jB:6r^*^^^icc/^jB; 
Then«d4-C : o-fc: : Jff : 6, that is, A+C(s>B^ 
And w9-C: a-c: : J? :i,thati8,.A-Cc/)jS. 

Cor. The addition here may be extended to amjnmJbtf of 
quantities all varying alike. (Art S88. cor. 1.) 

If«A(/»J9, and CfjiBy and Deo j9,and£oo jS, then 

(•fl+C+JD+£)ci>J?. 

415. b. If the i^uare of the mm of two quantities^ varies 
as the square pf thevr differenu; then the etm of their equane 
varies as their prodtict 

If (Jl+Sy ^{A - By; then JP+B" u> AB. 
For by the suppolsition, 

{A+Bf : (•fl--B)«: : {a+by : (a-6)«. 
Expanding, adding, and sid>tracting terms. (Arts. S17» 
and S89, 7.) 

ftAF+iB" : UBi: M+tV : 4a6. 
Or, (ArtS8«.) 

JP+B" lABiiif+b* : oft, that is, ^+JB* oodiB. 

416. The terms of one general propcnrtion may be multU 
plied or divided by the correspondmg terms of another.-^ 
(Art S90.) 

If AiatiBib) ,.^ . ,v iA(j>B 



Jthati8,if V 



AndC:c::I>:rfr""'"^" i CodJD; 



Then ACiaci: BD : bd that is, ACcfiBD. 

Cor. If two quantities vary respectively as a third, the pro 
duct of the two will vary as the square of the other. 



Lc'll^--^-*^*^- 
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417. If any quantity vary as another, any jnnmt or root of 
the former will vary, as a like power or root of tbs latter. 
(Art 391.) 

If ^:a::B:b, thatis, ifw2o»B, 

Then ^: (tiiBTxlr that is, Jt'CfiB'^ 

And.5^:(f: ::i^:lf, thatis, .tf'ci)JB\ 



418. In compounding general proportions, equal /actors or 
^wisors, in the two terms, may be rejected. (Art, 893.) 

: c> that is, if < j 
:4 (< 



dwisors. 

If A:a::B:b) CAcoB 

AndBibi: C:c\ that is, if iBoiC 

And C:c: :D:d} (CcjiD 



Then d:a::D:dy that is, AcpD. 

CcHT. If one quantity varies as a second, the second, as a 
thirds the third, as a fourth, &,c. then the first varies as the 
last 

If JiQoB<j>0(J>I>,ihenAa)D. 

If Ac»Ba>y^^ then .a CD --. ; that is, if the first varies 8i- 
C C 

rectly as the second, and the second varies reeiprocdlly as the 
third ; the first varies reciprocally as the third. 

419. If any quantity vary as the product of two others, 
and if one of the latter be considered constant^ the first will 
vary as the other. 

U Wa> LB J and if J? be constant, then WcnL. 

Here it must be observed that there are two conditions; 
First, that Ovaries as the product of the two other quantities; 
Secondly, that one of these quantities B is constat. 

Then, by the conditicms, W: w: : LB :IB; B being the 
same in both terms. 

Divid. by the constant quantity BfW:w::L:l^ that iaWcnL, 
And if Jl be considered constant, W<J>B. 

Thus the weight of a board, of uniform thickness and den- 
sity, varies as its length and breadth. If the Ungih is given, 
the weight varies as the breadth. And if the hrecSith is given; 
the weight varies as the length. 
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Ctft. The MB116 principle may be extended to any number 
of ^pianfities. The weirht of a stick cf timber, of given 
denaty, depends on the length, breadth, and thickness. If 
the length is given, the weight varies as the breadth and 
thickness. If the length and breadth are given, the weight 
varies as the thickness, &c. 

If Wo^LBT; 

Then making L constant, FTco BT; 

And making L and B constant, FToo T; 

420. On the other hand, if one quantity depends on two 
others ; so that when the second is given, the first varies as 
the third, and when the third is given, the first varies as the 
second ; then the first varies as the product of the other two. 

If the weight of a board varies as the length, when the 
breadth is given, and as the breadth when the length is giv- 
en : then it the length and breadth bath vary, the weight va- 
ries as their product. 

If W(JiLy when B is constant, f , tr^^ dt 
And W(j>B, when Lis constant, J ^^^ fr<j>JSia. 

In ^monstrating this, we have to comdder, (tao vwndhU 00- 
lw9 of W\ one, when L only varies, and the other, when L 
and B both vary. 

Let 10^= the first of these variable values, 

And 10 == the other ; 

So that W will be changed to w', by the varying of L, 

And u/ will be farther changed to tc, by the varying of J5. 
Then by the suppodtion, W:v/::L:l^ when B is constant. 
And w' :u)::B:by when S varies. 



Mult, cdrrespond. terms, Ww' : two' : : BL : W. (Art. S90.) 
Divid. by w' (Art. 382.) W:w;: BL:bl,i.e. W(j> BL. 

The proof may be extended to any nimibcr of quantities. 

The weight of a piece of timber, depends on its length, 
breadth, thickness and density. If any three of these are 
given, tiie weight varies as the other. 

Tliis case must not be confounded with that in Art. 416, 
cor. In that, B is supposed to vary as A and as C, at the 
same time. In this, B varies as Ay only when C is constant, 
and as C, only when A is constant. It carmot therefore vary 
as A and as C separately, at the same time. 



Digiti 



zed by Google 



ARITHMETICAL PROGRESSION. in 

Art 4t0. b. If one quantity varies as another, the fbnner is 
equal to the product of the latter into some canstmU quantity. 

If A:B::a:b; then, whatever be the value of a, its ratio 
to b must be constant, viz. that of Jl: B. Let this ratio be 
that of m: 1. 

Then A:B::a:b::m:l. ThereforewSr^mJB; And a=mb^ 

Hence, if the ratio between the two quantities be found 
for any given value, it will be known for any other period oi 
their increase or decrease. If the interest of 100 dollars be 
to the principal as 1 : 20 ; the interest of 1000 c»r 10,000 will 
have the same ratio to the principal. 

421. Many writers, in expressing a general proportion, da 
not use the term vart/y or the character which has here been 
put for it. Instead of .tf ch jB, they say simply that AUasB^ 
See Enfield's Phik)so{^y. It may be {urc^r to c^serve, al« 
so, that the word giom is frequently used to distinguish coii^ 
staiU quantities, from those which are variable ; as well as 
to distinguish knowa quantities from those wMch are un<* 
known. (Art. 17.) 



SECTION XIV. 

ARITHMETICAL AND GEOMETRICAL PROORESSICN, 

Art 423. QUANTITIES which decrease by a common 
difference, as the numbers 10, 8, 6, 4, 2, are in oontmued 
arithmetical proportion.- ^Art. 872.) Such a series is dsa 
called a jprogrcfnon, which is only another name for continued 
proportion. 

It is evident that the proixHrtion will not be destroyed, if 
the GtAsa of the quantities be imerted. Thus the munben 
Sy 4, 6, 8, 10, are m arithmetical jnrqiortion* 
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S14 ALGEBRA. 

QptmlUiiSy then, ore tr» arithmeHcal progrestion^ when ti^ 
increa$e or decrease by a common difference. 

When they increase^ they form what is called an ascending 
series, as 3, 5, 7, 9, 11, &c. 

When they decrease, they form a descending series, as 11, 
9, 7, 6, &c. 

The natural numbers, 1, 2, 3, 4, 6, 6, &c. are in arithmet- 
ical progression ascending. 

423. From the definition it is evident that, in an ascendmg 
Reries, each succeeding term is found, by adding the common 
difference to the preceding term. 

If the first term is 3, and the common difference 2 ; 
The series is 3, 5, 7, 9, 11, 13, &c. 
If the first term is a, and the common difference d ; 
Then a+d is the second term, o-f 2(i4-i=a+3i, the fourth, 
ar^^dJf-d^c^U the 3d, a^U+d=ia+Ad the 5th, &c. 

18 9 4 6 

^nd the series is a, a-^-d, o-fSci, o-f 3d, a-f-4d, &c. 

If the first term and the common difference are the same^ 
die series becomes more simple. Thus if a is the first term, 
and the common difference, and n the number of terms. 

Then 04-0=: 2a is the second term, 
2a-f a=3a the third, &c. 

And the series is a, 2a, So, 4a, na. 

424. In a descending series, each succeeding term is found, 
by subtracting the common difference firom the preceding term. 

If a is the first term, and d the common difference, the 

Its 4 S 

series is o, a-d, a-2(l, a-3d, a-4d, &c. 

Or the common difference in this case may be considered 
as-d, a negative quantity, by the addition of which to any 
preceding term, we obtain the Mlowing term. 

In this manner, we may obtain any term, by continued 
addition or subtraction. But in a Icmg series, this jnrocess 
l70uld become tedious. There is a method much more ex* 
peditious. By attending to the series 

19 8 4 5 

0, a+d, o4.2df, a+3d, a+4d, &c. 
it will be seen, that the number of times d is added to a is one 
less than the number of the term. 
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ARITHMETICAL PROGRESSION. glfi 

TAe second term is a+d^ i. e. a added to once d; 
The third is a-^2dy a added to twice d; 

The fourth is o-f 3(2, a added to tAHce d, &c. 

So if the series be contiuued. 

The 50th term will be a-|-49<I 

The 100th term a^99d 

If the series be descending^ the 100th term will be a — 99(1. 

In the last term, the nmnber of times d is added to a» .8 
one less than the nmnber of all the terms. If then 

a=the first term, 2r=the last, n=the number of terms, we 
s^iall have, in all cases, z=:a4-(n-l) X^^; that is, 

425. In an arithmetical progression, tlve last term U equal 
to thefirstf-^ the product of the common difference xnJto the number 
of terms less one. j 

Any other term may be found in the same way. For the 
aeries may be made to stop at any term, and that may be 
considered, for the time, as the last. 

Thus the with term=a-f(w»-l)X<i. 

If the first term and the common difference are the $ame^ 

af=a+(«-l)a=a-|-na-a, that is, z=^na. 

In an ascending seriesy the first term is, evidently, the least, 
and the last, the greatest. But in a descending series, the 
first term is the greatest, and the last, the least. 

426. The equation zziz a-}- (n - 1 ) d not only shows the value 
of the last term, but, by a few simple reductions, will enable 
us to find other parts of the series. It contains four different 
quantities, 

0, the first term, n, the number of terms, and 

Zf the last term, c2, the common difference. 

If any three of these be given, the other may be found. 

1. By the equation already found, 

z:sia+{n'-l)d=the last term. 
. 2. Transpoemg (fi-l)(2, (Art. 173.) 

z--{n-l)d=:a:=zthe first term. 
3. Transposing a in the 1st, and dividing by n-1, 
z — a 
— 7-=(l=:tt€ common difference. 
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S16 ALGEBRA. 

4. Transp. a in the Ist, divicBng by d, and transp. -1, 

~y--}.ls=n=w« wumber ojUanm. 

By the third equation, may be found any number of aariih^ 
meikal means^ between two given numbers. Fear the wAoIe 
number of terms consists of the two extremeif and alt the 
hUrmedkUe terms. If then ms= the number of means, m-f- 
t=n, the whole number of terms. Substituting m+i for n^ 
in the third equation, we have 

. I =(f, the common difference. 

Prob. 1. If the first term of an increasmg progression k 7^ 
the common difierence 3, and the nun^r of terms 9, what is 
the last termt Ans. zs:a+(n-l}(I=:7+(9-l)x3=31. 

And the series is 7, 10, 13, 16, 19, 22, 25, 28, 31. 

Prob. 2. If the last term of an increasing progression is 60^ 
the number of terms 12, and the common difierence 5, what 
is the first termi Ans. a=z-(tt-l)d=60-(12-l)x5»5. 

Prob. 3. Find 6 arithmetical means, b^ween 1 and 43. 
Ans. The common difference is 6. 

And the series, 1, 7, 13, 19, 25, 31, 37, 43. 

427. There is one other inquiry to be made concerning a 
series in arithmetical progression. It is often necessary to 
find the stjon of aU the terms. This is called the ttmrniOion of 
the series. The most obvious mode of obtaining the amount 
of Uie terms, is to add them together. But the nature of 
progression will furnish us with a method more expeditious. 

It is manifest that the sum of the terms will be the same, 
in whatever order they are written. The sum of the ascend- 
ing series, 3, 5, 7, 9, 11, is the same, as that of the descend- 
mg series, 11, 9, 7, 5, 3. The sum of both the series is, 
therefore, twice as great, as the sum of the terms in one of 
them. There is an easy method of finding this double eum^ 
and of course, the sum itseif which is the object of inquiry. 
Let a given series be written, both in the direct, and in the in- 
verted order, and then add the corresponding terms together, 
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Take, for instance, the series 8, 5, 7, 9,11, 

And the dame inyerted 11, 9, 7, A, S. 

The sums ef the tenns wil be 14, 14, 14, 14, 14. 
Take also the series a, o-f-d, a+2d^ a^Sd^ a^4d^ 
And the same inver. a4~4(f, o-j-S^* <H-^9 ^^t ^ 

The sums wiU be 2a+4d,2a+4d,2a^4d,ia+4d,2a+4d 
Here we discorer the important property, that, 

428. In an arithmetical progression, the sum of the bx- 

tBKMES 18 EQUAL TO THE SUM OF ANT OTHER TWO TEEMS 
EQUALLY DISTANT FROM THE EXTREMES. 

In the series of numbers above, the sum of the first and 
the last term, of the first but one and the last but one, &c. is 
14. And in the other series, the sum of each pair of corres- 
ponding terms is 2a^4d. 

To &id the sum of all the terms in the double series, we 
have only to observe, that it is equal to the sum of the ex« 
iremes repeated as many times as there are terms. 
The sum of 14, 14, 14, 14, 14=14x5. 

And the sum of the terms in the other double series is 
(2a+4d)xS. 

But this is twke the sum of the terms in the single series. 
If then we put 

a=the first term, n=the number of terms, 

zzsihe last, «=:the sum of the terms, 

we shall have this equaticHi^ 

«=— 2~X«. That is, 

429. In an arithmetical progression, the sum of all the 

TERMS IS equal TO HALF THE SUM OF THE EXTREMES MUL- 
TIPLIED INTO THE NUMBER OF TERMS. 

Prob. What is the sum of the natural series of numbers 
1, 2, 3, 4, 5, &c. up to 10001 

Ans. 5=^ xn=^-^^=^Xl000=500600. 

If in the preceding equation, we substitute for z, its valuA 
as given in Art. 426, we have 

2a +(n-l)d 
1. «=-— ^-^o — —Xn. 
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In this, there are four different quantities, the fint term of 
the serieti the tmnmom difference, the number ci terms, and 
the mm of the terms; any three of which being given, the 
fourth may be found. For, by reducing the equation, we 
have, 

ii^dn^JLdn 
8. ass gj- » the first term. 

ie^tati 
5- d=i—j~-—9 the common d^erence. 

4. ^^Viia-dr-jr^-ia+d ^^ ^^^er of terma. 
2d 

Ex. 1. If the first term of an increasing arithmetical series 
is 3, the common difference 2, and the number of terms 20 ; 
what is the sum of the series 1 Ans. 440. 

2. If 100 stones be placed in a straight line, at the dis* 
lance of a yard fir<»n each other; how far must a person tra- 
vel, to bring them one by one to a box placed at the distance 
of a yard from the first stone? Ans. 5 miles and 1300 yards.^ 

3. What is the sum of 150 terms of the series 

12 4 6^7^^ 

3* 3* * 3* 3* * 8* •" -^^* *'"''*• 

4 If the sum of an arithmetical series is 1465, the least 
term 5, and the number of terms 30 ; what is the common 
difference] Ans. 3. 

5. If the sum of an arithmetical series is 667, the first 
term 7, and the common difference 2; what is the number 
of terms? Ans. 21. 

6. What is the sum of 32 terms of the series 

1, li, 2, 2J, 3, &C.1 Ans. 280. 

7. A gentleman bought 47 books, and gave 10 cents for 
the first, 30 cents for the second, 50 cents for the third, &c. 
What did he give for the whole? Ans. 220 dollars, 90 cents 

8. A person put into a charity box, a cent the first day of 
the year, two cents the second day, three cents the third day, 
Ac. to the end of the year. What was the whole sum for 
865 days t Ans. 667 dollars, 95 cents. 
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' 4S0. In the series of odd numbers 1, S, 5, 7, 9, &c. con- 
tinued to any given extent, the last term is always one less 
than twice the number of terms. 

For z^a+{n - l)d. (Art. 4Sd.) But in the piopoted 
series a=l, and dss2. 

The equation, then, becomes £a=14-(n-l) x2s:2n- 1. 

431. In the series of odd numbers, 1, 3, 5, 7, 9, &c. ihM 
swn of the terms i$ always egtwl to the square of the number ^ 
terms. 

For s=i {a+z)n. (Art 429.) 

But here a=l, and by the last article, z=:2n-l. 
The equation, then, becomes s=ii (1-f 2n-l)n=:ii*. 

Thus 1+3=4 ) 

1+3+5=9 \ the square of the number of terms. 
1+3+5+7=16) 

432. If there be two ranks of quantities in arithmetical 
progression, the sums or differences will also be in arithmetical 
progression. 

For by the addition or subtraction of the corresponding 
terms, the ratios axe added or subtracted. (Art 345.) And 
by the nature of progression, all the ratios in the series are 
equoL Therefore eaual ratios being added to, or subtracted 
firom, equal ratios, tne new ratios thence arising will also bo 
equal. 

To and from 3, 6, 9, 12, 16, 18, 21 -v r * 

Add and sub. 2, 4, 6, 8, 10, 12, 14 f , 

whose ratio is 



Sums 6, 10, 15, 20, 25, 30, 35 I "'"^ '*"" " j 5 

Diff 1, 2, 3, 4, 5, 6, 7 ) V 1 

433. If all the terms of an arithmetical progression be mtil- 
I^Kerf or divided by the same quantity, the products or quo- 
tients will be in arithmetical progression. 

For by the multiplication or division of the terms, the ratios 
are multiplied or divided; (Art 344,) that is, equal quantities 
are multiplied or divided by the given quantity. They will 
therefore remain equal. 

I f the series 3, 6, 7, 9,11, &c. be multiplied by 4 ; 

The prods, will be 12, 20, 28, 36, 44, &c. and if this be div. by 2; 
Thequots-willbe 6, 10, 14, 18, 22, &c. 
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. PjroMemi of variong lands, in arH hm g t iffjJ p rogr ew km^ my 
b^ 9olv«d, by stating the cooditaont algehnucaUy, and tben 
reducing ^e equations. 

. Pidk. 1. Find four nnniben in aridttnelieal pregressien, 
whose sum shall be 56, and the sum of tbck iquottsi 964. 

If x=the second of the four numbers^ 
And ysthttf oeawiea di^brnttee: 
The scries will be x-y, «, «+y, «+*y- 

By the conditions, («-y)+*+(*+y)+(*+*»)='* I 
And (x-y)«+«-+(x+y^<f (x+8yf =864 } 

Tbtttii 4«+«y=B:56 } 

And 4««+4ay4%««8f4J 

Reducing these equations, we have xrr 12, and ym4» 
The numberB required, therefore, are 8, 12, 16, and 20. 

Prob. 2. The sum of three numbers in arithmetical pro- 
gression is 9, and Uie aum of their cubes is 153. What are 
Uie nuaab&m 1 Ana. 1, 3, aad 5. 

Prob. S. The sum of three numbers in arithmetical pro* 
gresflion is 15; and the eum of the aquaiBS of the iwo ex- 
tremes is 58. What are tlie nionbersl 

Prob. 4. There are four numbers in aritbmeticol proffrcs- 
pion: the sum of the squares of the two first is $4 ; and the 
sum of the squares of the two last is ISO. What are the 
ipumbersl Ans. 3, 5, 7, and 9. 

Prob. 5. A certain nimiber consists of three digits, which 
are in arithmetical progres^n ; and the numl)er divided by 
the sum of iu digits is equal to 26; but if 198 be added ta 
it, the digits will be inverted. What is the number 1 

Let the digits be equal to x-y, s, and ^4-y, respectively. 
Then the number =xl00(ap-y)+10ap4-(ac+y) = lH«-99y. 

lllx-99]/ ) 

By the conditions, o =26 f 

And Jllar-99y+198=100(a:+y)+10a:+(r-y) ) 

Therefore x=3, y = 1, and the number is 234. 

Prob. 6. The sum of the squares of the extremes of four 
numbers in arithmetical progression is 200 ; and the sum of 
the squares of the means is 136. What are the numbers 1 
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Prob. 7. There are four numbers in arithmetical progres* 
sion, whose sum is 28» and their continual produce 58$. 
What are the numbers 1 



GEOBIETRICAL PROGRESSION. 

434. As arithmetical proportion continued i^arithmetieal 
progression, so geometrical proportion ccmtinued is geom^- 
calprogression. 

The niunbers 64, 32, 16, 8^ 4, are in continued geometri* 
cal proportion. (Art. 372.) 

In this series, if each preceding term be dimded by the 
common ratio, the quotient will be the following term. > 
V=32, and V=16, and 'if =8, and i=4 

If the order of the series be inverted^ the proportion will 
still be preserved ; (Art. 399,) and the common divisor will 
become a multiplier. In the series 

4,8,16,32,64, &c.4x2=8,and8x2=16,aiMil6x2=82,&c» 

435. Quantities then are in qeometbical PRooRSssibN, 

WHEN THET INCREASE BT A COMMON MULTIPUER, OR DE- 
CREASE BT A COMMON DIVISOR. 

The common multiplier or divisor is called the ratio. For 
most p^urposes, however, it will be more simple to consider 
the ratio as always a multiplier^ either integral or fractional. 

In the series 64, 32, 16, 8, 4, the ratio is either 2 a divisor, 
or J a multiplier. 

To investigate the properties of geometrical progression, 
we may take nearly the same course, as in arithmetical pro- 
gression, observing to substitute continual rmibipUeatUm and 
divisian^ instead of addition and subtraction, it is evkl^t, 
in the first place, that, 

436. In an ascending geometrical series, each succeeding 
term is found, by mtdtiplying the ratio into the preceding term. 

If the first term is a, and the ratio r. 

Then axr^ar^ the second term, ar*x»'=a»^, the fourth, 
arxr=ai^9 the third, or*X»'=ar*, the fifth, &c. 

And the series is a, aty ar^f ai*y ar\ ar^f &c. 

437. If the first term and the ratio are the sanUf the pro* 
gression is simply a series of powers. 
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If the iSrst term and the ratio are each eqnal to r, 
Then rx^^i^j ^he second term, r*x»'=»^> the Amrth, 
f*Xr=r», the third, r^xr^f^f the fifth. 

And the series is r, i*, r*, f*, t*, r*, &c. 

438. In a deicet^Hnf series, each suoceeding term is found 
by dividing the prece£ng term by the ratio^ or multiplying 
1^ the fractional ratio. 

If the first term is or*, and the ratio r, 
at* 
the leooDd term is — , or or'Xi; 

And the series is wr^y at^^ «r*, or*, or*^ aty a, &C 

If the first term is a, and the ratio tv 

4 a CI 
. The series is a,^^3> &c. or a, wr\ ar'^, &c. 

t I t 4 S < 

By attending to the series a, oTf ax^^ ai*^ af*, or*, &c. it will 
be seen that, in each term, the exponent of the power of the 
ratk), is one Ubs^ than the number of the term. 

. Ifthenasthe first term, rts the ratio, 

isthelast, nrsthemundier oftenns; 

we have the equation z=:ar^ that is, 

439^. In geometrical progression, tht Uut term ia eqwd io the 
product of the firsts into tnat power of the rath whose index is one 
less than the number of terms. 

When the least term and the ratio are the same^ the equa* 
tion beccHues zz=rr^^=zr^^ See Art. 437. 

. 440. Of the foui; quantities a^ Zy r» and f^ any thret being 
given, the other may be found.* 

1. By the last article, 

af=ar^'=rthe lort term. 

2. Dividing by f^, 

j;;;ri=a=the first term. 

3. Dividing the 1st by a, and extracting the root, 
cr=the raJtih^ 



(r 



♦SeeNotoP. 
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By the last equation may be foupd aiiy number of gecme' 
kicalmean$9 between two given numbers. If iii=: the num- 
ber of means, m-^-Z^znj the whole number of terms, Substi*> 
luting m+2 for n, in the equation, we have 



(t)-=- 



the ratio. 



^ When the ratio is found, the means are obtaiaed by coiw 
tinued multiplicaiion. 

Prob. I. Find two geometrical means between 4 and Z59. 
Ans. The ratio is 4, and the series is 4, 16, 64, 256. 

Prob. 2. Find three geometrical means between i and 9. 

Ans. f, 1, and 3. 
441. The next thing to be attended to^ is the rule for find* 
ing the ^um of dl the terms. 

If any term, in a geometrical series, be multiplied by the 
ratio, the product will be the succeeding term. (Art« 436.) 
Of course, if each of the terms be multiplied by the ratio^ a 
new series will be produced, in which all the terms except 
the last will be the same, as all except the fliBt in the other 
series. To make this |Mn, let the new series be written 
imder the other, in mich a maimer^ that eiach term shall be 
removed one step to the right ci that from which it is pro^ 
duced in the line above. 

Take, for instance, the series 3, 4, 8, 16, 32 

Multiplying each term by the ratio, we have 4, 8, 16, S3> 64 

Here it will be seen at once, that the four last terms in the 
upper line are the same, as the four first in the lower line. 
The only terms which are not in both, are the first of the one 
series, and the last of the other. So that when we subtract 
the one series, firom the other, all the terms except these two 
will disappear, by balancing each other. 

If the given series is a, or, ai*, ar*, . . . • of"-'. 

Then mult, by r, we have or, or*, or*, .... or^""*, m^. 
Now let s=z the sum of the terms. 

Then ^=a-f ar+«r^-f or", . , . .-f-or^-', 

And mult, by r, rs= or+ar'+ar', . . . .+ai^"'*+flr*. 

Subt'gthe first equation firom the second, r»- «=:<»*-.# 
And dividing by (r-1,) (Art. 12U) ssa^^lZfL 
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In this equation, ar^ is the last term in the new senes, and 
is therefore the product of the ratio into the last term in the 
gvijm 9mts. 

Therefore #=!lli*, that is. 

442. The sum of a series in geometrical progression is 
found, by multiplying the last term into the ratio, subtract- 
ing the first term, and dividing thd remainder by the ratio 
leas one. 

Prob. 1. If in a series of numbers in geometrical pro- 

nsion, the first term is 6, the last term 1458, and the ralio 
hat is the sum of all tlie terms 1 

An.. .^-IZf =!Xj!«8z6=2184. 
r- 1 o^ 1 

Prob. 2. If the first term of a decreasing geometrical se- 
ries is i, the ratio 4, and the number of terms 5 ; what is the 
sum of the series 1 

The last term=«'-'=4X (i)*=i^- 

And the sum of the terms=l^lci3LZJsslz 1. 

i-1 162 

Prob. S. Wliat is the sum of the series, 1, B, 9, 27, &c lo 
12 terms? An& 205720. 

Prob. 4. What is the sum of ten terms of the series 1, f^ 

I, ^, &c. An., ^r--. 

443. QuotUttiet in geometrical progression are proportional 
to their differences^ 

Let the series be a, ar, or*, ar^f ar*^ &c. 

By the nature of geometrical progression, 

a: ariiar : air* ::ar^ : ax^iiar^ : ar*y &c. 

In €Ctch couplet let the antecedent be subtracted from the 
consequent, according to Art* 389, 6. 

Then a : ariiar^a : ai^-ariiai/^^aT : at^-^ar^ fifc. 

. That is, the first term is to the second, as the difietence 
l^we^n the first and second, to the diiierence between tho 
second and tliird ; and as the difierence between the second 
and thii^ to the difierenee between the third and fourth^ 9cc 
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Cor. If quantities are in geometrical prc^e88k>n» their il)^ 
ferencei are also in geometrical {nrogression. 

Thus the numbers S, 9, 27, 81, 248, 4tc. 
And their differences 6, 18^ 64, 162, &c. are in geo- 
metrical progression. 

444. Several quanUties are said to be in Aairm<micaljifagre»» 
nofi, when, of any three which are contiguous in the series^ 
the first is to the last, as the difference between the two firsts 
to the difference between the two last. See Art 400. 

Thus the numbers 60, 80, £0, 15, 12, 10, are in hatmonk 
cal progression. 

For60:20::60-S0:80-20,And 20: 12:: 20-16: 16-19. 
AndSO: 16:: 30-20: 20-15,And 16: 10:: 15-12 :12-ia 

Problems in geometrical progression, may be solved, as in 
other parts of algebra, by the reduction of equations. 

Prob. 1. Find three numbers in geometrical progression, 
such that their sum shall be 14, and the sum of their 
squares 84. ^ 

Let the three numbers be x, y, and z. 

By the conditions, xiyixy: z^ or arz=j 

And x+y-f"^- 

And ^^^J^^z 

Reducing these equations, we find the numbers required^ 
to be 2, 4 and 8. 

Prob. 2. There are three nmnbers in geometrical progres- 
sion whose product is 64, and the sum of their cubes is 684. 
What are the numbers 1 

If x be the first term, and y the common ratio ; the series 
will be (P, xy, «y^. 

By the conditions, «X«yXay*> or «y=64, > 

And xM-xy+xy =684. 5 

These equations reduced give x=:2, and y=:2. 
The numbers required, therefore are, 2, 4 and 8. 

Prob, 3. There are tliree numbers in geometrical progres- 
sion : The sum of the first and last is 62, and the square of 
themeanislOO. What are Uie numbers 1 Ans. 2, 10,and50L 

20» 
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Prob. 4 Of ibar numbers in {[eometrieal progressiini, the 
6um of the two first is 15, aad the sum of the two last is 60. 
Wiiat are the numbers 1 

Let the series be x, ay, ay*, rey^ ; and the numbers will be 
found to be 5, 10, 20, and 40. 

Prob. 6. A gentleman diYided 210 dollars among three 
servants, in such a manner, that their portions were in geo- 
metrical progression ; and the first had.90 dollars m<»re than 
che last How much had each 1 

Prob. 6. There are three numbers in ffe<»netrical progres- 
sion, the greatest of which exceeds the least by 15 ; and the 
difierence of the squares of the greatest and me least, is to 
the sum of the squares of all the three numbers as 5 to 7. 
What are the numbers 1 Ans. 6, 10, and 20. 

Prob. 7. There are four numbers in geometrical progres- 
sion, ihe second of which is less than the fourth by 24 ; and 
the sum of the extremes is to the sum of the means, as 7 to 3. 
What are the numbers 1 Ans. 1, 3, 9, 27, 



SECTION XV. 

mFOOTES AND INFOnTESIMALS.* 

Art. 445. THE word inSnite is used in different senses. 
The ambigui^ of the term has been the occasion of much 
perplexity. It has even led to the absurd supposition that 
propositions directly contradictory to each otner, may be 
mathematically demonstrated. Tliese apparent contradic- 
tions are owing to the fact, that what is proved of infinity 

« Loeln^EMayi^ BodcB, Chux 17. Berkeley's Analyst. Pleftioe to Um- 
Iftiirm'i Flozions. Newton's Princuk Snundendn's Algebra, An* ^9^ 
Mansfield*! Esaayi. Emerson's Algebra, Pkob, 75. Bufter. 



Digiti 



zed by Google 



MATHEMATICAL INFINITY. 887 

when understood in one particular manner, is often thought 
to foe true also, when the term has a very different signif^a* 
tion. The two meanings are insensibly shifted, the one for 
the other, so that the proposition which is really demonstra* 
ted, is exchanged for another which is false and absurd. To 
prevent mistakes of this nature, it is important that the dif- 
ferent meanings be carefully distinguished from each other^ 

446. Infinite, in the highest, and perhaps the most proper 
' sense of the word, is that which is so greaty that nothing can be 

added to ity or supposed to be added. 

In this sense, it is frequently used in speaking of moral and 
metaphysical subjects* Thus, by infinite wisdom is meant 
that which will not admit of the least addition. Infinite power 
is that which cannot possibly be increased, even in supposi- 
tion. This meaning of infinity is not appUcable to the ma- 
thematics. That which is the subject of the mathematics is 
Suantity; (Art. 1.) such quantity as may be conceived of by the 
uman mind. But no idea can be formed of a quantity so 
great that nothing can be supposed to be added to it. In this 
sense, an infinite number is inconceivable. We may increase 
a number by continual addition, till we obtain one that shall 
exceed any limits which we please to assign. By this, how- 
ever, we do not arrive at a number to which nothing can be 
added ; but only at one that is beyond any limits which we 
have hitherto set. Farther additions may be made to it with 
the same eage, as those by which it has already been in- 
creased so far. It is therefore not infijiite, in the sense in 
which the term has now been explained. It is absurd to 
speak of the greatest possible number. No number can be 
imagined so great as not to admit of being made greater. 
We must therefore look for another meaning of infinity, be- 
fore we can apply it, with propriety, to the mathematics. 

447. A MATHEMATICAL QUANTITY IS SAID TO BE INFINITE, 
WHEN IT 18 SUPPOSED TO BE INCREASED BEYOND ANY DETER- 
MINATE LIMITS. 

By determinate limits are meant such as can be distinctly 
stated.* In this sense, the natural series of numbers, 1, 2, 3, 4, 
5, &c. may be said to be infinite. For, if any number be men- 
tioned ever so great, another may be supposed still greater. 

The two significations of the word infinite are liable to be 
6<mfounded, l^cause they are in several pointa of view thii 
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nme. The lugher meaning indudes the lower. That which 
IS 80 great as to admit of no addition, must be beyond any 
determinate limits. But the lower does not necessarily imply 
the hiffher. Though number is capable of being increased 
beyond any specified limits ; it will not follow, that a number 
can be found to which no fiirther additions can be made. 
The two infinites agree in this, that according to each, the 
things spoken of are great beyond calculation. But they 
differ wiaely in another respect To the one, nothing can be 
added. To the other, additions can be made at pleasure. 

448. In the mathematical sense of the term, th^e is no 
absurdity in supposing one inJmUe greaier than tmither. 

We may conceive the numbers 2 2 2 2 2 2 2, &c. 

4 4 4 4 4 4 4, &e. 

to be each extended so far as to reach round the globe, or to 
the most distant visible star, or beycmd any greater boundary 
which can be mentioned. But if the two series be equally 
extended, the amount of the one will be ftnce as great as the 
other, though bo^i be infinite. 

So if the series a-f- a'+ 0*+ a*+ a^, &c. 
and 9a+9a*-f 9(i»4-9ct*+9a*, &c. 

be extended together beyond any siMScified limits, one will be 
nine times as great as the other. But it would be absurd to 
suppose one quantity greater than another, if the latter were 
aheiBuiy so great that nothing could be added to it. 

449. An infinite number of terms must not be mistaken for 
an infinite quantity. The terms may be extended beyond 
any given limits, when the amount of the whole is a finite 
quantity, and even a small one. If we take half of a unit ; 
then half of the remainder ; half of the remaining half, &c. 
we shall have the series 

in which each succeeding term is half of the preceding one. 
Let the progression be continued ever so far, the sum of all 
the terms can never exceed a unit. For, by the supposition, 
there is still a remainder equeJ to the last term. And this 
remainder must be added, before the amount of the whole 
can be equal to a unit 

So t+t+i+ A + A 4 ^ *^- ^^^ never exceed & 
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450. Whcn a quantitt is diminished till it becomes 
less than any determinate qoantitf, it is called an 
INFINITESIMAL. 

Thus, ia a series (rf firactions yV» th* iim>t rf^ajf^ &c. a 
unit is first divided into ten parts, then into a hundred, a 
thousand, &c. One of these parts in each succeeding term 
is ten times less than in the preceding. If then the progres- 
sion be continued, a portion of a unit may be obtained less 
than any specified quantity. This is an infinitesimal, and in 
mathematical language, is said to be infinUely small. By this^ 
however, we are not to understand that it cannot be made 
less. The same process that has reduced it below any limit 
which we have yet specified, may be continued, so as to di- 
nunish it still more. And however far the progression may 
be carried, we shall never arrive at a point where we must 
necessarily stop. 

451. In the sense now explained, mathematical quantity 
may be said to heinfinUebf divirible ; that is, it may be sup- 
posed to be 80 divided, that the parU shall be less than any 
determinate quantity, and the wumber of parts greater than 
any given number. 

In the series A, y^ ^TrnD -nmnr> &c. a unit is divided 
into a greater and greater number of parts, till they become 
infinitesimals, and the number of them infinite, that is, such 
a number as exceeds any given number. But this does not 
prove that we can ever arrive at a division in which the parts 
shall be the kast possible or the number of parts the greaUsi 
possible. 

452. One infinitesimal may be fett than anoth^. 

The series, ^ jU> tAt, nmnr, &c. > 

may be carried on together, till the last term m each becomes 
infinitely small ; and yet one of these t^rms will be only kalj 
as great as the other. For the denominators being the same, 
the firactions will be as their numerat<N:s, (Art. ^0, cor. IB,) 
that is, as 6 : 3, or 2 : 1. 

Two quantities may also be divided, each into an infinite 
number of parts, using the term infinite in the mathematical 
sense, and yet the parts of one be more numerous Uian those 
of the other. 

The series A, rinn nnnn nmnr> &c. ) 
And ^, ^TBfT, rmriT) rmnnn ^^« J 
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may both be mfinitdy extended ; and yet a unit in the last 
4ieriea» is divided into four times as many parts as in the first. 
But if^ by an infinite number of parts were meant such a 
number as could not be incrersed, it would be absurd to sup- 
pose the divisioDS of any quantity to be still more numerous.* 

45S. For all practical purposes^ an infinitesimal may be 
considered as absolutely notbmg. As it is less than any de- 
terminate quantity, it is lost even in numerical calculations. 
In algebraic processes, a term is often rejected as of no value, 
because it is infinitely small. 

It is frequently expedient to admit into a calculation, a 
flmnall error, or what is suspected to be an error. It may be 
difilcult either to avoid the objectionable {yart, or to ascertain 
its exact value, or even to determine, without a long and 
tedious process, whether it is really an error or not. But if it 
can be shown to be infinitely small, it is of no account in 
practice, and may be retuned or rejected at pleasure. 

It is impossible to find a decimal which shall be exactly 
equal to the vulgar fraction \. Dividing the numemtor l^ 
the denomtnator, we obtain in the first place A* This n 
nearly equal to f. But M is nearer, fffy^ st31 nearer, fcc. 

The error, in the first instances is At 

For A+i>^A+A=4itx=rf. 

In the same manner it may be shown, that 

the difference between { * ^J fs^Xll. &e. 

If the decimal be supposed to be extended beyond any as- 
signable limit, the difference still remaining will be infinitely 
smalL As this error is less than any given quantity, it n of 
no account, and may be considered in calculaticHi as nothing. 

454. From the preceding example it will be seen, that a 
quantity n^y be continually comtis nearer to another, and 
yet fmer reach it The decunal 0.SS33333, &c. by repeated 
additions on the right, may be made to approximate continu- 
ally to it but can never exactly equal it. A difference will 
always i«main, though it may beccnne infinitely small. 
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When 6ne qnaintity is thus matte to approach oentinually 
to another, without ever passing it ; the taster is called a 
Umk of the former. The fraction § is a limit of the decimal 
Q.666 &c. indefinitely continued. 

455. Though an infinitesimal is of no account of itself, 
yet its effect on other quantities is not always to be disre- 
garded. 

When it is a factor or divisor, it may have an important 
influence, tt is necessary, therefore, to attend to the rela- 
tions which infinites^ infinitesimals, and finite quantities havet 
to each other. As an infinitesimal is less than any assigna- 
ble quantity, as it is next to nothing, and, in practice, may be 
considered as nothing, it is firequently represented by 0. 

An infinite quantity is expressed by the character QD 

456. As an infinite quantity is incomparably greater than 
a finite one, the alteration of the former, by an addition or 
subtraction of the latter, may be disregarded in calculation. 
A single grain of sand is greater in comparison with the 
whole earth, than any finite quantity in comparisoil with one 
which is ii^ite. If therefore infinite and finite quanti- 
ties are connected by the sign 4« or -, the latter may be re- 
jected as of no comparative value. For the same reason, if 
finite quantities and infinitesimals arecoooected by -|* or -» 
the latter may be expunged. 

457. But if an infinite quantity be multiplied by one whteh 
is finite, it will be as many times increased as any other quan- 
tity would, by the same multiplier. 

If the infinite series ^222 2 2 &c. be multiplied by 4 ;. 

The product will be888888&K$. fouf times as great a9 
the multiplicand. See Art. 448. 

458. And if an infinite quantity be divided by a finite quan- 
tity, it will be altered in the same manner as any other quan- 
tity. 

If the infinite series 6 6 6 6 6 6 6 6 A^c. be divided by 2 ; 

The quotient will beS33S33S3 &c. half as great as 
ihe dividend. 

459. If a fivdte quantity be multiplied by an infinitesimal, 
the product will be an infinitesimal ; that is, putting ;r for a 
finite quantity, and for an infinitesimal, (Art. 455. 

zxO^O. 
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If thenHiICi(dier were a wdt^ the product would be eota 
to the multiplicand (Art 90.) If the multiplier is less thaik 
a unit, the product is proporticnally less. If then the roulti* 
plier is v^Bitdy less than a unit, the product must be iufi- 
nitely less than the multiplicand, that is, it must be an infi- 
nitesimal. Or, if an infinitesimal be considered as abso- 
lutely nothing, then the product of z into nothing is nothing. 
(Art 111) 

4^0. On the other hand, if a finite quantity be imdtd by 
an infinitesimal, the quotient will be infinite. 

i=OD, 

^ 

For, the less the divisor, the greater the quotient. If then 
the divisor be in/!ntte(y small, the quotient will be infinitely 
great In other words, an infinitesimal is contained an infi- 
nite number of times in a finite quantity. This may, at first, 
appear paradoxicaL But it is evident, that the quotient miMt 
increase as the divisor is diminished. 

Thus 6-f-3=3, 6-^0.03=3800, 

6^.3=*20, 6^0.003=8000, &c. 

If then the divisor be reduced, so as to become lesi than 
any assignable quantity, the quotient must be grtaler than 
any assignable quantity. 

461. If a finite quantity be divided by an infinite quantity, 
the quotient will be an infinitesimal 

For the greater- the divisor, the less the quotient If then, 
while the dividend is finite, tlie divisor be infinitely great, the 
quotient will be infinitely small. 

It must not be forgotten, that the expressions isnfimiel]j grtat 
and injmtelti smalls are, atl along, to be understood m the 
nuUkematicti sense according to the definitions in Arts. 447, 
and 45a 
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SECTION XVI. 

DIVISION BY COMPOUND DIVISORS, QREiLTEST 
COMMON MEASURE. 

Art. 4(52. IN the section on division, the case in which 
the divisor is a compound quantity was omitted, because tho 
operation in most instances, requires some knowledge of the 
nature of jKHoert; a subject which had not been previoual]^ 
explained. 

Division by a ccnnpound divisor is performed by the foU 
lowing rule, which is substantially the same, as the rule fos 
division in arithmetic ; 

To obtain the first term of the quotient, divide the first 
term of the dividend, by the first term of the divisor ;♦ 

Midtiply the whole divisor, by the term placed in the quo^ 
tient ; subtract the product from a part of the dividend ; and 
to the remainder bring down as many of the following terms, 
as shall be necessary to continue the operation : 

Divide again by the first term of the divisor, and proceed 
as before, tSl all the terms of the dividend are brought down 

Ex. 1. Divide ae'\'bc'\-ad'\'bdy by a-|-6. 

a+b)ac+bc+ad+bd{c+d 

ac-^-bCf the first subtrahend. 



ad+bd 

ad-^bd^ the second subtrahend. 



Here ae^ the first term of the dividend, is divided by a, 
the first term of the divisor, (Art. 116.) which gives c for the 
fiirst term of the quotient. Multiplying the whole divisor by 
this, we have ac-\'bc to be subtracted firom the two first 
terms of the dividend. The two remaining terms are then 
brought down, and the first of them is divided by the first 



* See Note n. 
21 
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tenn of the diviscv as before. This givesil for the second 
term of the quotient. Then muhipiying the divisor by d^ 
we have ad+bd to be subtracted, wnich exhausts the wbde 
dividend without leaving any remainder. 

The rule is founded on this principle, that the product of 
the divisor into the several parts of the quotient, is equal to 
the dividend. (Art. 115.) Now by the operation, the pro- 
duct of the divisor into the first term of the quotient is sub- 
tracted from the dividend ; then the product of the divisor 
kito the 8€cond term of the quotient ; and so on, till the pro* 
duct of the divisor into each term of the quotient, that is, 
the product of the divisor into the whole quotient, (Art. 100.) 
b taken from the dividend. If there is no remainder, it is 
evident that this product is equal to the dividend. If there 
i$ a remainder, the product of the divisor and quotient is equsd 
to the whole of the dividend except the remainder. And this 
remainder is not included in the parts subtracted from the 
dividend, by operating according to the rule. 

463. Before begiiming to divide, it will generally be ex* 
pedient to make some preparation in the arrangement of the 
terms. 

The letter which is in the first term of the divisor^ should 
be in the first term of the dividend also. And the powers of 
this letter should be arranged in order, both in the divisor 
and in the dividend ; the lughest power standing first, the 
next highest next, and so on. 

Ex. 2. Divide 2a'fc+6»+2a6»+a^, by a«+6«+ai. 

Here, if we take c? for the first term of the divisor, the 
other terms should be arranged according to the powers of a^ 
thus, ^ 

a«4.ai-fJ«)a»+2a»6+2afc"+6'(a+A 
tfb+aV'+V 



In these operations, particular care will be necessary m the 
management of negative quantities. Constant attention must 
be paid to the rules for tne signs in subtraction, multiplica- 
tion and division. (Arts. 82, 105, 123.) 
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Ex. S. J3iYii^iax''ia*X''S{fxy'^6a^x+tUB!f''XghySa''y. 

If the terms be arranged according to the powers of a, 
they will stand thus ; 
ta - y)64fx - 3a*acy - 2(fx+axy-^iax - xy{Sa?x - ttr-fx. 



♦ - ta*x+axy 
'~2ifx+axy 



* +2ax'-xy 
+2ax^xy 



464 In multiplication, some of the terms, by balancing 
each other, may be lost in the product (Art 1 10.) These 
may re-cmeor in division, so as to present terms, in the 
course of the process, different from any which are in the 
divid^KL 

Ex.4. 

tf+^x 






Ex.& 



^^tax+i^)f^+4^{(f+2ax+2^ 



+2fi^«-4aV+4aa^ 

♦ +2a^j»-4iw»+4«» 
+2rfaP-4(W»+4*«. 



If the learner will take the trouble to multiply the quo.* 
tient into the divisor, id the two last example^ lie will find, 



Digiti 



zed by Google 



836 ALGEBRA. 

in ike ptftial product^ the sereral leans which appear in the 
process of dividing. But most of them, by balancing each 
other, are lost in the general product. 

Ex. 6. Divide tf+a^+tfb+ab+Sac+Sc, by a+\. 

Quotient. n^-f-^ib^-Sc. 
Ex.7. Divide a-(-6-e-aaE-bj?-{-ca^ by a-(-i-c. 

Quotient. 1 - «. 

Ex a Divided- lSrf«+llfl^a^-8a»»+2a*, by 2fl^-a« 
+05*. Quotient <P - 6ax+2x* 

465. When there is a remamder after all the terms of the 
dividend have been brought down, this may be placed over 
the diviscNT and added to the quotient, as in arithmetic. 

Ex. 9. 



a+h)ae+bC'^ad'\'bd+x{e+i^ 
ac+be 

* ♦ ad+bd 
ad+bd 



a+b 



Ex. 10. 
il - h)ad - ah+bd -. bh+y{ar\^b+JL. 

O — A 

ad^ak 



* bd^bh 
bd^bh 



Ii 18 evident that a+b is the quotient belonring to the 
whole of the dividenu, excepting the remainder y. (Art 662.) 

And -X. is the quotient bebnging to this remainder. (Art. 

U4.) 
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Ex. 11. Divide 6ax+txy ^Sab -iy+Sac+ey+h, by S«+y. 

Quotient. 2a?-H-c+ ^ 

Ex. 12. Divide tfb - Sa^+iab - 6a - 46+22, by 6 - 3. 

Quotient. «?+8a-4+J[2. 
o-S 

Ex. 13. See Art. 283. 
a+4/b)ac+CA/b+a^d+A/bd{c+4/d. 

♦ ♦ OAi/d+A/bd 
ojs/d+js/bd 

Ex. 14. Divide o+Vy+^W+nf* "^y M-V^« 

Quotient l4**'Vy« 

15. Dividea?-Saa;*+3«?«-i]^, by«-a. 

16. Divide 2j/»-. 19y'+26y - 17, by y -8, 

17. Divide ««-l,by«-l. 

18. Divide4«*-'9a?+6a?-.S, by2««+3a?-.l, 

19. Divide (t*+4a«6+36*, by a+26. 

20. Divide a?* - a^«*+2a*a? - a*, by a^ - oasf^o^. 

466. A regular series of quotients is obtained, by dividing 
the difference of the powers of two quantities, by the differ- 
ence of the quantities. Thus, 

(»»-a•)•^(y-a)=y«+ay+a^ 

&c. 

Here it will be seen, that the index of y, in the first term 
of the quotient, is less by 1, than in the dividend ; and that 
it decreases by 1, from the first term to the last but one : 

While the index of a, increases by 1, from the second term 
to the last, where it is less by 1, than in the dividend. 

21* 
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This may b» e^fffMsed in a general focmiila, tluis. 

To demonstrate this, we have only to multiply the quo- 
tient into the divisor. (Art. 110.) 

AU the terms except two, in the partial products, will be 
balanced by each other ; and will leave the general product 
the same as the dividend. 

Mule y*+fly*+ay4.a»y+a* 
Into y -a 

-ay*- ay- ay- a*y^tr 
ProducUy* ♦ * ♦ * -o^ 

Mult jf-'+ajr-^+ay-". . . .4.0^-^+0^-* 
Into y-id 

y+ay— >+ay-*. . . .+a— y+rf—»y 
-ajT""'- ay"'. . . •- a"--y- 0— ^-cT 

Prod.y* * * ♦ ♦ -rf". 

466. b. In the same manner it may be proved, that the dif- 
ference of the powers of two quantities, if the index is an 
even number, is divisible by the sum of the quantities. That 
is, as the double of every number is even ; 

(y»--a*-)^(y+a)=y*-*-ay*-«. ...+a*-«y-a^-». 

And the mm of the powers of two quantities, if the index 
is an odd number, is divisible by the sum of the quantities. 
That is, as 2m-{-l is an odd number ; 

For in each of these cases, the product of the quotient and 
divisor, is equal to the dividend. 
Thus, 

(y'-0-?-(y+«)=»*-^+«y-a^y"+«<V-«". *c. 
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And, 

GREATEST COMMON MEASURE. 

466. c. The Greatest Common Measure of two quantities, 
tnay be found by the following rule ; 

Divide one of the quantities by this other, and the 
preceding divisor bt the last remainder, till nothing 
remains ; the last divisor will be the greatest oommoh 

MEASURE. 

The algebraic letters are here supposed to stand for whole 
numbers. In the demonstration of the rule, the following 
principles must be admitted. 

1. Any quantity measures Usd/, the quotient being 1. 

2. If two quantities are respectively measured by a third, 
their sum or difference is measured by that third quantity. — 
If b and c are each measured by d, it is evident that 64^, 
and J - c are measured by d. Connecting them by the sign+ 
7r -, does not affect their capacity of being measured by dL 

Hence, if 6 is measured by d, then by the preceding pro* 
position, 6+^ ^^ measured by d. 

S. If one quantity is measured by another, any mtdUph 
of the former is measured by the latter. If b is measured 
by li, it is evident that 6-|-(, 36, 4b, nfr, &c. are measured 
by d. 

Now let D=the greater, and ({=:the less of two algebraic 
quantities, whether simple ot compound. And let the pro- 
cess of dividing, according to the rule be as follows : 

r'f' 
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In which o, ^ q^\ are the qwHmUy from the suceessiye 
divisions ; ana r, r^, and o the remamier$. And as the divi- 
dend is equcd to the product of the divisor and quotient added 
to the remainder, 

D=dy+r, and rfsry'+r'. 

Then, as the last divisor r^ measures r the remainder being o, 
it measures (2, and 3,) r^4**^=^ 
and measures dq-^-rzs^D^ 

That is, the last divisor r' is a comnMm measure of the two 
given quantities D and d. 

It is also their freatut common measure. For every com- 
mon measure of i) and d, is also (3, and 2) a measure of 
D^dqzsir ; and every common measure of d and r, is also a 
measure of d^rq^z=r^. But the greaUit measure of r^ is 
iUdf. This, then, is the greatest common measure of D 

The demonstration will be substantially the same, what- 
ever be the number of successive divisions, if the operation 
be continued till the remainder is nothing. 

To find the greatest common measure of three quantities ; 
first find the greatest common measure of two of them, and 
then, the greatest common measure of this and the third 
quantity. If the greatest common measure of D and d be 
f^, the greatest ccnnmon measure of r^ and c, is the. greatest 
common measure of the three quantities D, d^ and c. For 
€very measure of /, is a measure of D and d; therefore the 
greatest commcMi measure of r^ and c, is also the greatest 
common measure of 27, d, and c. 

The rule may be extended to any number of quantities. 

466. d. There is not much occasion for the preceding 
operations, in finding the greatest common measure of 9tm- 
pU algebraic quantities. For this purpose, a glance of the 
eye will generally be sufficient. In the application of the 
rule to compound quantities, it will frequently be expedient 
to reduce the divisor, or enlarge the dividend, in conformitj- 
with the following principle ; 

The greatest, common measure of two quar^Uies is not dbered, 
by multiplying or dimding either of them by any quantity which 
isnot a divisor of the otW, and which contains no factor which 
is a difdsor of the other. 

The common measure of ah and ae is a. If either be 
muUipUcd by d^ the common measure of dbdp and ac^ or of 
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a6 and acd, is still a. On the other hand, if ab and aed are 
the given quantities, the ccmimon measure is a; and if oed 
be divided by d, tiie common measure of db and oc is a. 

Hence in finding the common measure by cUvidon, the 
divisor may often be rendered more simple, by dividing it by 
some quantity, which does not contain a divisor of the divi- 
dend. Or the dividend may be multiplied by a factor, wluch 
does not contain a measure of the divisor. 

Ex. 1. Find the greatest common measure of 
6a^+llax+Sa5*, and 6a«4-7aa: - Sat*. 

6(f+ 7aa:-3a^ 

Dividing by ix)4ax+6a^ 

ia+3x)6(f+7ax - 3«*(8a - r 

-2a«-8«* 



After the first division here, the remainder is divided by 
tXf which reduces it to ia^Sx, The division of the pre« 
ceding divisor by this, leaves no remainder. Therefore 2a-4- 
8sr is the common measure required. 

2. What is the greatest common measure of o^ - l^x, and 
a?+26ar+fc*1 Ans. x+b. 

'3. What is the greatest common measure of ex+s^, and 
««c+o«» 1 Ans. e+x. 

4. What is the greatest common measure of 3a^ - 24x - 9, 
and2a;»-16«-61 Ans, a^-.8ar-3. 

6. What is the greatest common measure of a^ - b\ and 
^-^Vfft . Ans. a«-6*. 

6. What is the greatest common measure of a^- 1, and 
«jf-|-y1 Ans. ap+l» 

7. What IS the greatest c<mmion measure of «*-o^, and 
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8. What if the greatest common measure of 41^-06-^ 2i^, 
andoP-Sofr+tfrM 

9« What is the greatest common measure of a^ - s^, and 
10. What is the greatest common measure of o^ - ai\ and 



SECTION XVII. 

INVOLUTION AND EXPANSION OP BIN0MIAI5 * 

AftT. 467. THE manner in which a binomial, as well as 
any other compound quantity, may be involved by repeated 
multiplications^ has been shown in the section on powers. 
(Art. 213.) But when a high power is required, the opera* 
tion becomes long and tedious. 

This has led mathematicians to seek for some general [»in« 
ciple, by which the involution may be more easily and expe- 
ditiously performed. We are chiefly indebted to Sir Isaac 
Newton for the method which is now in common use. It is 
founded on what is called the JBtnomkri Theorem, the invim- 
tion of which was deemed of such importance to mathemati* 
cfd investigation, that it is engravea on his monmnent in 
Westminster Abbey 

468. If the binomial root be o-f-i, we may obtain, by mtd- 
tiplication, the following powers. (Art. 213.) 



* Simpson's Algebra, Sec 1 5. Simpson's Fluxions, Art 99. Euler's Alg^ 
ora, Sec 8. Chap. 10. Manning*8 Aleebra. Saunderson's Algebra, Art. 
SSa Vinoe's Pliudons, Art 33. Warme's Med. Anal. p. 415. Lacroix'a 
Algebra, Art. 135. Do. Comp. Art 70. Lond. PhiL Trans. 1795, 1816^ awt 
1817. Woodhouse's AnalyUcal Calculation. 
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(a+6)*=o«4-4a't4-6rf'6*+4o6»+6« 
(a+fc)»=a»+5a*6+10a'6»+10o'6'+5a6*+6», &c. 

By attending to this series of powers, we shall find, that 
the exponentt preserve an invariable order through the whole. 
Tliis will be very obvious, if we take the exponents by them- 
selves, unconnected with the letters to whicn they belong. 

In the square, the exponents j ^J J *[^ J» }' J 

In the cube, the exponents j «f J JJ^ J' f; »' J 

In the 4th power, the exponents jjjj^: J f J; J; J 

&c. 

Here it will be seen at once, that the exponents of a in the 
first term, and of 6 in the lastj are each equal to the index of 
the power ; and that the sum of the exponents of the two let- 
ters is iu every term the same. Thus in the fourth power, 

C in the first term, is 4+0=4 
The sum of the exponents < in the second, S-fl =4 

( in the third, i'\'2=:4fSic. 

It is farther to be observed, that the exponents of a regu- 
larly decrease to 0, and that the exponents of b increase from 
0. That this will universally be the case, to whatever ex- 
tent the involution may be carried, will be evident, if we con- 
sider, that in raising from any power to the next, each term 
is multiplied both by a and by b. 

Thus (a-|-6)'=a*+2ai+fc« 

Mult, by a+b 

— — - [of a in each term* 

a*-|.2fi^fr-f a&*. Here 1 is added to the exp. 

a'6+2ai*+6'. Here 1 is added to the 

[exp. of 6 in each term. 

If the exponents, before the multiplication, increase and 
decrease by 1, and if the multiplication adds 1 to each, it is 
evident they must still increase and decrease in the some 
manner as before. 
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469. If then a-)-6 be raised to a power wlioia exponent it«v 
The exp's of a will be n, n- 1, n* S, • • • • 2, 1, 0; 
And the exp's of b will be 0, 1, 8, • . . • n^^- 2» f»<- 1, a. 

The terms in which a power is expressed, consist of the 
letters with their exponet^j and the co^ffidtnte. Setting aside 
the co-eflkients for the present, we can determine, frcnn the 
precedinfl^ observations, the letters and eiqxments of any 
power whatever. 

Thus the eighth power of o-f-fr* when written without the 
co-eflScients, is 

rf + a'6 + a*i« + a*fc» + tf*i* + a*y + a»i*+o6'+fc*. 

And the nth power of a-f-i is*. 

a--f a— *6+a"-»6V . . . a»6"-»+ a6"-> +i". 

470. The mrnihet of terms is greater by 1, than the index 
of the power. For if the index of the power is n, a has, in 
different terms, every index from n down to I ; and there is 
one additional term which contains only (. Thus, 

The square has 3 terms, The 4th power, 5, 
The cube 4, The 5ib power,. 6^ &e^ 

471. The next step is to find the co-ejpdentls^ Thia^part 
Of the subject is more complicated. 

In the series of powers at the beginning of Art. 468, the 
eo-efficients, taken separate from the letters are as follows ; 
In the square, 1, 2, 1, whose sum is 4s=2* 

In the cube, 1, 3, 3, 1, 8=2» 

In the 4th power, 1, 4, 6, 4, 1, 16=2* 

In the 5th power, 1, 6, 10, 10, 6, 1, 32=2*. 

The order which these co-efficients observe is not obvious» 
like that of the exponents, upon a bare inspection. But they 
will be found on examination to be all subject to the follow- 
ing law ; 

472. The co-efficient of the first term is 1 ; that of the 
second is equal to the index of the power ; and universally, 
if the co-efficient of any term, be multiplied by the index of 
the leading quantity in that term, and divided by the index of 
the following quantity increased by 1, it will give the co* 
efficient of U^ succeeding term.'* 

♦ See NoU T. 
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Of the two letters in a term, the first is called the leading 
quantity, and the otlier the following quantity. In the ex 
amples whieh have been given in this section, a is the 
leading quantity, and b the following quantity., 

It may frequently be convenient to represent the co-effi- 
cients in the several terms, by the capital letters, #4, B^ C, &c. 

The ntli power of a+ij without the co-eflScients, is 
a-4.a-'64.a"-V+a— W+a"-*6S &c. (Art. 469.) 
And the co-efficients are, 
•/9 sssfi^ the co-efficient of the second term ; 

B =nx^^> of the third term ; 

2 

C=nx^^x5^ of the/mrffcterm; 
2 3 

I>=»X— X— X?^ of thejJy/Aterm; &c. 
2 3 4 

The regular manner in which these co-efficients are d« 
rived one from another, will be readily perceived. 

473. By recurring to the numbers in Art. 471, it will be 
seen, that the co-efficients first increase^ and then decreaee, «t 
the same rate ; so that they are equal, in the first tenn and 
the last, in the second and last but one, in the third and last 
but two ; and universally, in any two terms equally distant 
from the extremes. The reason of this is, that (a-f-6)" is the 
same as (fr+a)" ; and if the order of the terms in the Uno- 
mial root be changed, the whole series of terms in the oower 
will j)e inverted. 

It is sufficient, then, to find the co-efficients of half the 
terms. These repeated will serve for the whole. 

474. In any power of (a-^69) the sum of the co-efikients 
-is equal to the number 2 raised to that power. See the list 
of co-efficients in Art. 471. .The reason of this is, that, ac- 
cording to the rules of multiplication, when any quantity is 
involved, the letters are multiplied into each other, and the 
co^efficients into each other. Now the co-efficients of a+k 
being 1-|-I=ss2,*if these be invdved, a series of the powerv 
of 2 will be produced. 

476. The principles which have now been explained may 
mostly be comprised in the following general theorem, called 
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THE BINOMIAL THEOREM. 

The index or the LEAoiifo quantitt of the power 
of ▲ binomiil, beoins in the first term with the ik- 
dex of the power, and decreases regularly bt 1. 
The index of the following quantity begins with 1 
in the second term and increases regularly by 1. 
(Art 468.) 

The CO-EFFICIENT of the first term is 1 ; that 
of the second is equal to the index of the power ; 
and universally, if the co-efficient of any term be 
multiplied by the index of the leading quantity in 
that term, and divided by the index of the follow* 
ing quantity increased by 1, it will give the co-ev* 

nCIENT OF THE SUCCEEDING TERM. (Axt. 472.) 

In algebraic characters, the theorem is 

2 
It is here supposed, that the fetnifof the binomial have rio 
-other co-efficients or exponents than 1 . Otlier binomiab may 
%e reduced to this form by substitution. 

Ex. 1, What is the 6th power of s+y f 

The terms without the co-efficients, are 
«*f «Vf «y« «y , «^«, a^f", y«. 
And the coefficients, are 

, ^ 6x6 15x4 »OxS fi I 

that is I, 6, 16, SO, 15, 6, 1. 

Prefixing these to the several terms, we have the power 
enquired; 

«*+6A+J«aY+«oay+i5ay+e«y'+»*. 

S. What is the nth power of t+y ^ 

Ans. t-+^i— *y+JBi— y+Ci-y+D6-y, &c 

That is, supplying the co-efficients which tie here reprt- 
tented by ^ -B, C, &c. (Art. 472.) 

}r+nxtr^ "y+^x—l xi-y, Ac. 
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4. What is the 5tli power of a?+ V ' 
Substituting a for rr', and b for 3j^, we have 

(a+by=za'+5a^b+l0a^V+l0a*b'+5ab'+b% 

And restoring the values of a and 6, 

5. What is the sixth power of (3ap+2y) 1 

Ans. 

729a;*+2916j:^4.4860aY+4320ai^'+216Qay+576«y» 
+64y«. 

476. A rei^uol quantity may be involved in the some 
manner, without any variation, except in the 9^ni. By re^ 
paated multiplications, as in Art 213, we obtam the foUow*- 
mg powers of (a - b. ) 

(a-6)«=:o»-2(ii+R 

(a-6)^=a?-3a«6+3o6»- bK 

(a - 6)*=(i* - 4a'6+6aV - 4ai»+tS &c. 

By comparing these with the like powers of (<H-i) in Art 
468, it will be seen, that there is no difference except in the 
Hens. There, all the terms are positive. Here, the terms 
which contain the odd powers of 6 are negative* See Art 
J18. 

The sixth power of (ar-jf) is 

«•- es/'y+uxY - 2o«y +i5«y - eay^+j^. 

The nth power of (a - o) is 
or - waa"-'6+JBa"-'»6^- Ca^'-n*, &c, 

477. When one of the terms of a binomial is a tmlf, it is 
generally omitted in the power, except in the first or last 
term ; because every power of 1 is 1, (Art. 209.) and this 
when it is a factor, has no effect upon the quantity with 
which it is connected. (Art. 90.) 

Thus the cube of (a?-f 1) is a?+3a?Xl+3a?xl*+l% 
Which is the same as aE'-4-3:c'-|-3:r-|-l. 

The insertion of the powers of 1 is of no use, unless it 
be tot preserve the expment^ of both the leading and the foU 
lowing quantity in each term, for the purpose of finding the* 
coefficients. But this will be unnecessary, if we bear m 
mind, that the sum of the two exponents, in each teru^.if . 
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equal to the index of the power. (Art. 468.) So that, if we 
have the exponent of the leading quantity, we may know 
that of iht foUawmg quantity, and v. v. 
Ex. 1. The sixth power of (1 -y) is 

1 -6y+16y*-2(y+16y*-6y»+y*. 

478. From the comparatively simple manner in which the 
power is expressed, when the first term of the root is a unit, 
IS suggested the expediency of reducing other binomials to 
this form. 

Thequotientof (a-|-9)dividedbyaisn4-f|. Thismul 
tiplied into the divisor, is equal to the dividend ; that is^ 
(a+«)=ax(l+-) therefore ((i+«)-=rf'x (l+^*. 

By expandmg the factor (l+H » ^^ bave 

(«+,)-=rf'x(l+?)"=*'x(l+^+^+<^,) &c. 

479. When the index of the power to which any binomial 
is to be raised is a posUwe whok number^ the series will temA- 
note. The number of terms will be limited, as in all the 
preceding examples. 

For, as the index of the leading Quantity continually de- 
creases by one, it must, in the end, oecome 0, and then the 
series will break off. 

Thus the 5th term of the fourth power of a+x is o^, or 
^x\ (f being commonly omitted, because it is equal to 1. 
(Art. 207.) If we attempt to continue the series farther, the 
co-efficient of the next term, according to the rule, will be 

\2S!l:=zO. (Art 112.) And as the co-efficients of all sue* 

5 
ceeding terms must depend on this, they will also be 0. 

480. If the index of the proposed power is negoltve, thk 
can never become 0, by the successive subtractions of a unit. 
The series will, therefore, neter terminate; but like many de- 
cimal fractions, may be continued to any extent that is de- 
sired. 
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Ex. Expand into a series --=(a4-y)""*. 

The terms without the co-efficients, are 
a'\ a"^, a-y, a-y, a^y, &c. 

The co-efficient of the 2d term is - 2, of the 4th'^^" =s-4 

S 

Of the third,:ii?lz5=+3,of the «th zi^^==.f 5, 
2 .4 

The series then is 

a-«-2a-«y+*«"y-4«""y+5«"y» &c. 

Here the law of the progression is apparent ; the co-effl- 
cients increase regularly by 1» and their signs are alternately 
positive and negative. 

481. The Binomial Theorem is of great utility, not only 
in raising powers, but particularly in finding the root$ of bino* 
mials. A root may be expressed in the same manner as & 
power, except that the exponent is, in the one case an tnte- 

£er, in the other a Jractum. (Art. 245.) Thus (a+i)* may 
e either a power or a root. It k/H power if. n=2c but a root 



482. If a root be erpanaed by^the binomial dieorem, the 
series wil never terminate. A series produced in this way 
terminates, only when the index of the leading quantity be- 
comes equal to 0, so as to destroy the co-efficients of the suc- 
ceeding terms. (Art. 479.) But according to the theorem, 
the difference in the mdex, between one term and the next, 
is always a unit ; and a fractumy though it may change from 
positive to negative, cannot become exactly equal to 0, by 
successive subtractions x)f units. Thus, if the index in the 
first term be |, it will be, 

In the 2d, 1*1 = -I, In the 4th -^f-lsa-l, 
Inthe3d,-|-.l=-.f, IntheSth *i-.lr=-f,&c 

Ex. What is the square root of (a+b) f 
The terms, without the co-efficients, are. 
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The co-efficient of the second term is -f | 

of the Sd, i2<zi= -i, of the 4th, -^X-t_^.^^ 
* 3 

And the series is a*-H«~*ft - ia^6»+ Aa"***. &c- 

When a quantitj is expanded by the Binomial Theorem, 
the law of the series will n-equently be more apparent, if the 
facUmt by which the co-efficients are formed, are kept du- 

1. Expand into a series {a*-\-xy. 
Substituting 6 for a*, we have 

^=|, (Art. 47*.) 

""i^ir i^ 4 Ti 



2.4 8 2.4 6 2.4.6 
n_ 3 -♦_ 8 6 8.5 

2.4.6 4 2.4.6 8 2.4.6.8* 

fiestcrinj^ thra* the value of h, and writing -fat <r*, we have 

a 

2^ Expand into a aeries (l-{-a;)^ 

Ana. 1+f ^ J^,+i^ -H^ &c. 
^t l4^«.4.6 8.4.6.8' 

S. Expand V2f or (1+1)^. 

Ana 1_J_* ^1 ^ ^"^ l_ 8.5.7 fc 

^°^ *+2" lli'TXr 2.4.6.^+U6.i.l3' *"• 
4. Expand (a+t)*, or o * x (l+-)* See Art. 47a 

Ans. a*x(l+iL-_^+_?^-_Jb«*L, &c. \ 
^V^U %,W^TiM 2.4.6.80?' y 
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5. Expand (o+t) ^ or a* X ( 1+-) *• 

a™, -tv/i_i_* «• ,. 2.66» 8.5.€6« . \ 

^* ^l*+s5-s:67'+s:6i?-5:r9.wN 

6. Expand into a series (a - by. 

^\ 4a 4.8aV 4.8.12a' 4.8.12.16a^ / 

7. Expand (a+jr)""^. 8. Expand (1 -ar)*. 

9, Expand (l+ap)""* 10. Expand (a* +3?)""*. 

48S. The binomial theorem may also be applied to quan- 
tities consisting of more than two terms. By substitution, sev- 
eral terras may be reduced to two, and when the compound 
expressions are restored, such of them as have exponents 
may be separately expanded. 

Ex. What is the cube of a+b+c 1 

Substituting h for (t+c,) we have a-^^b+c) =:a+h* 

And by the theorem, {a+hy=i(f+Sa^h+iah*+h\ 

That is, restoring the value of A, 
{a+b+ey^^+Sa'X{b+c)+3ax(h+cyMf^+c)\ 

The two last terms contain powers of (i4*0 t ^^ ^^^^ 
may be separately involved. 

Promiscuous Examples. 

1. WhnX is the 8th power of (a+5) 1 
rii+8a'6+28a•6«+56rf^6*+70a^6*+56(^^ X- 

. «8aV+8a6'+6'. 

2. WhBi is the 7th power of (a- 6) 1 • 

8. Expand into a series , or (1 -a)"* 

1 — a 
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4 Expand -L- or hx (« -*)"'• 

5. Expand into a series («?+6*)** 

6. Expand into a series (o+y)-*. 

^^ rf« rf^ a* tf tf 

7. Expand into a Beries (^+a^) • 

^'><(*+3?"s:6?-hr6:9?'''-) 

a Expand _L= or 4l(«?+a^)"*, 

9. Find the 6th power of (o*4-y*.) 

10. Find the 4th power of (o+6+».) 

11. Expand (aP-»)*. 1«. Expand (1-Jf*) • 
18. Expand (a-*)*. 14. Expand *(aP-y) 
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SECTION XVIII. 

EVOLUTION OF COMPOUND QUANTITIES. 

Art 484. THE roots of compound quantities may be ex- 
tracted by the following general rule : 

Afler arranging the terms according to the powers of one 
of the letters, so that the Highest power shall stand first, the 
next highest next, &c. 

Take the root of the first term, for the first term of the reqwr^ 
ed root : 

Subtract tlie power firom the gken quantiU/, and dmde. the 
first term of the reminder, by the first term of the root involved 
to the next ntferior power, and mtdtiplied by the index of the 
given vower;'\ the quotient loifi be the next term of the root. 

Suotract the power of the terms already found from the given 
quantity, and usin^ the same divisor, proceed as before. 

Tills rule verifies itself. For the root, whenever a new 
term is added to it, is involved, for the purpose of subtract- 
ing its power from the given quantity : and when the power 
is equal to this quantity, it is evident the true root is found. 

Ex. 1. Extract the cube root of 

nf+Srf-Stf*- lla*+6a«+12a-8(a»+a-2. 
0^, the first subtrahend. 



Set*)* Stf, &c. the first remainder. 

(f^Sff'\-Sa*+a\ the 2d subtrahend. 
Srf)* * -CaS &c. the 2d remainder. 
. rf^+Sa»-8a^- lla?»+6(^4-12a-8. 



fBy the givm power is meant a power of the same name with the required 
rooL As powers and roots are correlative, any quantity i« the squart of its 
square root, the cube of its cuIm root, 4u:. 
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Here tf^ the cube root of (f, is taken for the first term of 
the required root The pawer (fla subtracted from the given 
ouantity. For a divisor, the first term of the root is sauared, 
tliat is, raised to the next inferior power, and multiplied by 
9^ the index of the given power. 

By this, the first term of the remainder So^, &c. is divided, 
and the quotient a is added to the root. Then a^+a, the 
part of the root now found, is involved to the cube, for the 
second subtrahend^ which is subtracted from the whole of 
the ^ven quantity. The first term of the remainder -6il*» 
&c IS divided by the divisor used above, and the (quotient - 2 
is added to the root. Lastly the* whole root is mvolved to 
the cube, and the power is found to be exactly eaual to th^ 
gjven quantity. 

It is not necessary to write the remainder at length, as, in 
dnriding, the first term only is wanted. 

2. Extract the fourth root of 



4«F)* 8«>,&c. 



5. What is the 5th root of 

a»+5rf*6+10a^6«+10(^4*+6(*«+6» 1 Ans. 0+6. 

4. What is the cube root of 

a* - 6(fb+ 2ai* - 86M Ans. a-2». 

6* What is the square root of 

4a«- \iab+W+l6ah - 246*+16&'(2a- 36+4A 
4a' 



4a)*-12a6, &c. 

4rf-.12a6+96« 
4tt)^ ♦ ♦+ 16 oA, &c. 

4a*-. l2ab+W+l6ah-'Ubh+l6k\ 
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In 'finding the divisor here, the term 2am the root is not 
involved) because the power next below the squai'e is the 
first power. 

485. But the square root is more commonly extracted by 
the following rule, which is of the same nature as that which 
is used in Anthmetic. 

After arranging the terms according to the powers of one 
of the letters, take the root of the first term, for the first temi 
of the required root, and subtmct the power from the given 
quantity. 

Bring down two other terms for a dividend. Divide by 
double the root already found, and add the quotient, both to 
the root, and to the ddvisor. Multiply the divisor thus in« 
creased, into the term last placed in the root, and subtract 
the product from the dividend. 

Bring down two or three additional terms and proceed as 
before. 

Ex. 1. What is the square root of 
a\ the first subtrahend. 



80+6)* 2a6+6' 

Into bss 2ab-\-Vi the second subtrahend. 



ia+2b+c) * * 2ac+Zbc+(? 

Into c= 2ac4-2frc-f€^9 the third subtrahend. 

Here it will be seen, that the several subtrahends are sue* 
cessively taken from the given quantity, till it is exhausted. 
If then, these subtrahend are together equal to the square 
of the terms placed in the root, the root is truly assigned by 
the nde. 

The first subtrahend is the square of the furst term of the 
root. 

The second subtrahend is the product of the second term 
of the root, into itself, and into twice the preceding t«rm. 

The tturd subtrahend is the product of the third term 
of the root, into itself, and into twice the smn of the two pre* 
ceding terms, &c. 

That is, the, subtrahends are equal to 

a'+{2a+b) xb+{2a+2b+c) Xc, &c. 
and this expression is equal to the square of the root. 
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For (a+hy=:(f+iab+b'^a*+{ta+h)xh. (Art 120.) 
And putting h^a+b^ the equare tf=:a*+(2a+6)x6- 
And (a+6+c)«=(H-c)«=*«+(2'*+0xc; 
that is, restoring the values of h and /i', 

(a+6+c)»=a'+(2a+6) xi+(2a+26+c) xc. 

In the same manner, it may be proved, that, if another 
term be added to the root, the power will be increased, by 
the product of that term into itself, and into twice the sum 
of the preceding terms. 

The demonstration will be substantially the same, if some 
of the terms be negaihe. 

2. What is the square root of 

1 • 46+46«+2y - 46y+y«(l - 26+y 



2 -26)*- 46+46* 
Into- 26= -46+46' 



2-46+y)* * 2y-46y+y 
Into y= 2y-46jf+y*. 

3. What is the square root of 

a* - M+M - 2a»+a« 1 Ans. if - a'+a. 

4. What is the square root of 

i^+4a«6+46« - 4a« - 86+4 1 Ans. i^+26 - 2. 

486. It will frequently facilitate the extraction of root^ 
to consider the indfex as composed of two or more /octort. 

Thus a*=ra*^* (Art. 258.) And a*z^a*^*. That is, 

The fourth root is equal to the square root of the square 
oot; 

The sixth root is equal to the square root of the cube root ; 

The eiglith root is equal to the square root of the fourth 
root, &c. 

To find the sixth root, therefore, we may first extract the 
cube root, and then the square root of this. 
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1 Find the square root of a?* - 4ir'+6«^- 4a:4-l» 

2 Find the cube root of «« - 6ar'+15x* - 20ar»+15«« - 6«+l. 
8 Find the square root of 4a?* -.4ar'+13a;* - 64r-{-9. 

4 Find the fourth root of 

16a* - 96a'a?+216aV- 2l6(ui*+6W. 

5. Find the 6th root of a^+5x^+l0x^+l0a^+5x+l. 

6. Find the sixth root of 

a*-6«'6+l«(<«6*-20aV+16a»6* -6a6*+6^ 

ROOTS OF BINOMIAL SURDS. 

486. b. It is sometimes expedient to express the square 
root of a quantity of the form at^b^ called a binomial or re- 
tsidual surd) by the sum or difference of two other surds. A 
formula for this purpose may be derived from the following 
propositicms; 

1* The square root of a whole number cannot consist of 
two vivrtSf one of which is rational^ and the other a nard. 

If it be possible, let V^'^'+VV) ^ which the part x is 
rational. 

Squaring both sides, a=«*-4-29Vy+y 

And reducing, y/y^ ^'^ ^V , a rational quantity ; 

2x 

which is contrary to the supposition. 

2. In every equation of the form ar-)-\/y=M~V^i ^^^ '^ 
tional parts on each side are tqual^ and also the remaining 
parts. 

If « be not equal to a, let x::^atz. 

Then aiar+Vy = <»+ V*- ^^'^ V* =^+ VV > 

That is, ^b consists of two parts, one of which is rational, 
and the other not ; which, according to the preceding propo- 
sition, is impossible. 

In the same manner it may be shewn, that in the equa* 
tion, X- Vy=^'~ V^> ^1^^ rational parts on each side are 
equal, and also the remaining parts. 

8. If VM- V^=*+ Vy> then V« - \/*=* "" W* 

For, by squaring the first equation, we have 
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And hy the last proposition, 



By subtraction, a-^b ^za^ S^y+y 
By evolution, Va^^b=zx - Vif. 

486. c. To find, now, an expression for the square root of 
i binomial or resi dud sur d. 

Let Va-f\/6= g-fVy 

Then ^a-V'=*~Vy 
Squaring both sides ot each, we have 
a+^/bsst^-^ix^/y+y 
a - V^srop* - SorVy+y 
Adding the two last, and dividing, a=a^+jf 

Multi{dying the two first, ^<i^-6=b««- y 

Adding and subtractings 

a+V?^=2«* Ora?=V 1 

#-y7Z16=8y AndVy=>y5L=^^Zi 

2 

Therefore, as yg-f- y^sar+ yy, and ya-y 6=jr - y^ 

Or, substituting d f<« ^<^-l>, 

Cx. 1. Find the square root of S+2<^2. 
Here o=S, <^=9, ^6=2^2, 6=8, c?-b=9--6=ih 
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2. Find the square root of 11 4-6^2. Ana, 84-^. 

$. Find the square root of 6-2^5. Ans. ^6- 1. 

4. Find the square root of 7-|-4^S. Ans. 2+^8. 

6. Find the square root of 7 - 2^yl0. Ans, ^6 - ^2. 

These results may be verified, in each instance, by multi* 
plying the root into itself, and thus re-producing the binomial 
from which it is derived. 



SECTION XIX. 



INFINITE SERIES. 

Art. 487. IT is frequently the case, that, in attempting to 
extract the root of a quantity, or to divide one quantity by 
another, we find it impossible to assign the quotient or root 
with exactness. But, by continuing the operation, one term 
after another may be added, so as to bring the result nearer 
and nearer to the value required. When the number of 
terms is supposed to be extended beyond any determinate 
limits the expression is called an injmte series. The quantUy, 
however, may be finite, though the number of terms be un« 
limited. 

An infinite series may appear, at first view, much less sim* 
pie than the expression from which it is derived. But the 
former is, frequently, more within the power of calculation 
than the latter. Much of the labor and ingenuity of mathe.* 
maticians has, accordingly, been employed on the subject of 
'series. If it were necessary to find each of the terms hv ac» 
Jtual calculation, the undertaking would be hopeless. But a 
few of the leading terms will, generally, be sufllcient to de^ 
'termine the law of the progression. 
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488. A JraeHon may often oe expanded into an infinite 
eeriesi by mviding the numerator by the denominator. For the 
valtie of a fraction is equal to the quotient of tlie numerator 
divided by the denominator. (Art. 135.) When this quotient 
cannot be expressed, in a limited number of terms, it may be 
represented by an infinite series. 

Ex. To reduce the fraction to an infinite series. 

1-a 

diT'de 1 by 1 - 0, acc<Mrding to the rule in Art. 462. 

l-a)l (I +a+a»+c^, &c 

1-a 



♦ a»,&c. 

By continuing the operation, we obtain the terms 

l-j-o-j-c^-^-o'+ei'+^+^f *C' which are sufficient to 
show that the series, after the first term, consists of the 
powers of a, rising regularly one above another. 

That the series may converge^ that is, come nearer and 
nearer to the exact value of the fraction, it is necessary that 
the first term of the divisor be greater than the second. In 
the example just given, 1 must be greater than a. For at 
each step of the division, there is a remainder; and the quo« 
tient is not complete, tiU this is plsu^d over the divisor and 
annexed. Now the first remainder is a, the second a% the 
third 0*, &c. If a then is greater than 1, the remainder con- 
tinually increases ; which shows, that the farther the division 
is carried, the greater is the quantity, either positive or nega- 
tive, which ought to be added to the quotient The series 
18^ therefore, diverging instead of converging. 

BWs if a be less than 1, the remainders, a, a*, ^, &c. will 
continually decrease. For powers are raised by multiplica- 
tion ; and if the multiplier be less than a unit, the product 
will be less than the multiplicand. (Art. 90.) If a be taken 
equal to I, then by Art 223, 
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and we have 



1-i i 

Here the /u^o first terms =:1+i} which is less than 2, by { 
the three first = 1+}, less than 2, by J 

the four first = I4""ff ^^ss than 2, by i 

So that the farther the series is carried, the nearer it ap» 
proacbes to the value of the given firaction, which is equal 
to 2. 

2. If be expanded, the series will be the same as that 

l+a ^ 

from , except that the terms winch consist of the odd 

1 — o 

powers of a will be negt^ve. 
Sothat-L.=l-.a-H^-a*+a*-a»+a', &c. 

3. Reduce _-^ to an infinite series. 



^-, &c. 
a 

Here h divided by a gives - for the first term of the quo- 

tient. (Art. 124.) This is multiplied into a - 6, and the product 

is h--— ; (Arts. 159, 158.) which subtracted from h teave* 
a 

**• This divided by a gives ^ (Art. 163.) for the second 
a a 

term of the quotient. If the operation be contmued in the 
same manner, we shall obtain tne series, 

h,bh,Vh,b'h,b*h . 

in which the exponents of b and of a increase regularly bj 
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4. Reduce ilt? to an infinite series. 

Ana. 1+2a+2«?+8rf+«a*, &c. 

489. Another method of forming an infinite series is^ &y 
extracting the root of a compound nard. 

Ex. 1. Reduce Va^+** ^ ^^ infinite series, by extracting 
tne square root according to the rule in Art. 485. 






•-** Ac 



Here a the root of the first term, is taken for the firat term 
of the series ; and the power a' is subtracted firom the given 
quantity. The remainder fr* is divided by ia, which gives 

— « for the second term of the root (Art. 124.) The divi- 
sor, with this term added to it, is then multiplied into the 

term, and the product is 6'-|--^. (Arts. 166, 169.) This 

4ir 

subtracted firom V leaves - — . . which divided by 2a gives 
•* 4a*^ 

- ^ for the third term of the root (Art 163.) &c. 
2a 8a» leaf 

4.Vl+i==l+|--fl-f;-?^.«^c. 
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490. A binomial which has a negative or fractional expo- 
nent, may be expanded into an infinite series by the binomidl 
theorem. See Arts. 480, 482, and the examples at the end 
of Sec. xvii. 



INDETERMINATE CO-EFFICIENTS. 

490. b. A fourth method of expanding an algebraic ex- 
pressioni is by asiuming a series, with indeiermnale co^effi* 
denii ; and afterwards finding the value of these co-efficients. 

If the series, to which any algebraic expression is assumed 
tobe equal, be 

^4-J5a:+C«»+Da:»+Ea;*, &c. 

let the equation be reduced to the form in which one of the 
members is 0. (Art. 178.) Then if such values be assigned 
to«^ J7, C, &c. that the co-efficients of the several powers 
of «, as well as the aggregate of the terms into which x does 
not enter, shall be each tqwd to ; it is evident that the ishoU 
wMl be eaual to 0, and that, upon this condition, the equation 
is correctly stated. 

The values of .tf. By C, &c. are determined, by reducing . 
the equations in which they are respectively contained. \ 

Ex. 1. Expand into a series — l!L.. 

c+fc« 

Assume -iL-=^+J?a:+Ca:*+D«»+Ear*, tc. 
c-\'hx 

Then multiplying by the denominator c-\'hxy and trans- 
posing a, we have 

0=(A-a)+(^+J?c)«^-(J56+Cc)a:•+(C^.Dc)«», &c. 

Here it is evident, that if {Ac-^a), (jJfc+JBc), (J56+Cc), 
&c. be made each equal to 0, the several parts of the secoivi 
member of the equation wUl vanish,- (Art 113,) and the 
uhde will be equal to 0, as it ought to be, according to the 
assumption which has been made. 
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Btdocmg the following equatioofl, 



^-a=0. 


we have Ji—% 
c 


Jib+Be=0, 


B *^, 


Bb+Ce=0, 


e 


a+i>c=o, 


D=J.C, 


&C. 


fte. 



That 18, each of the co-efficients, C, Z), and £, is equal to 
the preceding one multiplied into - — We have therefcnre 

2. Expand into a series ., *^lf— ., 

; Assume _±t*i_-=^+5a;+Ca*^-/)a*, &c. 

Then multiplying by the denominator kA the fraction* and 
transposing a-f&x, we have Q—{Ai-eL)-\-{Bi-\-^-h\z 
+(CAfl?A+«^)«*+(-D'^+CM-S«)a'. &c- 

Therefore ^= J C= - *B - ifl; 

da da 

And -±b*i-=§. (5^-^U" f5«+^y> «^<^- 
d+fca:+ca? d W d) W d / 

8. Expand into a series "^" ^ . 
1 -a:-«^ 

Ans. l+Sar+4a;^+7«»+llx*+18:r«+29ai«, &c. 

In which, the co-efficient of each of the powers of «^ is equal 

to the turn of the co-efficients of the two preceding temous. 
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4. Expand iDto a series 



b ^ax 



1 X 

5. Expand into a series "^ 



Ans. l+x+5a^+lSa?+4\x'+\2W+S65a^, &c 
6. Expand into a series 



1 -a?-a:*4-*' 
Ans. \+x+2a^+2a^+Sx*+S3/'+4a*+4x\ &c. 

7. Expand^ 8. Expand j_^. 
^•^^'(f^ 10- Expand^ 

' SUMMATION OF SERIES. 

491. Though an infinite series consists of an unlimited 
number of terms, yet, in many cases, it is not difficult to find 
what is called the mm oftlie terms; that is, a quantity which 
differs less, than by any assignable quantity, from the value 
of the whole. This is also called the limU of the series.^-— 
Thus the decimal 0.33333, &c. may come infinitely near to 
the vulgar fraction |, but never can exceed it, nor, indeed, 
exactly equal it. See Arts. 453, 4. Therefore i is the limit 
. of 0.33333, &c. that is, of the series 

10 I TUO I lOeO I lUUUO I IUUUUU9 **^» 

If the number of terms be supposed infinitely great, the 
difference between their sum and i, will be infinitely small. 



The sum of an infinite series whose terms decrease 
by a common divisor, may be found, by the rule for the sum 
of a series in geometrical progression. (Art. 442.) Accord- 
ing to this, S=z ^^ " ^, that is, the, sum of the series is foimd 

by multiplying the greatest term into the ratio, subtracting 
die least term, and dividing by the ratio less 1. But, in an 
infinite series decreasing, the least term is infinitely small.— 
It may be neglected therefore as of no comparative value. 
(Art. 456.) The formula will then become, 

r-1 r-1 
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£z. 1. What is the siun of tlie infinite series 
•it I . * _ I _ » r » &r t 

If I T BB I IBUD I lUUUO | IDUOBO » ^^' * 

Here the first term is ^y and the ratio is 10 

Then 5=-!l- =l£2iA=:i=i, the answer. 
r-1 10-1 

2. What is the sum of the infinite series 

l+i+i+i+ A+/I+A, &c. 1 

Ans. 5=J!:!«=!21L=2. 
r-1 2-1 

8. What is the sum of the infinite series 

l+i+i+.-S+ A, &c. 1 Ans. f =l+i 

493. There are certain classes of infinite series, whose 
sums may be found by iubtraction. 

By the rules for the reduction and subtraction of firactions^ 

1 l_3-2_ 1 

2"S 2x3 2x3' 

1 l_4-3_ 1 

S"4 3x4 3x4' 

4 6""4x5 4x5' 

If then the fractions on the right be formed into a series, 
they will be equal to the difference of two series formed firom 
the fractions on the left This difference is easily found ; 
for if the first term be taken away from one of these two 
series, it will be equal to the other. 

Suppose we have to find the sum of the infinite series 

From this, let another be derived, by removing the last 
factor from each of the denominators ; and let the sum of 
the new series be represented by iS, 

That is, let 5f=l+l+l-|-l, &c. 

Then -S - 1=14.1+1+^, &c. 

2 S^4^6^6 



And jy subtraction 1= J I — \ I — ? — 1— — , &c. 

' 2 2T^ 8-4^ 4-6^ 6-6' 
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Here the new series is made one side of an equation, and 
directly under it, is written the same series, after the first 
term | is taken away. If the upper one is equal to S, it is 
evident that the lower one must be equal to Sf- }. Then 
subtracting the terms of one equation from those of the 
other, (Ax. 2,) we have the sum of the proposed series 
equal to i. For fif-(5-J)=5f-iSf+J=+. 

2* What is the sum of the infinite series ' 

Here a new series may be formed, as before, by omitting 
the last factor in each denominator. 

Then 5- 1=1+1+1+1+1. &c. 
ABdby ^btraction |=^3+|_+^-+^4^^4^ &C. 

In repeating the new series, in this case, it is necessary to 
omit the two first terms, which are l-f-is}. 

3. What is the sum of the infinite series 

i , 1 , 1 I 1 fcc 1 
2-4-6^4-6 8^6-810^ 81012' ' 
Here a new series may be formed by omitting the last fac- 
tor, and retaining the two first, in each denominator. And 
we shall find 

l__4_,_4_j 4_ , 4^ . 

8 2-4-6"*"4-6-8"'"6-810"*"810i2' * 

Or ^— ^ -j- ^ -L ^ -L ^ Aft. 
32 2-4-6"^4-6-8^6-8-10'^8-10-12' 

4. What is the sum of the infinite series 
* • * • * + * , &C.1 Anfc * 



1-2S ' 23-4 ' S-4-5 ' 4-5-6 
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493. 6. Series whose sums can be determined, may also 
be found by the following method* Assume a decreasing 
series, containing the powers of a variable quantity x, whose 
sum zsS. Multiply both sides of the equation, by a com- 
pound factor, in wiiich x and some constant quantity are con- 
tained ; and give to x such a value, that the compound fac- 
tor shall be equal to 0. If one or more of the first terms be 
then transposed, these will be equal to the sum of the re- 
maining series. 

Ex. 1. Let iS= 1+f +-+-+-+?!, &c 
Multiplying both sides by a? - 1, we have 

• ^ ^1 •2^2-3^3-4 U-5^5-6' 

If we make x^ 1, the first member of the equation becomes 
iSfx(l - 1)==:0. (Art 112.) Then transposini^ - 1 from the 
other side, we have 

l-2^2-3^3-4^4-6^6-6' 

2. Let 5f=nl+?+^-(-?!+^ &o. as before. 
2 3 4 5 

Multiplying by oc* - 1, we have, 

*x(^-i)=-i-|+?iHg+|j4c. 

Making 4r=l, and transposing the two first terms of the 
series, we have 

^% 2 l-3^2-4^3-5^4-6^6-7' 

8. Multiplying iSf=:l+?+-+?^ &c. by 2«*-8ar+l, 
2 3 4 

we have 
^^\^' -r ; 2^1-2-3^»8T^3-4-5* 



And if s be put equal to 1, 
8_ 5_, 6,7,8 
2 l-2-3'^2-3-4'^3-4-5"*"4-5-6 



, &c. 
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• From the two last examples it will be se^d, Umt d^ereui 
geries may have the ionie 9um. 

RECURRING SERIES. 

493. c. When a series is so constituted, that a certaii^ 
number of contiguous terms, taken in any part of the series, 
have a given relation to the term immediately succeeding, 
it is called a recurring series ; as any one of the following 
terms may be found, by recurring to those which precede. 

Thus in the series l4.Sa;+4a;'+7a;^4.11a:*4-18a;*, &c. 

the sum of the co-eiBcients of any two contiguous terms, i^ 
equal to the co-efficient of the following term. If the series 
be expressed by 

ji^B+C+D+E, &c. 

Then •4= 1, the first tenn. 5=3ar, the second, 
C=Bx+da?=z4x^, the third, 
D= Cx+B£'= la?, the fourth, &c. 

That is, each of the terms, after the second, is equal to the 
one ttpmediaUly preceding multiplied by x, -|* the one next 
preceding multiplied by x\ , i 

In the series l-j-2a:4.3ar*+4a:'+5ar*+6a:', &c., 
each term, after tne second, is equal to 2x multiplied by the 
term immediately preceding, -a:* multiplied by the term 
next preceding. The co-efficients of x and a?, that is -f-2 - 1, 
constitute what is called the scale of rehti&n. 

In the series l+4ar-f 6a:*4-ll««+28a;*4. 63a^, &c., 
any three contiguous tenns nave a constant relation to the 
succeeding teim. The scale of reloHon is 2 - l-f-S ; so that 
each term, after the third, is equal to 20? into the tenn iinme« 
diately preceding, - «* into the term next preceding, +34* 
into the third preceding term 

Let any recurring series be expressed by 

d^B+C+D+E+F, &c. 

If the law of progression depends upon two contiguoua 
terms and the scale of relation consists of two parts, m 
andfi, 21 
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Tbm CzsBmM+Auf, the thiid tenB» 
D:=zCmx+Bna^f the fourth^ 
E=Dmx+Cna^, the fifth, 
&c. &c. 

If the law of progression depends on thru contiguous 
terms, and the scale of relation is m-|-n-(.r, 

Then Ds Cmx+Bnsfi+dn^^ the fourth term, 
E=zDmx4' Cnaf^Brx'i the fifth, 
JF'sEni^lMx'-f-Ora:', the sixth, 
&c. &c. 

If the law of progression depends on mort than three term$p 
the succeeding terms are derived from them in a similar 
manner. 

493. d. In any recurring series, the Hale of relation^ if it 
consists of two parts, may be founds by reducing the equa- 
tions expressing the values of two of the terms ; if it ecm- 
sists of three parts, it may be found by reducing the equations 
expressing the values of three terms, &c. As the scale of 
relation is the same, whatever be the value Of xin the series, 
the reduction may be rendered more simple, by making xsz h 

Taking then the fourth and fifth terms, in the first exam« 
fie above, and making xz=, 1, we have 

f =SiliS I ^ ^* ^^^ ^^""^^ of m and n. 

These reduced, (Art, S39,) give 

DC-^B E ^_ CE^bD 

CC-BD CC-BD^ 

X i\^ • iJi B C JD E JP 

mine series^ l+fc4.&5»+7^+9«*+llir», &c. 

Making x=s 1, we have 
7x5-8x9 ^0 n-.^X^-'"-^! 

Therefore, the scale of relation is S -<- 1. 

To know whether the law of progression depends on two^ 
ttree, or more terms ; we may first make trial of two terms ; 
and if the scale of relati<m thus found, does not correspond 
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with the given series, we may try three or more terms. Or 
if We begin with a number of terms greater than is neces« 
sary, one or more of the values found will be 0, and the 
others will constitute the true scale of relation. 

493. e. When the scale of relation of a decreasing recur- 
ring series is known, the mm of the terms may be found. . 

w . C^ J? C D E F 

^^ I a+bx+csl'+db^+ex^+faf', &c. 

be a recurring series, of which the scale of relaticm is m-|-n. 

Then A=z the first term, B:=z the second, 
C=J5x»»a:+«5xna?, the third, 
D= Cxmx+BX'^A the fourth, 
£=DX«M?4-Cx»w*» the fifth, 
&c. &c. 

Here mx is multiplied into every term, except the first and 
the last ; and nx' into every term except the two last If 
the series be infinitely extended, the last terms may be neg- 
lected, as of no comparative value, (Art. 456,) and if ^=s 
the sum of the terms, we have 

Sz=zd+B+ma:X{B+C+D, &c.)+fM?X(*a+Bf C, »€.) 
But S - jJ= JB+ C+ A &c. And 5=^+5+ C, &c. 

Therefore S^Jl+B+mxxiS" ^+1^x^x3. • 
; Eeducing this equation, we have 



1 -nw:- 



nx 



j^ 



Ex. 1. What is the sum of the infinite seiiet 

The scale of relation will be found to be 1+6. 
Then,a=l, jB=6a:, m=l, n=6. 

The aedes therefore S5_li^l-. 
l-«-6«" 

S. What is the sum of the infinite series 

l+S«+4a»+7a»+lU*+18«"+J9a^, kcl 

Ans.-l±«l, 
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S. What is the sura of the infinite seriea 
l4.,+5a»-|.18x»+41*«+121*»H-S66a^, &c. t 

Ans. ^-* 



1 "Sx-Sx 
4. What ia the sum of the infinite series 
l+2»+3a»+4x»^-5a^, &c. t 

An* l+hz^= -J_ 
& What is the sum of the infinite series 



Ajis. 



1+x 



{l-xf 

6. What is the siim of the infinite series 
l+2ar+8«»+28a:«+100«*, &c,t 

Ans. Llf_, 

»#«^t. {ABC D E F 

. If m the senes j ^ j^^^^^^.^^yy^ &e. 

the sgole of relation consists of three parts, m-f-n-f-r. 

Then .4= the first term, B=i the secmid, Cs the diM» 
D=Cxma:+J?x««*+*5X»*ar*, the fourth, 
E^Dxmx+Cxnx^+Bxrsf, the fifth, 
J'=£xwx+Dx««*+Cxr«', the sixth, 
&c. &c. 

Therefore 
S=zA+B+C+mxx{C+D+B &c.)+n««x 

(JB+ C+ JD &c.)+ra:' X {A+B+ C &c.) Tlmt is^ 

S=jI+B+C+mxx(S— fl-I?)+n«'X(5-.^)+f^X^ 
Reducing Uiis equation, we have ' 
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Ex. 1. What is the sum of the infinite series 
14.4a:+6a?'+l W, +28a;*4-63ar*, &c. 
in whica the scale of relation is 2 - 1 +3 1 
Ans. l-fg^+^*-2^ ^ (l+^)^-g^ 

2. What is the sum of the infinite series 

in which the scale of relation is l+l - H 
Ans.^ —. T 

METHOD OP DIFFERENCES. 

493. e. In the Summation of Series, the object of inquiry 
IS not, always, to determine the value of the tchole when in* 
finitely extended ; but frequently, to find the sum of a cer* 
tain number of terms. If the series is an increasing one, the 
sum of all the terms is infinite. But the value of a limited 
number of terms may be accurately determined. And it it 
fi'equently the case, that a part of a decreasing series, may 
be more easily summed than the whole, A moderate num^ 
ber of terms at the commencement of the series, if it eonvef* 
ges rapidly, may be a near approximation to the amount of 
the whole, when indefinitely extended. 

One of the methods of determining the value of a limited 
number of terms, depends on finding the several orders ofdif* 
ferences belonging to the series. The dififerences between 
the terms themselves, are called ihsi first order of differences; 
the differences of these differences, the second order^ &c. In 
the series, 

1, 8, 27, 64, 125, &c. 

by subtracting each term firom the next, we obtain the first 
order of differences 

• 7, 19, 37,61, &c. 

and taking each of these from the next, we have the second 
order, 

12, 18, 24, &c. 

Proceeding in this manner with the series 

0,6, Cy d^e^fy &c. 

we obtain the following ranks of differences, 

a4* 
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M. DifE c - ib+a^ d - 2c+6, e - Sd+c, /- Se+d, &c. 
Sd. Diff. d-Sc+SA-o, e-3Af Sc-.6,/-8«+Sd-c &c. 
4th. Diff. e - 4d+6c - ib+a, /- 4e4.6ii - 4c+6 &c. 
5th. Diff /-5«4-l(W^10c4.56-a, &c. 
&c. &c. 

In these expreasionsy each difference^ here pouite4 off by 
conrunas, though a compound quantity, is callea a tmn^ Tb\i9 
the first term in the first rank is 6 - a ; in the second, c - 26+« » 
in the third, d-So-f-Sfr-o; &c. The first temiSy in the 
several orders, are those which are principally employed, in 
investigating and applying the method of diffiif^M^es. It will 
be seen,. that in the preceding scheme of the successive dif- 
ferences, the co^effidents of the first term, 

In the second rank, are 1, 2, 1 ; 

In the third, 1, 3, 3, 1; 

In the fourth, 1, 4, 6, 4, 1; 

In the fifth, 1, 5, 10, 10, 6, 1; 

Which are the same, as the co-efficients in the jKN0<r« qf ii* 
namiaU. (Art. 471.) Therefore, the co-efficients of the fir9i 
t#im in the nth <»der of differences, (Art. 472,) aare 

498. /. For the purpose of obtaining a general expression 
for any <cm of the series a, 6, c, d, &c. let >, D^ !>'% iy''\ 
&o. represent the first ierm$f in the first, second, third, lourtlit 
&c. orders of differences. 

Then2y=:6-a, 

D'^=c- 264-0, 

D''^^=e-4(i+6c-4ft+o, 
&c. &c. 

Transposing and reducing these, we obtain the following 
expressions for the terms of the original series, a^b^Cf d^ &a 

The second term b^a+iyf 

The third, c=za+iiy+iy^, 

The fourth ir=>ti+iiy+Sjy'+iy'\ 

The fifth, #«a+4Zy+6Ja'^+4Z)'^^+Zy^% 
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Here the co-efficients observe the same law, as in the pow* 
im ^J a binomial; with this difference, that the co-efficients 
of the nth term of the series, are the coefficients of the 
(n- l)th power of a binomial. 

Thus the co-efficients of the fifth term are 1, 4, 6, 4, 1 ; 
which are the same as the co-efficients of" the fourth power 
of a binomial. Substituting, then, n - 1 forn, in the fornmla 
for the co-efficients of an involved binomial, (Art. 472,) and 
applying the co-efficients thus obtained to IX, D'^ D'^\ iy''\ 
&c« as in the preceding equations, we have the following gen- 
eral expression, for the nth term of the series, a, 6, c, a, &c. 

The nth term 

When the differences, after a few of the first orders, become 
O, any term oi the series is easily found. 

Ex. 1. What is the nth term of the series 1, 3, 6, 10, 15, 21 % 
Proposed series 1, 3, 6, 10, l5, 21, &c. 
First order of diff. 2, 3, 4, 5, 6, &c. 
Second do 1, 1, 1, 1, &c. 

Third do. 0, 0, 0, 

Herea=l, 2^=2, iy'=l, D'^'^O. 
Therefore the nth term =l+(n-l)2+n-l^r*. 

The 20th term =l+38-f 171 =210. The 50th=1275. 

2. What is the 20th term of the series 1», 2^ 3', 4», 6', &c. 1 
Proposed series 1, 8, 27, 64, 125, &c. 
First order of diff. 7, 19, $7, 61, &c. 
Second do. 12, 18, 24, &c. 

Third do. 6, 6, &c. 

HereZK=:7, iy'=12, iy''=6. 
Therefore the 20th term =8000. 

S. What is the 12th term of the series 2, 6, 12, 20, SO, &c.1 

Ans. 156. 

4 What isi the I5th term of the series 1%2»,8^4V 6% 6»,&c.1 

Ans. 225. 
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49S. g To obtain an expression for the sum of any munber 
of terms of a series a, 6, c, rf, &c. let one, two, three, &c. terms 
be successively added together, so as to form aneto tertef, 

Taking the differences in this, we have 

1st Diff. a, 6, c, d, f, f^ &c« 
2d DiflF. 6-a,c-6, d-c, f-d,/-e, &c. 
8d Diff. c - 26+a, d - 2c+6, e - 2rf+c, /- 2f +i, &c. 
4th Diff. d - 3c+36 - a, e - 3(i+3c - 6, /- Se+Sd - c, &c. 
&c. &c. 

Here it will be observed that the second rank of differences 
in (he new series, i^ the same as ihefirH rank in the original 
series a, 6, c, d, e, &c. and generally, that the (n4-l)th rank 
in the new series is the same as the nth rank in the original 
series. If, as before, iy=: the first term of the first differen- 
ces in the original series, and d^= the fimt term of the first 
differences in the new series ; 

Then (^=0, (r'=iy, (T'^rzlX', d''''=iy^ &c. 

Taking now the formula (Art. 493./.) 

«+(n-i)jD'+(n-i)!iz!iy'+(„-i)!^x!i^"+&:. 

which is a general expression for the nth term of a series in 
which the first term is a ; applying it to the new series, in 
which the first term is 0, and substituting n-f 1 for 91, we have 

0+nd^+f^^+n^}iX^^df^'+fi^ x'^^x''^d-^^+ 

Orna+n!Ldiy+n!L=ix— iy'+n!illx— X^^^ 
2 2 3 2 3 4 

[&c. 
Which is a general expression for the (n-|-l)th term of the 
series 

0, a, a+t, a+b+Cf a4-6-f ^+^ ^^• 
or the nth term of the series 

Of a+6> a-f-64-^, a+b+c-\-df Sic. 
But the nth term of the latter series, is evidently the stan 
of n terms of the series, a, 6, c, d, &c« Therefore the 
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general expression for the sum of n terms of a series of iohich a 
w the first term^ is 

fm+n!LlIjy+n!L:ilx— i?'^+n!!zix" I^' 

- 2 23 234 

Ex. 1. What is tlie sum of n terms of the series of odd 
nwnbersy 1, 3, 5, 7, 9, &c.1 

Series proposed 1, 3, 5, 7, 9, &c. 

First order of diflf 2, 2, 2, 2, &c. 

Second do. 0, 0, 0, 

Herea=l, 2y=:2, jy'=0. 

n 1 
Therefore the smn of n terms =n+n— -X2=f^. 

2 
That is, the swn of the terms is equal to the square of the 
number of terms. See Art. 431. 

2. What is the sum of n terms of the series 

P, 2«, 3«, 4% 6*, &c. 1 
Herea;=:l, 2^=3, D''=2, 2y'^=0. 

Therefore n terms =:=i(2n»4.3n«4.n) x=in(n+l) x (^n+l). 
Thus the sum of 20 terms =2870. 

3. What is the sum of n terms of the series 

J, 2', 3', 4^ &C.1 
Herea=l, jy=7, D'^=12, Zy''=6, i^^^^sO. 

Therefore n terms =:J(n^4.2n"+n«) = (JnXn+l)". 
Thus the sum of 50 terms =1625625. 

4. What is the sum of n terms of the series 

2, 6, 12, 20, 30, &c. 1 

Ans. Jn(ii-fl)x(n+2.) 

5. What is the sum of 20 terms of the series 

1,3,6, 10, 15, &c.? 

6. What, is the sum of 12 terms of the series 

lS2*,3*,4*,6S&c.?* 



♦Sec Not© U. 
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SECTION XX. 



COMPOSITION AND RESOLUTION OP THE HIGHER 
EQUATIONS. 



Art. 494. EQUATIONS of any degree may be produced 
from iimple equations, by multiplication. The manner in 
which they are compounded will be best understood, by 
taking them in that state in which they are all brought on 
one side by transposition. (Art. 178.) It will also be neces- 
sary to assign, to the same letter, difierent valttes, in the 
difllerent simple equations. 

Suppose, that in one equatkm, szst ) 
Ana, that in another, »=:t ) 

By transposition, x - 2=0 

And a:-S=0 



Multiplying them together, «* - Sx+6=iO 
Next, suppose x - 4=0 

And multiplying, af - 9x*4-26x - 24=0 

Again suppose, x - 5=0 

And mult as before, x"- 14x'+71a;'- 154x+120=0, &c. 
CoUeeting together the product^ we have • 
(x-2)(x-S) =a;*-5x4.6=0 

(x-2)(x-8)(x-4) =a;*-9x'+26x-24=0 
(x-2) (x-S) (x-4) (x-5) =5x*- 14x»+71x»- I54x+120=0 Ac 
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That is, the product 

of two simple equations, is a quairtUie equation ; 
of three sim[de equations, is a cubic equation ; 
of four simple equations, is a biqtMdratiCf or an equa* 
tion of the fourth degree, &c. (Art. SOO.) 

Or a cubic equation may be considered as the product of a 
quadratic and a simple equation; a biquadratic, as the 
product of two quadratic ; or of a cuIhc and a shnple equa- 
tion, &c. 

495. In each case, the exponent of the unknown quantitj, 
in the first term, is equal to the degree of the equation ; and, 
in the succeeding terms, it decreases regularly by 1, like the 
exponent of the leading quantity in the power of a binomial. 
(Art. 468.) 

In a quadratic equaticm, the expcments are 2, 1. 
In a cubic equation, 3, 2, 1. 

In a biquadratic, 4, 3, 2, 1, &c. 

496. The manber of terms, is greater by 1, than the degree 
of the equation, or the number of simple equations from 
which it is produced. For besides the terms which contain 
Ae diflferent powers of the unknown quantity, there is one 
which consists of known quantities only. The equation is 
here supposed to he complete. But if there are in the partial 
products, terms which balance each other, these may di$(^ 
pear in the result. (Art. 110.) 

497. Each of the values of the unknown quantity is eal* 
l6d a root of the equation. 

Thus, in the example above. 

The roots of the quadratic equation are S, 2, 

of the cubic equation 4, S, 2, 

of the biquadratic 5, 4, 3, 2. 

The term root is not to be understood in the same sense 
liere, as in the preceding sections. The root of an equoHon 
is not a quantity which multiplied into itself mil produce the 
equation. It is one of the values of the unknown quantity ; 
and when its sign is changed by transposition, it is a term in 
one of the binomial factors which enter into* the comporitioo 
of the equation of which it is a root. 
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The value of the unknown letter x^ in the equation, is a 
quantity which may be substituted for x^ without affecting 
the equality of the members. In the equations which we 
are now considering, each member is equal to ; and the 
first is the product of several factors. Tliis product will con- 
tinue 10 be equal to 0, as long as any one of its factors is 0. 
(Art. 112.) If then in the equation 

(ar-2)x(*-S)x(*-4)-(«-5)=rO, 
we substitute 2 for x^ in the first factor, we have 
0x(^-3)x(a:-4)-(x^5)=a 

So, if we substitute 3 for a:, in the second factor, or 4 in 
the third, or 5 in the fourth, the whole product will still be 0. 
This will also be the case, when the product is formed by an 
actual multipUcation of the several factors into each other. 

Thus, as a:' - 9a;»+26ar- 24=0 ; (Art. 494. 
So 2^-9x2*4-26x2 -24=0, 
And3'-9x3»+26x3-24=0, &c. 

Either of these values of Xy therefore, will satisfy the con- 
ditions of the equation. i 

498. The number of r^x)ts, then, which belong to an equa* 
tion, is equal to the degree of the equation. 

Thus, a quadratic equation has ttdo roots ; 
a cubic equation, three ; 
a biquadratic, /our, &c. 

Some of these roots, however, may be vmagmwry. For an 
imaginary expression may be one of the factors from which 
the equation is derived. 

499. The resolution of equations, which consists in finding 
their rootSy cannot be well understood, without bringing into 
view a number of principles, derived from the manner in 
which the equations are compounded. The laws by which 
the co-efficierUs are governed, nmy be seen, from the following 
view of the multiplication of the factors 

it — (I, a: — 6, a: — c, X — rf, 

each of which is supposed equal to 0. 

The several co-efficients of the same power of a:, are pla* 
ced under each other. 
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Thus, -(Mc - 5a? is written I ? ( ^ ; and the other co-efB 
cients in the same manner. 

The product, then 

Into {a 



Of («-a)=0 



Is ^Zbs ^+«*==0, a quadratic equation. 
This into rr-CirrO 




x-abcszOy a cubic equation. 



w-\-(ibcdz=zOf a biquadratic* 



500. By attending to these equations, it will be seen that, 

In the^r^f term of each, the co-efficient of a? is 1 : 

In the second term, the co-efficient is the sum of all the 

roots of the equation, with contrary signs. Thus the roote 

of the quadrati**. equation are a and 6, and the co-efficients, 

in the second term, are - a and - 6. 

In the third term, the co-efficient of op, is the sum of all 
the products which can be made, by multipljdng together 
any two of the roots. Thus, in the cubic equation, as the 
roots are a, 6, and c, the co-efficients, in the third term, are 
ei6, acy be. 

In the fourth term the co-efficient of x is the sum of all 
the products which can be made, by multiplying together 
any three of the roots after their signs are changed. Thus 
the roots of the biquadratic equation are a, 6, c, and d, and 
the co-efficients in the fourth term are - a6c, - a6(i, - ac(l, 
-6crf. 

The last term is the product formed from all the roots of 
Uie equation after the signs are changed. 

25 
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lo thf culnc equation, itis-ax^-^X-cs:- abe. 
In the biquadratic, -ax -bx^cX ^dss^abcd^ kc. 

501. In the preceding examples, the roots are all posUwe. 
The signs are changed by transposition, and when the seve- 
ral factors are multiplied together, the terms in the products 
as in the power of a residual quantity, (Art. 476,) are alter- 
nately positive and ne^tive. But if the roots are all nega^^ 
tjve, they become positive by transposition, and aU the terms 
in the int>duct must be positive. Thus if the several values 
of X are -0, - i, -> c, - d, then 

94-a=0, x+b=Oj «+c=:0, s+dssQ; 

and by multiplying these together, we shall obtain the same 
equations as l>efore, except that the signs of all the terms 
will be positive. In other cases, some of the roots may be 
positive, and some of them negative. 

502. As equations are raised, fixmi a lower degree to a 
higher, by multiplication, so they may be dq^ressed, from a 
hi^^er demo to a lower, by dMrion, The product of (x - a) 
into (ar - 6) is a quadratic equation i this into {x - c) is a 
cubic equation ; and this into (a?- {2) is a biquadratic. (Art. 
494.) If we reverse this process, and divide the biquadratic 
by (x-d), the quotient, it is evident, will be a cubic equa* 
tion ; and if we divide this by (x^c) the quotient will be 
quadratic, &c. The divisor is one of the factors from which 
the equation is produced; that is, it is a binomial consisting 
of X and one of the roots with its sign changed. When> 
therefore, we have found either of the roots, we may divide 
by this, connected with the unknown quantity, which will 
reduce the equation to the next inferior degree. 

RESOLUTION OP EQUATIONS. 

503. Various methods have been devised for the resoltOum 
of the higher equations ; but many of them are intricate and 
tedious, and others are applicable to particular cases only. 
The roots of numerical equations may be found, however, 
with sufficient exactness by successive approxmathns. From 
the laws of the co-efficients, as stated in Art. 500, a genera) 
estimate may be formed of the values of the roots. They 
must be such, that, when their signs are changed, their 
product shall be equal to the last term of the equati<Mi, and 
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iheir turn equal to the co-efficient of the $€cani term. A trial 
may then be made, by substituting^ in the place of the un- 
known letter, its supposed value. If this proves to be too 
small or too great, it may be increased or diminished, and 
the trials repeated, till one is found which will nearly satisfy 
the conditions of the equations. After we have discovered or 
assumed two approximate values, and calculated the errors 
which result from them, we may obtain a more exact cor- 
rection of the root, by the following propartum. 

Jh thi differaux ^ the errors^ to the differmce of the memM^ 
numbers; 

So U the least error, to the correction reqmred, in the corres^ 
iNmdtng assumed number. 

This is founded on the supposition, that the errors in the 
esuUs are prq)ortioned to the errors in the cusumed numbers. 

Let JV* and n be the assumed niunbers ; 

S and Sf the errors of these numbers ; 

R and r, the ern»rs in the results. 

Then by the supposition Riri: S :s 

And subt the consequents (Art. 389.) JR-r : <S-f : : r : s. 

But the difference of the assumed numbers is the same, 
as the difference of their errors. If for instance, the true 
number is 10, and the assmned numbers 12 and 15, the er- 
rors are 2 and 5 ; and the difference between 2 and 6 is the 
same as between 12 and 15. Substituting, then, ^^n for 
iS - «, we have R -r : JV*- nitris, which is the propcnrtion 
stated above. 

The term difference is to be understood here, as it is com* 
monly used in algebra, to express the result of subtraction 
according to the general rule. (Art. 82.) In this sense, the 
difference of two numbers, one of which is positive and the 
other negative, is the same as their sum would be, if their 
signs were alike. (Art. 85.) 

The supposition which is made the foundation of the rule 
for finding the true value of the root of an equation, is not 
strictly correct. The errors in the results are not exactly 
propc^lioned to the errors in the assmned numbers^ But 
as a greater error in the assumed number, will generally lead 
to a greater error in the result, than a less one, the rule wiH 
answer the purpose of apjH-oximation* If the value which is 
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flnt found, is not sufficiently correct, this may be taken as one 
of the numbers for a second trial ; and the process may be 
repeated tiU the error is diminished as much as is required. 
There will generally be an advantage in assuming two num^ 
bers whose difference is .1, or .01, or .001, &c. 

Ex. 1. Find the value of a:, in the cubic equation, 

a3-8a?+17a?-10=0. 

Here as the signs of the terms are alternately positive and 
negative, the roots must be all positive ; (Ajt 601.) tJieir 
product must be 10 and their sum 8. 

Let it be supposed that one of them is 5*1 or 5*2. Then, 
substituting these numbers for x, in the given equation, we 
have, 

Bythel8t8uppos^n,(6-l)»-8x(5-l)«+17X(5-lH0=Bl-271. 
By the second (5-2)»-8x(5-2)»+17x(5-2)-10=2-68& 
That is, By the first supposition, By the second supposition. 
The 1st term, a?= 132-651 140608 

The 2d - 8a;*= - 208-08 - 21632 

The 3d 17ar=: 86.7 88-4 

The 4th -10=- 10. - 10- 



Sums or errors, +1-271 +2688 

Subtracting one from the other, 1*271 



Their difference is 1*417 

Then stating the proportion 
1-4 : 01 : : 1*27 : 009, the correction to be sub- 
iracted from the first assumed number 5*1 : The remainder 
« 5*01, which is a near value of x. 

To correct this farther, assume a?=5*01, or 5*02. 
By the first supposition. By the second supposition 
riie 1st term ir«= 125*751 126*506 

The 2d - 8a;»= - 200-8 - 201 -6 

TheSd 17ar= 8517 85*34 

The 4th -10 = - 10* -10. 



Errors + 0*121 + 0*246 

0-121 



Difference 0*126 
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Then 01 26 : 001 : : 01 21 : 001, the correction. This 
subtracted from 5*01, leaves 6 for the value of x; which will 
be found, on trial, to satisfy the conditions of the equation. 

For 5«-8x5»4-17x5-10=0. 

We have thus obtained one of the three roots. To find 
the other two, let the equation be divided by ar-5, acceding 
to Art 462, and it will be depressed to the next inferior de-> 
gree. (Art. 502.) 

ar - 6)a?» - Sar'+lTa: - I0(a^ - Sar+2=0. 
Here, the equation becomes quadratic. 
By traQ^K>sition, a^ -^ Sa? = - 2. 

Completing the square, (Art. 305.) «*~Sflp+"f='t-"8=J* 
Extract, and transp. (Art. 303,) a:=3±\/i=*±i- 
The &-st of these values of ar, is 2, and the other 1. 

We have now found the three roots of the proposed equa- 
tion. When their signs are changed, their sum is - 8, the 
co-efficient of the second term, and their product - 10» the 
last term. 

2. What are the roots of the equation 

x^ - 8a:*+4ar+48=0 1 Ans. - 2,+4,+e. 

3. What are the roots of the equation 

a;3 ^ l6a;*4-65» - 50=0 1 Ans. 1, 5, 10. 

4. What are the roots of the equation 

a3^2a^ - 33a?= 90 1 Ans. 6,-5,-3. 

5. What is a near value of one of the roots of the equation 

a?»4-9a;«+4a:=80? 

6. What is a near value of one of the roots of the equation 

503. b. Another method of approximating to the roots of 
numerical equations, is that of Newton, by successive substi^ 
tuHons. 

Let r be put for a number found by trial to be nearly equal 
to the root required, and let z denote the difference between r 
and the true root x. Then in the given equation, substitute 
r±z for X, and reject the terms which contain the powers of z. 

25* 
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This will reduce the equation to a simpU one. And if z 
be less thnn a unit, its powers will be still less, and therefixe 
the enor occasioned by the rejection of the terms in which 
they are contained, will be c(mi[Muratiyelv smalL If the 
value of 1^ as found by the reduction of me new equaticm, 
be added to or subtracted from r, according as the latter is 
found by trial be too great or too small, the assumed root will 
be once corrected. 

By repMiting the process, and substituting the corrected 
value of r, for its assumed value* we may come nearer and 
nearer to the root required. 

Ex. 1. Find one of the values of x, in the equation 
Lietr-z=x. 

Then? -16«»=-16(r-x)»=-16r«+S2f«-16j« S =60. 
( 6&r= 65(r-«)= 6Sr -6&r 

Rejecting the tenns which contain 2* and a;*, we have 
r» - 1 6r*+6Sr ~ Sr»j+SSrj - 66j=60. 

This reduced gives 

-8r» +32r-66 

MX 

If r be assumed =11, then z=s^^ss0'8 nearly. 

76 

and a:=r-ar nearly =11 -0'8=10'B. 

To obtain a nearer approximation to the root, let the cor- 
rected value of lO'lJ be now substituted for r, in the preceding 
equation, instead of the assumed value 1 !, and we shall have 

z=188 x=r-;r= 10012. 

For a tMrd approximation, let r= 10*012, and we have 
z=-012 «=r-.sr=10. 

2. What is a near value of one of the roots of the equation 
:f+lOa?+5x=:i600'i Ans. U-0067. 

S. What are the roots of the equation 
«»+2a^-ll«=|2l 
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4 What are the roots of the equation 

603.C. An equation of the mtfa degree conaista of af , the 
several inferior powers of x with their co-efficientis, and one 
term in which x is not contained. If .fl, J?, C, . . . . T, be 
put for the several co-efficients, and U kx the last term, 

then «-+.aa:--»+jBar-*+Cjf-» +Tx+U^O, 

will be a general expression for an equation of any degree. 

If ii, by Cj &c. be roots of any equation, that is, such quan- 
tities as may be substituted for x ; (Art. 497.) it may be 
shown, vdthout reference to the method of producing the 
equation by multiplication^ that the first mmbir ii exactb/ 
divisibU fry x^a^ x^b, x-c, &c. 

For by substituting a for or, we have 

a-^-fla'-'+JJa— «4.Ca— ' +ra+J7=0. 

Anc transposing terms, 

U= - a- -•flof— * - BcT'^-- CoT"^ --Ta. 

Substituting this value for 17, in the original equation, 

ar+^a?*-*+jBar-»+Ca:«-> +Tx ) _^ 

.^-^<f-»-5a*-«-Ca— ^.... -Taj " 

Or, uniting the corresponding terms, 

lCtir''''^C<r-^) .... +T(a?-a)=0. 

In this expression, each of the quantities (af-a*), 
(.flaf*""* -^a*"*), &c. is divisible by ar-a ; (Art. 466.) there- 
fore the whole is divisible by « - o. 

In the same manner it may be shown, that the equation is 
divisible by a: - ft, «- c, &c. 

SOS.d. The quoOmt produced by dividing the original 
equation by ar - a, is evidently equal to the aggre^te of the 
particular quotients arising from the division of the several 
quantities {(/T'-ff), (a:"*-*-cr-*), &c. 

The quotient of (aT- cr)'T'{x - o), (Art 466) is 

The quotient of Jl (af""* -a*-')^(a?-a) is 

jJaf-'-f ^ckT-'-f^fl?*— * [-Jkr-* 

&c. Sic 
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Collecting these particular quotients together, and placing 
under each other the co-efficients of the same power of x^ we 
have the following expression for the quotient of 

a^+^ar-»+J?ar-«+C«^-» .... +Tx+U 
divided by a: -o. 









The quotient <tf the same equaticm divided by « - 6, is 



II. 



+C ) H-Cfc— « 



The quotient from dividing hjx-e,i8 

+B > +Bc 
III. +C 



( '^ +Bc-' 



+T. 

In the same manner may be found the quotients produced 
by introducing successively into the divisor the several roots 
of the equation ; which are equal in number to m. 

503.e. From the known relations between the roots and 
the co-efficients of equations, as stated in Art. 600, Newton 
has derived a method of determining the co-efficients, from 
the sum of the roots, the sum of their squares^ the sum of 
their cubeSf &c., though the roots themselves are unknown ; 
and 3n the other hand of determining from the co-efficients, 
the sum of the roots, the sum of their sauares, the sum of 
their cubes, &c. For this purpose, the following plan of no- 
tation is adopted. Si is put for the sum of the roots, S2 for 
the sum of their sqaarts^ S3 for the sum of their cubes^ 4^. 
If the roots are a, 6, c, d, . • . ^ then 
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By means of this notation, we obtain the following expres 
sion for the sum of all the quotients marked I, II, III, &c 
(Art. 503.d.) and continued till their number is equal to tn. 

+mB ) +BS, ( ^ +i?«.-. 
Y +mC ) +Cfif.-, 



+iiir. 



In the original equation, 

sr+Asr-'+Bar-^+Car-^ . . . +Tx+U=zO, 

the co-efficients, .3, B, C, &c» have determinate relations to 
the sum and products of the roots, a, 6, c, &c. (Art. 600.) 
But the quotient marked I, (Art. 603. d.) produced by divid- 
inff by a?- a, is the first member of an equation of the next 
infmor degree^ TArt. 602.) from which the root a is excluded. 
So 6 is excludea from the quotient II, c from the quotient III, 
&c. In the expression above marked F, which is the sum 
of m quotients, the co-efficient of a; in the second term is 
Si -\-niS, But j9, which is the co-efficient of a; in the second 
term of the original equation, is equal to the sum of the 
roots Oy i, c, &c. with contrary signs; (Art. 600.) that is 
iSi = -A Therefore, 

In the third term of the original equation, B the co-effi- 
cient of Xf is equal to the sum of all the products which can 
be made by multiplying together any two of the roots. (Art. 
600.) But each of these products will be excluded from 
two of the quotients, I, II, III, &c. For instance, ab will not 
be found in the first, from which a is excluded, nor in the 
second, from which b is excluded. Therefore in the expres- 
sion F, the co-efficient of x in the third term is equal to 
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mB * Soft - Sac - iad^ fcc. But- Soft, - iae, - Sod, &c. = - 
2B. Bo thai 

Srf ^Si4-mB= (m - U)B. 

Iq the fourth term of the original equation, C the co-effi- 
cient of ir, is equal to the sum of all the products which can 
be made by multiplying together any thru of the roots, after 
their signs are changed But each of these woducts will be 
exclud^ from three of the quotients, I, II, 111, &c. So that, 
in the expression F, the co-efficient of x in the fourth term, 
is equal to mC - Sabc - Sofrd, &c. That is, 

Sr^-*AS^+BS,+mC^ (m - 3) C. 

In the same manner, the values of the co-efficients of x in 
succeeding terms may be found ; the number of the co-effi- 
cients being one less than the number of roots in the equation. 

Collecting these results, we have 

Si+mjJ = (m-I)^, 

Sa+wf Si+m5=: (m - 2)J?, 

Srh^Sr\-BS,+mC^ (m - 8) C, 

S,+ASr^BS^CS^+mD=z(m''4)D, 

&c. fcc. 

Transposing and uniting terms, 

L iSf,4.^=0, 

S.+ASr^-BSi+SC^iO, 

^,4-jJSrf5iSfrfCiSi+4D=0, 
&c. &c. 

Substituting for j9i, S^, 8^ &c. their values, and reducing; 
11. S|=-^, 

S,^'^+SAB'SC, 
S,= ^'-4^B+4AC+2B'^4D, 
&c. ftc. 

We have here obtained synunetrical expressions for the 
sum of the roots of an equation, the sum of their squares^ 
the sum of their cubes, &c. in terms of the co-efficientsu 
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By imnspoeing the tenns m the expressions marked I^ we 
have the following values of Ay B^ C, &c. 

III. •«=-«, 

Z)= - k\C8,+BSXAS^+S,) 

By which the eo-efficieiUs of an equation may be found, 
from the sum of its roots, the sum of their squares, the sum 
of their cubes, &c. 

Ex. 1. Required the sum of the roots, the sum of theii 
squares, and the sum of their cubes, in the equation 

«*- 10«*+S6«»-60ar-24=:0. 

Here ^= - 10. B=86. C=r -60. 

Therefore S,=10 

S,= 10*-(2x36)=S0. 

ig,= 10'+(3x - 10x36) -(Sx -50) = I00. 

S. Required the terms of the biquadratic equation in which 
iSi=l, iSas=S9, S|:±: -89, and the product of all the roots 
after their signs are changed is - 30. 

Ans. «* - «• - 19«»+49«- 80=0.» 

♦ SaeNoteV. 
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SECTION XXL 



APPLICATION OP ALGEBRA TO GEOMETRY.* 

Art. 604. It is often expedient to make use of the alge- 
Draic notation, for expressing the relations of geometrical 
quantities, and to throw the several steps in a demonstration 
into the form of equations. By this, the nature of the reason* 
ing is not altered. It is only translated into a different lan-^ 
guage. Signs are substituted for wordsy but they are intend- 
ed to convey the same meaning. A great part of the de- 
monstrations in Euclid, really consist of a series of equa- 
tions, though they may not be presented to us under the al- 
gebraic forms. Thus the proposition, that the sum of the 
three angles of a triangk i$ equal to two right angles^ (Euc. 32. 
1.) may be demonstrated, either in common language, or by 
means of the signs used in Algebra. 

Let the side ABy of the triangle ABCy (Fig. L) be con- 
tinued to D; let the line BE be parallel to AC; and let 
GHI be a right angle. 

The demonstration, in words, is as follows : 

1. The angle EBD is equal to the angle BACy (Euc. 29. 1.) 

2. The angle CBE is equal to the angle ACB. 

3. Therefore, the angle EBD added to CJBJS, that is, the 

angle CBDy is equal to BAC added to ACB. 

4. If to these equals, we add the angle ABCy the angle CBD 

added to ABCy is equal to BAC added to ACB and 
ABP. 

* This and the following section are to be read q/ter the Elements of 
Geometry. 
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6. But CSD added to ^BC, i« equal to twice ^HI, that is, 
to two right angles. (Euc. 13. 1.) 

6. Therefore, the angles BJlCy and ACB, and JiBCy SiXt to«- 
gether equal to twice GHI^ or two right angles. 

Now by substituting the sign +, for the word added^ or 
andy and the character sr, for the word etmaly we shall have 
the same demonstration in the following form. 

1. By EucUd 29. 1. EBD^BAC 

2. And CBE=^CB 

3. Add the two equations EBD+CBE=:BAC+J1CB 

4. Add •fli?© to both sides CBD+ABC=zBAC+ACB+ 

ABC 
6. But by Euclid 13. 1. CBD+dBCz=2GHI 

6. Make the 4th & 5th equal BAC+ACB+JlBCz=z2GHL 

By comparing, one by one, the steps of these two demon- 
strations, it will be seen, that they are precisely the same, ex- 
cept that they are differently expressed. The algebraic mode 
has often the advantage, not only in being more concise than 
the other, but in exhibiting the order of the quantities more 
distinctly to the eye. Thus, in the fourth and fifth step of 
the preceding example, as the parts to be compared are 
placed one under the other, it is seen, at once, what must be 
the new equation derived from these two. This regular ar- 
rangement is very important, when the demonstration of a 
theorem, or the resolution of a problem, is unusually compli- 
cated. In ordinary language, the numerous relations of the 
Juantities, require a series of explanations to make them un- 
erstood ; while by the algebraic notation, the whole may be 
placed distinctly before us, at a single view. The disposi- 
tion of the men on a chess-board, or the situation of the ob- 
jects in a landscape, may be better comprehended, by a 
glance of the eye, than by the most laboured description in 
words. 

505. It will be observed, that the notation m tne example 
just given, differs, in one respect, from that which is general, 
ly used in algebra. Each quantity is represented, not by a 
eingle letter^ but by several. In common algebra when one 
letter stands immediately before another, as a6, without any- 
character between them, they are to be considered as mvUL 
plied together. 
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But in geometry, AB is an expression for a sinfle Kiie, ani 
not for the jNfoduct of .d into B. Multiplication is denoted, 
either bya p(»nt or by the character X. The product of 
AB faito CA is JiB'CD, or JlBx CD. 

506. There is no impropriety, however, in representing a 
gecnnetrical quantity by a single letter. We may make i 
stand for a line or an angle, as well as for a number. 

I^ in the example above, we put the angle 

EBD=za, ACB^d, ABC=^K 

BAC^h, CBDz=zg, QHIzrzli 

CBE=ic, 

the demonstration w31 stand thus ; 

1. By Euclid, S9. 1. a=zb 

2. And cszd 

S. Adding the two equations, a+c^gszb-^d 

4. Adding h to both sides, g.^hszb+d+h 

5. By EucUd 13. 1. g+h:=ztl 

6. Making the 4th and 5th equal, b+d+h=:iL 

This notation is, apparently, more simple than the other ; 
but it deprives us of wnat is of great importance in geometri- 
cal demonstrations, a continual and easy reference to the 
fiffure. To distinguish the two methods, capUdk are gener* 
auy used, for that which is peculiar to geometry ; and smail 
lettersj for that which is properly al^braic. The latter has 
the advantage in long and complicated processes, but the 
other is often to be preferred, on account of the facility witli 
which the figures are consulted. 

507. If a line, whose length is measured from a given 
point or line, be considered potiHve ; a line proceeding in the 
ajtporiU direction ic to be considered negatwe. If ^B (Fig. 
2.) reckoned from DE on the rigfUf is positive ; AC on the 
kft is negative. 

A line may be conceived to be produced by the -motion of 
a pakU. Sujfqpose a point to move in the direction of ABy 
and to descnbe a line varying in length with the distance of 
the point from A. While the point is moving towards By its 
distance from A will increase. But if it move from B to- 
wards C, its distance from A will dirmnishy till it is reduced 
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to nothing, and then will increase on the opposite tide. As 
that which increases the distance on the right, diminishes it 
on the left, the one is considered positive, and the other nega- 
tive. See Arts. 59, 60. 

Hence, if in the course of a calculation, the algebraic 
value of a line is found to be negative; it must be measured 
in a direction opposite to that which, in the same process, 
has been considered positive. (Art. 197.) 

508. In algebraic calculations, there is frequent occasion 
for multipUcationf dimsioriy involution, &c* But how, it may- 
be asked, can geometrical quantities be multiplied into each 
other? One of the factors, in multiplication, is always to be 
considered as bl number. (Art. 91.) The operation consists in 
repeating the multiplicand as many times as there are units 
in the multiplier. How then can a line^ a surface^ or a solid^ 
become a multiplier 1 

To explain this it will be necessary to observe, that when- 
ever one geometrical quantity is multiplied into another,, 
some particular extent is to be considered the unit. It is imma-^ 
terial what this extent is, provided it remains the same, in 
different parts of the same calculation. It may be an inch,, 
a foot, a rod, or a mile. If an inch is taken for the unit, 
each of the lines to be multiplied, is to be considered as made 
up of so many parts, as it contains inches. The multijdicand 
will then be repeated, as many times, as there are units in 
the multiplier. If, for instance, one of the lines be a foot 
long, and the other half a foot ; the factors will be, one 12 
inches, and the other 6, and the product will be 72 inches. 
Though it would be absurd to say that one line is to be re- 
peated as often as another is long; yet there is no impropriety 
in sa3dng, that one is to be repeated as many times, as there 
are feet or rods in the other. This, the nature of a calcula- 
tion often requires. 

509. If the line which is to be the multiplier, is wily a 
part of the length taken for the unit ; the product is a uke 
part of the multiplicand. (Art. 90.) Thus, if one of the 
factors is 6 inches, and the other half an inch, the product is 
8 inches. 

510. Instead of refemng to the measures in common use^ 
as inches, feet, &c. it is often convenient to fix upon one cA 
the lines in a figure, as tne unit with which to compare all the 
others. When there are a number of lines drawn within 
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and about a circle, the radinu is commonly taken for the unit 
This is particularly the case in trigon(»netrical calculations. 

511. The observations which have been made concerning 
lines, may be applied to turfaces and solids. There may be 
occasion to multiply the area of a figure, by the number of 
inches in some given line. 

But here another difficulty presents itself. The product 
of two lines is often spoken of, as being equal to a surface ; 
and the product of a une and a surface, as equal to a solid. 
Thus the area of a parallelogram is saM to be ecpial to the 
product of its base and height ; and the solid contents of a 
cylinder, are said to be equ^ to the product of its length into 
the area of one of its ends. But if a line has no breadth^ 
how can the multiplication, that is the repetUionj of a line 
produce a surface 1 And if a surfEice has no UddenesSf how 
can a repetition of it produce a solid 1 

If a pajrallelogram, represented on a reduced scale by 
ABCDt (Fig. 3.) be five inches long, and three inches wide ; 
the area or sur&ce is said to be equal to the product of 5 into 
S, that is, to the number of inches in JtB^ multiplied by the 
number in BC But the inches in the lines AB and BC are 
Umot inches, that is, inches in Imgih only; while those 
which compose the surface AC are sviperfuAal or square 
inches, a different species of magnitude. How can one of 
these be converted into the other by multiplicaticHi, a process 
wl^ich consists in repeating quantities, without changing 
their nature % 

512. In answering these inquiries, it must be admitted, 
that measures of length do not belong to the same class of 
maoiitudes with superficial or solid measures ; and that none 
of'ine steps of a calculation can, properly speaking, trans* 
form the one into the other. But, though a line cannot be- 
come a surface or a solid, yet the several measuring units in 
common use are so adapted to each other, that squares, 
cubes, &c, are bounded by lines of the same name. Thus 
(ii0 side of a square inch, is a linear inch ; that oi a Square 
lod, a linear rod, &c. The Un^th of a linear inch is, there- 
fore, the same as the length or breadth of a square inch. 

If then several square inches are placed together as from 
Q to iZ, (Fig. 3.) the number of them in the paraudogram 
Ofi is the same as the number of linear inches in the side 
QB I and if we know the length of this, we have of course 
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the area of the parallelogram, which is here suppoeed to be 
cme inch wide. 

But, if the breadth is several inches, the larger parallelo* 
gram contains as many smaller ones, each an inch wide, as 
there are inches in the whole breadth. Thus, if the paraU 
lelogram ^C (Fi^. 3.) is 5 inches lon^, and 3 inches broad» 
it may be divided into three such paraUelograms as OR. To 
obtain, then, the number of squares in the large paralleIo«. 
gram, we have only to multiply the number of squares in 
one of the small parallelograms, into the number of such 
parallelograms contained in the whole figure. But the num* 
oer of square inches in one of the small parallelograms is 
equal to the number of Unear inches in the length Jli. And 
the number ci small parallelograms, is equal to the number 
of linear inches in the bretidth BC. It is therefore said con- 
cisely, that the area of the parallelogram is equai to tk$ length 
muUiplied into the breadth. 

513. We hence obtain a convenient algebraic expression^ 
for the area of a right-angled parallelogram. If twd of the 
sides perpendicular to each other are AB and JSC, the exprei^ 
edon for tne area is ABxBC ; that is, putting a for the area, 

a:=iJLBxBC. 

It must be understood, however, that when AB i^ands for 
a fine, it contains only Imear measuring units ; but when it 
enters into the expression for the area^ it is supposed to con- 
tain superficial units of the same name. Yet as, in a given 
length, the number of one is equal to that of the other, they 
may be represented by the same letters, without leading to 
error in calculation. 

614. The expression for the area may be derived, by a 
method more simple, but less satisfactcnry perhaps to some, 
from the principles which have been stated concerning vari* 
able quantities^ m the 13th section. Let a (Fig. 4.) represent 
a square inch, foot, rod, or other measuring unit ; and let b 
and I be two of its sides. Also, let A be the area of any 
right-angled parallelogram, B its breadth, and L its length. 
Then it is evident, that, if the breadth of each were the 
same, the areas would be as the lengths ; and, if the length 
of each were the same, the areas would be as the breadths. 

That is, A: a::L:lf when the breadth is given ; 

And JSl:a::B :b, when the length Is given; 

26» 
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Therefore^ (Art 420.) A: aiiBx^ibl, when both vary. 
That is, the area is as the product of the length and bnadik 

516. Hence, in quoting the Elements of EucUd, the term 
product is frequently su&tituted for rectangle. And what- 
ever is there proved concerning the equality of certain rect- 
angles, may be applied to the product of the hnes which 
contain the rectangles.* 

516. The area of an oblique parallelogram is also obtained, 
by multiplying the base into the perpendicular height Thus 
the expression for the area of the parallelogram AB^M(Fig. 
6.) is MJ^X^D or ABxBC. For bv Art. 513, ABxBC 
is the area of the right-angled parallelogram JIBCD ; and 
by EucUd 36, l,t parallelograms upon equal bases, and be- 
tween the same parallels, are equal ; that is, ABCD is equal 
ioABJTM. 

517. The area of a ecnuxre is obtained, by multiplying one 
of the sides wio itself. Thus the expression for the area of 

the square AC, (Pig. 6,) is ISS, that is, 

For the area is eoual to JlBxBC. (Art 613.) 
But JB=:BCf therefore, ABxBCtzABx^B^zIb. 

518. The area of a triangle is equal to hdy the product of 
the base and height. Thus the area of the triangle ABO^ 
(Fig. 7.) is equal to half AB into GjET or its equal J9C, that is, 

a=,\ABxBC. 
For the area of the parallelogram ABCD is JlBxBCy 
(Art. 513.) And by Euc. 41, 1,^ if a parallelogram and a tri« 
angle are upon the same base, and between the same paral- 
lel]^ the trian^e is half the parallelogram. 

159. Hence, an al^braic expression may be obtained for the 
area of any figure vmatever, which is bounded by right lines. 
For every such figure may be divided into triangles. 



♦See Note W. 

t Legendre'8 Geometry, American Edition, Art. 16S. 

I Lciendre, 168. 
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Thus the right-lined figure 

ABODE (Fig. 8,) is composed of the triangles 
JBCy ACEy and BCD. 

The area of the triangle ABC=z\ACxBLy 

That of the triangle ACEJ^ACxEHy 

That of the triangle £CD=i ECxDG. 

The area of the whole figure is, therefore, equal to 
Q^JlCxBL)+{iACxEH)+{iECxDG). 

The explanations in the preceding articles contain the 
first principles of the mensuration of superficies. The object of 
introducing the subject in this place, however, is not to make 
a practical application of it, at present ; but merely to show 
the grounds of the method of representing geometrical quan- 
tities in algebraic language. 

520. The expression for the superficies has here, been de- 
rived from that of a line or lines. It is frequently necessary 
to reverse this order ; to find a side of a figure, from knowing 
its area. 

If the number of square inches in the parallelogiam 
ABCD (Fig. 3.) whose breadth BC is 3 inches, be divided 
by 3 ; the quotient will be a parallelogram JlBtiF^ one inch 
wide, and of the same length with the larger one. But .the 
length of the small parallelogram, is the length of its side 
AB, The number of square inches in one is the same, as 
the number of Imeasr inches in the other. (Art. 512.) If 
therefore, the area of the large parallelogram be represented 

by 0, the side AB=-.^^ that is, the kr^th of a parallelogram 

is found by dwidmg the area by the breadth, 

521. If a be put for the f^ea of a square whose side is JlB^ 

Then by Art. 617 a= Jb' 

And extittcting both sides \/a=iAB. 

That i% the side of the square is founds by extracting the 
square root of the number of measuring units in its area* 

622. If JiB be the base of a triangle and BC its perpen 
diculaJ: height ; 
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Then by Art. 618, a=:{BCx^AB 

And dividing by J JBC, -1- = JlB. 

That is, the base of a triangle i$ foundy by dmdmg the orea 
by half the height. 

523. As a iwface is expressed, by the product of its length 
and breadth ; the contents of a solid may be expressed, by 
the product of its length, breadth and depth. It is necessary 
to bear in nrind, that the measuring unit of solids, is^cube; 
and that the side of a cubic inch, is a square inch ; the side 
of a cubic foot, a square foot, &c. 

Let ABCD (Fig. S.) represent the base of a paraUelo|H- 
ped, 5 inches long, three inches broad, and oftie inch deep. 
It is evident there must be as many eubk mehes in the sdid^ 
as there are square inches in its base. Ajid, as the product of 
the lines AB and BC gives the area of this base, it gives, of 
course, the contents of the solid. But suppose that the depth 
of the parallelopiped, instead of being one mch, is four inches. 
Its contents must be four times as great. li^ then, the 
length be •/9J9, the breadth J?C, and the depth COy the ex- 
pression for the solid contents Will be, 

^BxBCxCO. 

524. By means of the algebraic notation, a geometrical 
demonstration may often be rendered much more simple and 
concise, than in ordinary language. The proposition, (Euc 
4. 2.) that when a straight line is divided into two parts, the 
square of the whole line is equal to the squares of the two 
parts, together with twice the product of the parts, is demon- 
strated, by involving a binomial. 

Let the side of a square be represented by * ; 
And let it be divided into two parts, a and 6. 
By the supposition, ss=a-\*b 

And squaring both sides, «'=a"+2a6+6*. 

That is, ^ the square of the whole Une, is equal to (f and 
b\ the squares of the two parts, together vsrith Soft, twice the 
product of the parts. 

525. The algebraic notation may also be appUdd, with 

Sreat advantage, to the solution of geometrical problems. In 
oing this, it will be necessary, in the first pleu;e, to raise an 
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algebraic equation, from the geometrical rdations of the 
cj^uantities given and required ; and then by the usual reduc- 
tions, to find the value of the unknown quantity in this equa- 
tion. See Art. 192. 

Prob. 1. Given the bastj and the sum of the hypothenuse 
and perpendicular, of the right angled triangle, AjBCy (Fig. 
9.) to find the perpendicular. 

Let the base AB^h 

The perpendicular BC=zx 

The sum of hyp. and perp. x+JlCz:za 
* Then traasposing x, AC^a-^ x 

1. By EucUd 47. 1,» BC+IB^JQ 

S. That is, by the notation, a*4.6'=(a-x)"s=:a"-Saa?4-^ 

Here we have a common algebraic equation^ containing 
only one unknown quantity. The reduction of this equa- 
tion ii^ the tisual manner, will give 

x= " 3=BC, the side required. 

The solution, in letters, will be the same for any right 
angled triangle whatever, and may be expressed in a gene- 
ral theorem, thus ;^ In a right angled triangle^ ibs perpendi- 
cular is equal to the square of the sum of the h)rpothenuse 
and perpendicular, diminished by the square of the base, and 
divided by twice the sum of the hypothenuse and perpendi- 
cular.' 

It is applied to particular cases by substituting ntfm&er9, for 
the letters a and 6. Thus if the base is 8 feet, and the sum 
of the hypothenuse and perpendicular 16, the expression 

^7" becomes " .=s6y the perpendicular ; and this sub- 
• 2a . Sxlo 

tracted from 16, the sum of the hypothenuse and perpendi- 
cular, leaves 10, the length of the hypothenuse, 

Prob. 2. Given the base and the difference of the hjrpothe- 
nuse and perpendicular, of a right angled triangle, to find the 
perpendicular. 

♦Leffendye, 186. 
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Let the base AB (Fig. 10.)=:fc=: 

The perpendicular, BC^x 

The given difference, = 

Then will the hypothenuse AC\ 

Then 



= d=:10. ( 



L By Euclid 47, 1, AC =zAB+BC 

2. That is, by the notation, {x+d)*=V+^ 
S. Expanding {x+d)\ «'+2dc+iP=6»+a!» 

4. Therefore «=*!lz'=15. 

Prob. 3. If the hypothenuse of a right angled triangle is 
80 feet, and the difference of the other two sides 6 feet, what 
is the length of the base 1 Ans. 24 fee* 

Prob. 4. If the hypothenuse of a right angled triangle is 
60 rods, and the base is to the perpenmcular as 4 to 3, what 
is the length of the perpendicmar 1 Ans. 30. 

Prob 5. Having theperimeter and the diagonal of a par 
allelogram JlBCD^ {Fig. 11.) to find the sides. 

Let the diagonal AC^h^ 10 

The side ABziz^ 

Half the perimeter -BC+«4B=jBC+«= 
Then by transposing ar, BC^ 

By EucUd 47. 1, IB+BC ^^Jc 

That is, ««4-(6 -«)•=*• 

Therefore a;=i 6±Vi6«+iA*-J6^=8, 

Here the side JIB is found ; and the side BC is equal to 
i-:p=14-8=6. 

Prob. 6. The area of a right angled triangle ABC (Pig. 
• 12,) being given, and the sides of a parallelogram inscribed 
in it, to find the side BC. 



?=&:;= 10 > 
f=« ( 

P=:6=14 ( 

C^h-x) 



Let the given area =0, DEz=BF=:b 

EB::^DF==d, BC 

Then by the figure, CF^BC - BF. 



=6 ) 
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1. By mmilar triangles, CF : DF: : BC : JiB 

2. That is x-6: d::x:AB 

5, Therefore, dx={x'rb)xJlB 

4. By Art 618, a=:ABxiBC:=:JiBxk* 

6. Dividmgbyia?, —=zJlB 

X 

6. Therefore dx=(«-6) X— =2o-?fi 

X X 



7. And > *=?+. A^M=Ba 

Prob. 7. The three sides of a right angled triangle, .liBCy 
(Fig. 13.) being given, to find the segments made by a per- 
pendicular, drawn from the right angle to the hypothenuse. 

The perpendicular will divide the original triangle, into 
two right angled triangles, BCD and ABD. (Euc. 8 6.)* 

1, By Euc. 47. 1, BD*+ CD =5C 

S, By the figure, CD= j3C- AD 

8. Squar, both rides, CD= {AC - AD)» 

4. Therefore, BD+(wlC- AD)=5C 

5. Expanding, BD4^-2wJC.AD4.AD=5C 

6. Transposing, BD=BC-5C+2wJC.AD-ID' 

7. By Euc. 47. 1. FD=ZB- AD 

8. Mak. 6th & 7th eq. BC-^JOj^ZAC.AD^lIB 

9. Therefore AD=^^:^ 

2AC 

The unknown lines, to distinguish them from those which 
are known, are here expressed by Roman letters. 

Prob. 8. Having the area of a parallelogram DEF6 (Pig. 
14,) inscribed in a given triangle, ABC^ to find the sides of 
the parallelogram. 

♦ Legendre, 213. 
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Draw CI perpendicular to •iB. By soppootion, DO 'is 
parallel to AB* Therefore^ 

The triaugle CHG, is similar to CIB > 
And CDQ, ioCJlBi 

Let C/=rf DG=zx I 

JiB=:b The given area =o J 

L By similar triangles, CB:CG::AB: DO 

%. And CB\ CGiiCltCtr 

S. By equalratios, (Art S84.) AB.DGx.CIiCH 



4. Therefore 
6. By the figure, 

6. Substituting for CH^ 

7. That is, 

8. By Art 618, 

9. That is, 

10. This reduced gives 



DGxC I_^jj 

AB " 
C/- CH^IH^DE 
Ci^DGxCI^jj^ 
AB 





a=DGxD£=«x(d-^] 
a^ax ^ 

x=t+^AL^^r.DG 
2-V(4 d 

The side DE is found, by dividing the area by DG. 

Prob. 9. Through a given point, in a given circle, so to 
draw a right line, that its parts, between tike point and the 
periphery, shall have a given difference. 

In the circle AQBR^ (Fig. 15.) let P be a given point, in 
the diameter AB. 



Let •flP=a, 
BP^b, 



PR=:zX, 

The given difference =rf. 

Then will PQ=:x+d. 
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1. By Euc S5. S ♦ PRxPQ^^^PxBP 

2. That is, xx{x+d)^axb 
S. Or, 3!^+dx=:ab 

4. Completing the square, a?4"^+i^=i'^+^* 

5. Extract, and transp. «= - \dt^{cP+abz=:PR. 

With a little practice, the learner may very much abridge 
these solutions, and others of a similar nature, by reducing 
several steps to one. 

Prob 10. If the sum of two of the sides of a triangle be 
1 155, the length of a perpendicular drawn from the angle in- 
eludcKl between these to the third side be 300, and the differ- 
ence of the segments made by the perpendicular, be 496 ; 
what are the lengths of the three sides 1 

Ans. 945, 375, and 780. 

Prob. 11. If the perimeter of a right angled triangle be 
720, and the perpendicular falling from the right angle on 
the hypothenuse be 144 ; what are the lengths of the sides % 

Ans. 300, 240, and 180. 

Prob. 12. The difference between the diagonal of a square 
and one of its sides being given, to find the length of the 



les. 

If x=z the dde required, and d=z the given difference ; 
Thena:=d+dV2. 

Prob. 14. The base and perpendicular height of any plane 
triangle being given, to find the side of a square inscribed in 
the triangle, and standing on the base, in the same manner 
as the parallelogram 2>£jPG, on the base ABy (Fig. 14.) 

If x^ a side of the square, is the base, and &s= the 
height of the triangle ; 

Then^= ** 
b+h 

Prob. 15. Two sides of a triangle, and a line bisecting the 
included angle being given ; to find the length of the base 
or third side, upon which the bisecting line faUs. 



* Legendre 234. 
27 
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If jTs the bMe, «= one rS the given ndei^ ess the other, 
and 6s3 the fajiecting line ; 

Then,= (a+c)x^2f^. 

PioIk 16. If the hypothenuse of a right an^ed triangle 
be S5| and the aide of a square inscribed in it, in the same 
manner as the parallelogram BEDJPy (Fig. 12.) be 12 ; what 
are the lengths of the other two sides of the triangle % 

Ans. 28^ and 21. 

F^ob. 17. The nmnber of feet in the perimeter of a right 
angled triangle, is equal to the number of square feet in the 
area ; and me base is to the perpendicular as 4 to 3. Re- 
quired the length of each of the sides. 

Ans. 6, 8, and 10* 

Prob. 18. A grass plat 12 rods by 18» is surrounded by a 
gravel walk of uniform breadth, whose area is equal to tnat 
of the grass plat. What is the breadth of the gmvel walk 2 

Prob. 19. The sides of a rectai^[ular field are in the ratio 
of 6 to 5 ; and one sixth of the area is 125 square rods. 
What are the lengths of the sides) 

Prob. 20. There is a right angled triangle, the area of 
which is to the area of a given parallelogram as 5 to 8. The 
shorter side of each is 60 rods, and the other side of the tri- 
iiagle adjacent to the right angle, is equal to the diagonal of 
the paraUelogram. Required the area of each 1 

Ans. 4800 and SOOO square rods« 

Prob. 21. There are two rectangular vats^ ^ greater ol 
which contains 20 cubic feet more than the other. Thdr 
capacities are in the ratio of 4 to 6 ; and their bases aim 
squares, a side of each of which n equal to the depth ef the 
other vat. Required the depth of each 1 

Ans. 4 and 5 feet« 

Prob. 22. Given the lengths of three perpendiculars, 
drawn from a certain point in an equilateral triangle, to the 
three sides, to find the length of the sides. 

If 0, ft, and c, be the three perpendieutars, and srs haU 
the length of one of the sides ; 

Then x=±t^ 
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of ^^w'k"^ square pubUc green is surrounded by a street 

Than Z. ?if "* K- J^' ,4* °^ *« «!»"« « S «xfa I** 
S^i r^ ? ^K '"■'^^^^ °^ ^^^. '*'««^ •• "Id the number of 
SSJ!t[?«f li.*'' '*'**^ ^''****'« *•»« °'™*'«r of rods in the 

Ans. 576 rods. 

acute a;!i.®7''°-*u* '*°^^ ''^ t'^o "«e« d'^^'^ from the 
on^-. ^i ' °^ "" ^^^ *"?'«<* triangle, to the middle of the 
opposite sides : to find the lengths of the sides. 

»t.?A!r wu **** •*?*» y= 1»«^ the perpendicular, and a 
*nd 6 equal the two given lines ; » ««« « 

Then »= ^ / ^-«* „_ /4a^ - *» ♦ 



*8MiraCeX. 
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SECTION xm 



\ 
EQUATIONS OF CURVES. 



Art 5I6» IN the preceding section, algebra has been 
applied to geometrical ngures, bounded by rigA^ Knet. Its aid 
is required also, in investigating the nature and relations of 
turves. The advances which in modem times have been 
made in this department of geometry, are, in a great measure, 
owing to the method of expressing the distinguishing proper- 
ties of the different kinds of lines, in the farm of equations. 
To understand the principles on which inquiries of this sort 
are conducted, it is necessary to become familiar with the 
plan of hotation which has been generally agreed upcm. 

537. The positions of the several points in a curve drawn on 
a plane f are determined^ by talds^ the distance of each from two 
right Wies perpendicular to each other. 

Let the lines AF and AG (Fig. 16.) be perpendicular to 
each other. Also, let the lines DjB, D'B', ty^B^' be perpen- 
dicular to AF; and the lines CD, Oiy, 0'iy\ perpendicu- 
lar to w9 6. Then the position of the point D is known, 1^ 
the length of the lines BD and CD. In the same manner, 
the point IV is known by the lines BfU and OIV ; and the 
point jy^^ by the lines B'^iyf and O^IV'. The two Imes 
which are thus drawn, from anv point in the curve, are, to- 
gether, called the co-wdmaXts belonging to that ppint 

But, as there is frequent occasion to speak of each of the 
lines separately, one of them for distinction's sake, is called 
an ordifiate, ana the other, an ohsdssa. Thus BB is the or- 
dinate of the point D, and CD, or its equal j9D, the abscissa 
of the same point. It is, generally, most convenient to take 
the abscissas on the line AF^ as AB is equal to CB^ ABf 
Ui CD', and AB'' to O'V'. Euc. 33. 1. The lines At 
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and JiOf to which the co-ordinates are drawn, are called the 
axes of the co-ordinates. 

528. If co-ordinates could be drawn to every point in a 
curve, and, if the relations of the several abscissas to their 
corresponding ordinates could be expressed by an equation ; 
the position of each point, and consequently, the nature of 
the curve, would be determined. Many important proper^ 
ties of the figure might also be discovered, merely by throw-., 
ing the equation into different forms, by transposing, dividing, 
involving, &c. But the number of points in a line is unlim- 
ited. It is impossible, therefore, actually to draw co-ordi- 
nates to every one of them. Still there is a way in which an 
equation may be obtained, that shall be apj^icable to all the 
parts of a curve. This is effected by makmg the equation 
depend on some property, which is common to every pair ofcom 
ordinates. In explamihg this, it will be proper to begin with 
a straight Une^ instead of a curve. 

Let dH (Fig. 17.) be a line from which co-ordinates are 
drawn, on the axes JIF and AG perpendicular to each other. 
And let the angle FAH be such, that the abscissa CD or JIB 
riiall be equal to tmce the ordinate BD. 

The triangles ABD, ABIV^ AB"iy' &c. are all ttmilar, 
(Euc. 29. !.)♦ Therefore, 

AB : BD.xAff . BfU ..AW xB'iy^ 
Andif wJJ?=2BD, thenAZy=2^2y,and,aj?^'=2B''iy^&c. 

That is, each abscissa is equal to twice the conesponding 
ordinate. But, instead of a separate equation for each pair 
of co-ordinates, one will be sufficient for the whole. Let x 
represent any one of the abscissas, and y^ the ordinate be* 
longing to the same point Then, 

a?=r2y, ory=Jaf. 
This is an equation expressing the ratio of the co-ordinates 
of the line AH to each other. It differs from a common 
equation in this, that x and y have no determinate maffni- 
tude. The only condition which limits them is, that they 
shall be the abscissa and ordinate of the same point. 

If x=zAB, then y=BD 

If x^AB', y^Biy 

If jt=^jB'^ y^B'U', &c. 

2^ ♦Legendfe^ee. 
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From this it is evident, that, if <me of the co-K>rdinate8 be 
taken of any particular length, the other will be given hy the 
equation. If, for instance, the abscissa x be two inches umg, 
the ordinate y, which is half x, must be one inch. 
If ar=8, then y=:4, If ar=:30, then y=15. 

If a:=10, y=r6. If ar=100, y=60, &c. 

On the other hand, if y=:2, then a; =4, &c. 

629. If the angle H.iF be of any*different magnitude, as 
in Fig. 18, the general equation will be the same, except the 
'OO-efBctent of x. Let the ratio of y to a? be expressed by a, 
ihat is^ let y : a; : : a : 1. Then by converting this into an 
equation, we have 

aar=y. 

The co-efficient a will be a whole number or a fraction, 
according as y is greater or less than x. 

5S0. To apply these explanations to curves, let it be re«. 
^ired to fina a general equation of the common parabola. 
(Fig. 19.) It is Uie distinguishing property of this figure, as 
will be shown under Conic Sections, that the abscissas 
are (Nroportioned to the sqtwres of their ordinates. Let the 
ratio of the square of any one ordinate to its abscissa^ be 
expressed by a. As the ratio is the same, between the 
square of any other ordinate of the parabola and its abscissa, 
we have universally t^ :x::a: 1 ; and by converting this 
into an equation, 

axsiy*. 

This is called the equation of the curve. The important 
advantages gained by this general expression, are owing to 
this, that the equation is equally applicable to every pokU of 
the curve. Any value whatever may be assigned to the ab- 
scissa Xy provided the ordinate y is considered as belonging 
to the same point. But, while x and y vary together, the 
quantity a is supposed to remain constant. 

By the equation of the parabola, ax^y\ and extracting the 
root of both sides, (Art. 297.) 

y=z^ax. If 0=2, theny =V2a?. And 
If x= 4.5=^B(Fig.l9.)theny=y2x4.5=V9=3==BD 
If ar= 8. =:AB' y=V2x8=yl6=4=B'2y 

If x^l2.5:nzAm y=ViXl2.5=V25=6=5''Zy' 

If x=18. ^.AB"'' y=V2Xl8 =V36=6=5'''JD''^ 
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531. When ordinates are drawn cm both sides of the axis 
to which they are applied ; those on one side will be posithe^ 
while those on the other side will be negathe. Thus, in Fiff. 
19, if the ordinates on the upper side of ^F be considered posi- 
tive, those on the under side will be negative. (Axt. 607.) 
The abscissas also are either positive or negative, according 
as they are on one side or the other of the point from which 
they are measured. Thus, in Fig* 20, if the abscissas on the 
right, dBy JlB'y &c. be considered positive, those on the left, 
•AC, AO^ &c. will be negative. And in the solution of a 
problem, if an abscissa or an ordinate is found to be negative. 
It ipust be set off on the side of the axis opposite to that on 
which the values are positive. 

532. In the preceding instances, the straight line or curve to 
which the ordinates and abscissas are applied, crosses the 
axis, in the point where it is intersected by the other axis. 
Thus the curve (Fig. 19.) and the straight line Eliyf^Kg. 
20.) cross the axis ^F, in the point .5, where it is cut by the 
axis A G. But this is not always the case. The abscissas on 
the axis QJP, (Fig. 21.) may be reckoned from the line GN. 

Let X represent any one of the abscissas, JfefJB, MB^ &c. 
and 1/ the corresponding ordinate. 

Let z^AB, b=:MA. 

And a=: the ratio of BD to AB^ as before. 

Then az=:y, (Art. 629.) that is, z—^ 

But by the figure, AB=zJtfB - MA, i. e. z—x - b 

Making the two equations equal, x - 6=1 

a 

Therefore x^z^+b. 

a 

633. In investigating the properties of curves, it is impor-. 
tant to be able to distinguish readily the cases in which the 
abscissas or ordinates are positive, from those in which they 
are negathe ; and to determine under what circumstances, 
either; of the co-ordinates vanishes. An ahscissa vanishes at 
the point where the curve meets the axisfrwn which the abscisses 
ore measured. And an ordinate vanishes, at the pdnt where 
the curve meets the axis from which the ordinates arc 
measured. 
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Thus, in Fig. 19, the ordinates are meamired from the line 
•AF. Thelengthof each ordinate is the i&tance of a particu- 
lar point in the curve from the line. As the curve approaches 
the axis, the ordinate diminislMs, till it becomes nothing, at 
the point of intersecticm. For, here, there is no distance 
between the curve and the axis. 

The abidiiOi are measured from the line JiO. These 
must diminish also^ as the curve approaches this line, and 
become nothing at A. 

634. From this it is evident, that when the two axes meet 
the curve at the same foinX^ the two co-ordinates vaimh to^ 
geiher. In Fig. 19, the two axes meet the curve at A^ the 
one cutting, udd the other touching it But in Fig. SI, the 
axis MF crosses the line Ji'D at j2; while 6JV crosses it at 
•AT. The ordinate, being the distance from JIf JP, vanishes at 
j2, where the distance is nothing. But the abscissa, being 
the distance from 6JV*, vanishes at JV* or JIf. 

535. An abscissa or an ordinate changes from potiiiet to 
negaitot^ by passing through the point where it is equal to 0. 
Thus the ordinate y, ^Fig. SO.) diminishes as it approaches 
the point A ; here it is nothing, and on the other side of Ay 
it becomes negative, because it is below the axis CJP. (Art. 
507.) In the same manner the abtdtsa^ on the right of AG, 
diminishes, as it approaches this line, becomes at A, and 
then negative on the left. 

In this case, the two co-ordinates change from positive to 
negative, at the same point. But in Fig. SI, the ordinates 
change from positive to ne^tive at A ; while the abscissas 
continue positive to 6JV, bemg still on the right of that line. 
On the right from A^ the co-ordinates are both positive : be- 
tween A and the line 6JV, the abscissas are positive : and 
the ordinates negative: and, on the left of 6JV* both are 
negative. 

53& The most important applications of the principles 
stated in this section, will come under consideration, in suc- 
ceeding branches of the mathematics, particularly in Flux- 
ions. A few examples will be here given to illustrate the 
observaticms which have now been made. 

Prob. 1. To find the equation of the circle. 

In the circle FGM^ (Fig. SS,) let the two diameters G,V 
and FM be perpendicular to each other. From any point 



Digiti 



zed by Google 



EQUATIONS OF CURVES. 31S 

fai the curve, draw the ordinate DB perpendicular to AF\ 
and AB will be the corresponding abscissa. 

Let the radius AD=r^ JlB^Xy BD:=zy. 

Then, by Euc. 47. !,♦ Suf^ilD^lB 

That is, y«=:f»-«» 

And by evolution, y=:±\/r* - a^ 

In the same manner, x=:tj\^t* - xf. 

That is, the abscissa is equal to the square root of the dif- 
ference between the square of the radius and the square <rf 
the ordinate^ 

If the radius of the circle be taken for a unit, (Art. 510) iUi 
square ¥nll also be 1, and the two last equations will become 

These eauations will be the same, in whatever part of the 
jure GDP the point D is taken. For the co-ordinates will be 
the legs of a right angled triangle, the hypothenuse of which 
will be equal to •AD, because it is the radius of the circle. 

537. To understand the application to the other quarters 
of the cirdei it must be observed, that, in each of the 
equations, the root is ambiguous. The values of y anc of x 
may be either positive or negative. This results from the 
nature of a quadratic equation. (Art. 297.) It corresponds 
also with the situation of the different parts of the circle, with 
respect to the two diameters FM and GM^. In the first 

Juarter GF, the co-ordinates are supposed to be both positive, 
n the second, GJlf, the ordinates are still positive, but the 
abscissas become negative. (Art. 531 .) In the third, MJS\ 
both are negative, and in the fourth, ^P^ the ordinates are 
negative, but the abscissas positive. That is, 

FGi X is -f , and y+, 

GM,x -, y+, 

MjY.x -, y-, 

.JVJP,ar -f, y-. 

* LegMidre, 188. 



In the quadrant i 
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5S8. In geometry, Imes are suppoeed to be produced hy 
the motion of a vomL If the pcMiit moves uniformly in one 
direction, it proauces a itraigktiiae. If it continually varie$ 
its direction, it produces a curve. The particular nature of 
the curve depends on certain c<md]tions by which the motion 
is regulated. If, for instance, one point moves in such a 
manner, as to keep constantly at the same distance from 
another point which is fixed, the figure described is a ctrcfe, 
of which the fixed point is the centre. It is evident from 
the preceding problem, that the eqw»tion of this curve de- 
pends on the manner of description. For it is derived from 
the property that diflerent parts of the periphery are equally 
distant from the center. In a similar manner, the equations 
of other curves may be derived from the law by which they 
mrc described ; as will be seen in the following examples. 

Prob. S. To find the equation of the curve called the CU' 
9oid of Diocles. (Fig. 2S.) 

The description, which may be a»^dered as the defmithn 
of the figure, is as follows. 

In the diameter AB^ of the semi-circle •/9JV*J?, let the point 
Jt be at the same distance from JS, as P is from JSl. Draw 
RJf perpendicular to dBy to cut the circle m Jf. From .A, 
through JV*, draw a straight line, extending if necessary be- 
y<md the circle. And tcom P, raise a perpendicular, to cut 
this line in M. The curve passes through the pcnnt M. 

By taking P at diflferent distances from .d, as in Fig. JM, 
any number of points in the curve may be determined. As 
the line PM moves towards B^ it becomes lon^r and longer; 
so as to extend the Cissoid beyond the semi-circle* 

To find the equation of the curve, let Jiff and AB be the 
axes of the co-ordinates. 

Also^ let each of the abscissas AP, AF AF', &c. =&«, 
each <rf the ordmates PM, FM, F' M', &c. = v, 
and the diameter JiB =o. 

Then by the construction, PBz=iAB --AP^h - x. 

As PJtf and iUV are each perpendicular to AB, the trian- 
ries APM and wSJSJV* are sunilar. (Euc. 27 and 29. 1.) 
Therefore, 
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h By similar triangke, JiP : PM: : AR : AV 

*. Or, by putting PjB for its equal •«*, 

AP:PM::PB:RJf 

S. Therefore, PJ^XPB_j^j^ 

AP 

4. Squaring both sides, PJtfxP^^^ 

^AP 

5. By Euc. S5. 8, and 8. S,* ARy^RB^Wf 

6. Or, putting PB for its equal AR^ and •flp for its equal RB, 

PBxAP^'RJr 

7. Making 4th and 6th equal, PBxAP^i^-^^ 

AP 

8. ITierefore, APz=:PMxPB 

9. Or, a^^fx{b-x). 

That is, the cube of the abscissa is equal to the square of 
the ordinate, multiplied by the difference between the diame* 
ter of the circle, and the abscissa. The equation is the same 
for every pair of co-ordinates. 

Prob. 3. To find the equation of the Conchoid of Nico* 
medes. 

To describe the curve, let AB^ Fig, 26, be a line given in 
position, and C a pc»nt without the line. About this point, lee 
the line Ch revolve. From its intersections with ABy make 
the distances EM, EIM, WM!\ &c. each eoual to AD. 
The curve will pass through the points 2>, M^ Jlr, M\ &c. 

To find its eqwUton, let CD and AB be the axes of the co- 
ordinates. DrawFJIf parallel to AP, and PM parallel ta CJP. 
From the construction, AD is equal to EM. 

Let the abscissa AP^FMszx^ 

the ordinate PM^sAF^if* 

the given line CA^a^ 

and ADz::EM=b, 

Then will CF= CA+AF=za+y. 

*Legendrc,105,2:{4. 
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48 CJIfcuta the parallels Cl> and PJIC and alflo the paral- 
lels AP and FM^ the triangles CFM and MPE are similar. 
Then 

L By similar triangles^ CF : FM\ : PM : PE 

t. Therefore, pjg^-FJ»fxPJtf 



JFmxT^ 



$. Squaring both sidesi PE^ 

CF 

4. By Euc. 47, 1 PE^EM^-PM 



5. Mak. Sd and 4th equal, W^ ^ PM^E^^L^^ 

CF 

6. Thatis, 6«-y«=-^VL 

7. Or, (a+j/)«X(6'-»'>=A*- 
539. In these examples, the equation is derived from the 

description of the curve. But this order may be reversed. 
If the equation is given, the curve maybe described. For 
the equation expresses the relation of every abscissa to the 
corresponding ordinate. The curve is described, therefore, 
by talanff abscissae of different kngths^ and applymg ordinates to 
ejch. The line required, will pass through the extremities of 
these ordinates. 

Prob. 4. To describe the curve whose equation is 
2«=y*, or y=^2x. 

On the! line JiF, (Fig. 19.) take abscissas of different 
lengths : 

For instance, JiB=:4.5f then the ordinate JSJD=3, (Art. 530.) 

•flS' =r8. ffiy = 4, 

•flJ»''=lS.5 ^''2>"=6, 

.afl^'^slS. B'^'iy'^zG, 

&c. 
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Apply these several ordinates to their abscnsaa^ and coEt 
nect the extremities by the line ADiyiy^ &c. wMoh viil be 
the curve required. The description will be nuure or less 
accurate, according to the number of p<Mnts for which ordi- 
nates are found. 

540. If a point is conceived to move in such a maimer, as 
to pass through the extremities of all the ordinates assigned 
by an equation ; the line which it describes is called the loctit 
of the point, that is the path in which it moves, and in which 
it may always be found. The Une is also called the loetii . of 
ike tquation by which the successive positions oi the point cm 
determined. Thus the common parabola (Fig. 19,) isi^ed 
the locus of the points, D, 1)^, 1^^, &c. or of the equation 
ax=iy\ (Art. 5 80.) T he arc of a circle is the locus of the 
equation a?=±\/i^-y^. (Art 536.) To find the locus ot 
an equation, therefore, is the same thing, aa to fii^l the 
straight line or curve to which the equation belongs. 

Prob. 5. To find the locus of the equation 

«==?(, oraaps=jfc 

in which x and y are variable co-ordinates,.while a is a deter- 
minate quantity. 

If the abscissa x be taken of different lengths, the ordinate 
y must vary in such a manner as to preserve ax=zy ; or con- 
verting the equation into a proportion, ytx::a:h There- 
fore, as a is a determinate quantity, the ratio of a; to v will be 
invariable ; that is, any one abscissa, will be to its ormnate as 
any other abscissa to its ordinate. Let two of the abscissas 
be AB and .dW, (Fig. 17.) and their ordinates^ BD and 
B'ly; then, 

AB.BDx.AB.Bjy. 

The line ADU is, therefore, a stra^hi line ; (Euc, 32. &> 
and this is the hcus of the equation* 

If the proposed equation is a;s=^-|-5, the additional term h 

a 

makes no difference in the nature of the hcus. For the only 
effect of ft, is to lengthen the abscissas, so that they must not 
be measured from A, but from some other point, as M^ 
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(Fig. tl.) The redo of AB^B, &c to BV.VU, &e. otOl 
remains the eame. See Art £S2. The (ocut of the equatioa 
iii^ therefore, a straight line. 

641. From this it will be easy to prove, that the locfoa of 
every equation in which the co-ordinates % and y are in sepa- 
rate terms, and do not rise above the j!rt( jpoioer, is a straight 
line. For every such equation may be brought to the form 

c=%±(. All the terms may be reduced to three, one con- 
taining X, another y, and a third, the aggregate of the con- 
stant quantities which are not co-effici«its of x and y ; as will 
be seen in the following {Nroblem. 

Prob. 6. To find the locus of the equation 

a; - (i4-A« - y-fm=ii. 
By transpoati<m, cap+fcr=y+n - m-fiL 

Dividing by C+* .=^?L^^. 

Here the constant quantities, in each term, may be repre- 
^nted by a single letter. (Art S2L) If, then, we maJse 

c-}-&=a, and *>-^>H" ~fc;the equation will become orsK-f-fr, 
c-|-A a 

whose locus, by the last article, is a straight line. 

542. But if the ordinates are as the squares, cubes, or 
higher powers of the abscissas, the beta of the equati(»)^ in<* 
stead of being a straight line, is a curve. For the ordinates 
applied to a straight une, have the same ratio to each other 
which their abscissas have. But quantities have not the 
same ratio to each other, which their squares, cubes, or higher 
powers have. (Art. S54.) Thus, if ai'rry, the ordinates 
will increase more rapidly than the abscissas. If the abscis- 
sas be taken, 1, 2, 3, 4, &c. the ordinates will be equal to 
their squares, 1, 4, 9, 16, &c. 

543. As an unlimited variety of equations may be produ- 
ced, by different combinations and powers of the co-ordi- 
nates, and as each of these has its appropriate betit ; it is 
evident that the forms of curves must be innumemble. They 
may, however, be reduced to classes. The modem mode of 
classing them, is from the degree of their equations. T/u 
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different orders of Imes are disHngtdshed^ by the greaiest ttidl^ar. 
Or sum of the indices of the co-ordinates^ in any term of ih$ 
equation. 

Thus the equation ax^y belongs to a line of the Jtnt or- 
der, because the index of each of the co-ordinates is 1. But 
this order includes no curves. For, by Art. 641, the locus 6f 
every such eq[uation is a straight line. 

The equation cs^-axy=y\ belongs to the second order of 
lines, or the first kind of curves, because the greatest index 
is 2. The equation ay'\-xy=bx also belongs to the second 
order. For, although there is here no index greater than 
1, yet the sum of the indices of x and y, in the second term, 
is 2. 

The equation y^'^Saon/^b:!^ belongs to the third order of 
lines, or the second kind of curves, because the greatest in- 
dex of i( is 3. 

644. In curves of the higher orders, the ordinate belong* 
ing to any given abscissa may have different values^ and may 
therefore meet the curve in several points. For the length 
of the ordinate is determined by the equation of the curve, 
and if the equation is above the first degree, it may have two 
or more roots, (Art 498.) and may^ therefore, give different 
values to the ordinate. 

An eauation of the first degree has but one root ; and a 
Ime of tne first order, can be intersected by an ordinate, in 
one point only. . Thus the equation of the line •SIH (Fig. 
17.) is aa;=^, in which it is evident yhas but one value, 
while X remains the same. If the abscissa x be taken eaual 
toj}J9, the ordinate y will be ^D, which can meet the line 
•flfi'inDonly. 

But the ^nation of the parabola xf^ax^ (Art 6S0.) has 
two roots. For, by extracting both sides, y=±\/aa?. (Ajt 
297.) It is true, that in this case, the two values of y are 
eauoL But one is posUive, and the other negative. This 
snows that the ordinate may extend both uiovs from the end 
of the abscissa, and may meet the opposite branches of the 
curve. Thus the ordinate of the abscissa JIB (Fig. 19.) may 
be either BD above the abscissa, or Bd below it. 

A cubic equation has three roots ; and an ordinate of the 
curve belonging to this equation, may have three different 
values, and may meet the curve in three different points 
Thus the ordinate of the abscissawSi? (Fig. 26.) may be BL 
or Biy, or Bd. 
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545. Wbaii the curve meets the axis on which the abms- 
•M are meafured, the ordinate^afler becomiag leas and leai^ 
k reduced to nothinF. (Art 5SS.) But, in some cases, a 
curre may continual^ approach a line, without ever meeting 
H. Let the distances j9B, JS^, J3^J3^^ &c. on the Ime^ 
(Fig. t7.) be equal; and let the curve DlXiy^ &c. be of 
such a nature that of the several ordinates at the points JS, JB^t 
JB^^ &c* each succeeding one shall be half the preceding, 
that is, -B'ly, half B A ^'I^ halfBiy, &c. It is evident 
that, however &r the straight line be carried, the curve will 
becGtne nearer and nearer to it, and yet will never quite reach 
it, AUMwhkktku9C(mHmMjdly(q^proachesacun 
meeting if, U eaUed an astiiptote rfthe curve. The axis JIF 
is here the aqrmptote of the curve J)jyjy\ &c. As theab- 
sdssa inoreases, the ordinate diminishes, so that, when the 
abscissa is mathematically infinite, (Art 447.) the ordinate 
becomes an infinitesimal, and may be expressed by 0. (Art 
466.)* 



♦8m Note Y. 
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Note A. Page 1. 

As the term quantity is here used to signify whatever is 
the object of mathematical inquiry, it will be obvious that 
wumber is meant to be included ; so far at least, as it can be 
the subject of mathematical investigatioiu Dugald Stewart 
asserts, indeed, that it might be easily shown, that number 
does not fall under the definition of quantity in any sense of 
that word. Philosophy of the Mind, Vol. IL Note G. For 
proof that it is included in the common acceptation of the 
word, it will be sufficient to refer to almost any mathematical 
work in which the term quantity is explained, and particu- 
larly to the familiar distinction between continued quantity or 
magnitude, and diicrete quantity or number. 

But does number *<fall under the definition of quantity V* 
Mr. Stewart after quoting the observation of Dr. Reid, that 
the object of the mathematics is commonly said to be quan- 
tity, which ought to be defined, that whkh may be measured^ 
adds, *^The appropriate objects of this science are such 
thin^ alone as admit not only of being increased and dimin- 
ished, but of being multiplied and divuled. In other words, 
the common character which characterizes all of them, is 
their mensurabiUty.^ That number may be multiplied and 
divided, will not probably be questioned. But it may per- 
haps be doubted, whether it is cap(U>le of mensuration. If, 
as Mr. Locke observes, " number is that which the mind 
makes use of, in measuring all things that are measurable,** 
can it measure itse^y or be measured ] It is evident that it can 
not be measured geometricaUyy by applying to it a measure of 
length or capacity. But by measuring a quantity mathe- 
matically, what else is meant, than determining the ratio 
which it bears to some other quantity of the same kind ; in 
other words finding how often one is contained in the other, 
either exactly or with a certain excess 1 And is not this as 
applicable to number as to magnitude 1 The ratio whiph a 

28» 
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given number bears to unity cannot, indeed, be the subject 
of inquiry ; because it is expressed by the number itself. 
But the ratio which it bears to oihit numbers may be as pro- 
per an object of mathematical investigation, as the ratio of a 
mile to a furlong. 

For proof that number is not quantity, Mr. Stewart refers 
to Barrow*s Mathematical Lectures. Dr. Barrow has start- 
ed an etymological objection to the application of the term 
quantity to number, which he intimates might, with more 
propriety, be called ^uoHty. He observes, " The general ob» 
ject of the mathematics has no proper name, either in Greek 
or Latin." And adds, *^ It is plain the mathematics is con- 
versant about two things especially, quantity strictly taken^ 
and quotity ; or magnitude and multitude.'' There is fre- 
(^uent occasion for a common name, to ex{N'ess number, dura- 
tion, &c. as well as magnitude ; and the term quantity will 
probably be used for this purpose, tiU some other word is sub- 
stituted in its stead. 

But though Dr. Barrow thus distinguishes between mag- 
nitude and number, he afterwards gives it as his opinion, 
(page 20, 49,) that there is really no quantity in nature dif- 
ferent from what lis called magnitude or continued quantity, 
and consequently, that this (done ought to be accounted the 
object of the mathemoHcs. He accordin^y devotes a whole lec- 
ture to the purpose of proving the identity ofarUhmetic and 
feometry, (Lect. 3.) He is ^^ convinced that number really 
iffers nothing from what is called continued quantity ; but 
is only fDrmed to express and declare it ;" that as *^ the con- 
ceptions of magnitude and number could scarcely be separa- 
ted," by the ancients, V in the namcy they can hardly be so 
in the mtnd," and ** that number includes in it every conside- 
ration pertaining to geometry." He admits of metaphysical 
number, which is not the object of geometry, or even of the 
mathematics. But, in his view, magnitude is always inclu- 
ded in mathematical mmiber, as the units of which it is com- 
posed are equal. On the other hand, magnitudes are not 
to be considered as mathematical quantities, except as they 
are measured by number. In sh(»:t, quantity is magnitude 
measured by numher. 

It would seem, then, that according to Dr. Barrow, num- 
ber considered as separate from magnitude, has as fair a 
claim to be called quantity, as magnitude considered as sep- 
arate from number. If arithmetic and geometry are we 



Digiti 



zed by Google 



NOTES. 323 

same; quantity is as much the object of one, as of the other. 
How far this scheme is applicable to duration, motion, &c. it 
is not necessary, in this place to inquire. 

Note B. p. !• 

It is to be regretted, that the science of Fluxions has re- 
ceived its name from the particular manner in which its in- 
ventor. Sir Isaac NewtAn, explained its principles, rather than 
from iho nature of the science itself. Tliis has served to 
countenance the opinion, that the doctrine of fluxions, and 
the differential and integral calculus, in which a different lan- 
guage, and different mode of explanation have been adopted, 
are distinct methods of investigation. Whereas the funda- 
mental laws of calculation are Xhe same in both. These 
have no necessary dependence oti motion, or even on geo- 
metrical magnitudes. The method of fluxions has been 
greatly enlarged and modified since Newton's day. But it 
is difiicult to change the name, to adapt it to the present 
state of the science, without seeming to derogate from that 
profound regard which is due to the original inventor. 

Note C. p. 32. 

It is common to define multiplication, by saying that * it is 
finding a product which has the same ratio to the multipli- 
cand, that the multiplier has to a unit.* This is strictly and 
universally true. But the objection to it, as a definition^ is, 
that the idea of ratio, as the term is understood in arithmetic 
and algebra, seems to hnply a previous knowledge of multi- 
' pUcation, as well as of division. In this work at least, the 
expression of geometrical ratio is made to depend on division, 
and division on Thultiplication. Ratio, therefore, could not 
be properly introduced into the definition of multiplication. 

It is thought, by some, to be absurd to speak of a unit as 
consisting of farts. But whatever may be true with respect 
to number in the abstract^ there is certainly no absmdity in 
considering an integer, of one denomination, as made up of 
parts of a diflerent denomination. One rod may contain 
several feet : (me foot several inches, &c. And in multipli- 
cation, we may be required to repeat the whole, or a part of 
the multiplicand, as many times as there aie mches in a foot, 
or part of a foot 
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Note D. p. 66. 

It is perhapB more philosophically exact, to consider an 
equation as affirming the equivalence of two different expres- 
sions of the same quantity, than to speak of it as expressing 
an equality between one quantity and another. But it is 
doubted whether the former definition is the best adapted to 
the apprehension of the learner; who in this early part of his 
mathematical course, may be supposed to be very little accus- 
tomed to abstraction, lliough ne may see clearly, that the 
area of a triangle is equal to the area of a parallelogram of 
the same base and half the height ; yet he may hesitate in 
pronouncing that the two surfaces are precisely the same. 

Note E. p. 86. 

As the direct powers of an integral quantity have posUke 
indices, while the reciprocal powers have negative indices ; it 
is commcm to call the former positive powers^ and the latter 
negaJHoepovoers. But this language is ambiguous, and may 
lead to mistake. For the same terms are applied to powers 
with positive and negative signs prefixed. Thus 4-80^ is 
called a positive power ; while - Sir is called a negative one. 
It may occasion perplexity, to sneak of the latter as being 
both positive and negative at tne same time ; positive, be- 
cause it has a positive index, and negative because it has a 
negative co-efficient This ambiguity may be avoided, by 
using the terms direct and reciprocal ; meaning, by the for- 
mer, powers with positive exponents, and by the latter, pow- 
ers with negative exponents. 

[ Note P. p. 109. 

I have been imwilling to admit into the text the rules of 
calculation which are commonly applied to imaginary quan- 
tities ; as mathematicians have not yet settled the logic of 
the principles upon which these rules must be founded. It 
appears to be taken for granted by Euler and others, that the 
product of the imaginary roots of two quantities, is equal to 
the root of the pro duct of the quantities ; for instance, that 
\Arax V^=: V - a X - 6. If this principle be admitted, 
certain limitations must be observed in the application. If 
we make V^xV-a=V-ax-fl> and this in confor- 
mity with the common rule for possible quantities^ =V^» 
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yet we are not at liberty to consider the latter expjreaBion as 
equivalent to a. For though \/^> when taken without re- 
ference to its origin, is ambiguous, and may be either -f-a or 
- a ; yet when we know that it has been produced by mul- 
tipIyingV - a into itself, we are not permitted to give it any 
other value than - a. (Art. 262.) 

On the principle here stated, imaginary expressions may 
be easily prepared for calculation, by re9olving tlu quantUy 
Utukr the raaicd rign into two factors^ one of which U - 1 ; 
thereby reducing the imaginary part of the expression to V^. 
As -a=-|-^X -1> the expression V -a=V«X-l=\A»X 

V~- So V-a-6=Va+6xV^. The first of the 
two factors is a real quantity. After the impossible part of 
imaginary expressions is thus reduced to V-T, they may be 
multiplied and divided by the rules already given for other 
radicals. 

Thus in MultiplkatUm, 

2. + V -"^x - VTt^ - yai X - 1 =+ V«*- 

5. V^X V^= - VS6 = - 6. 

4. (1+V^)x(l-V^l)=2. 

From these examples it will be seen, that according to the 
principle assumed, the product of two imaginary expressions 
IS a reied quantity. 

6. V~axV'>=V«xV^xV*=V^xV^. 

6. V32xVl8=6xV^. 

Hence, the product of a real quantity and an imaginary 
expression, is itself imaginary. 

In J DmeJo n^ 

1 " ^^^ ^s V^X V- 1 _ A 

* V^ V6xV^ "^^ 

Hence, the quotient of one imaginary expression divided 
by another is a real quantity. 



V*XV-1 ^ * V-a 

e quotient of one imaginary e 
\ a real quantity. 
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HencCi the quotient of an imaj^nary quantity divided by a 
real one, or of a real quantity divided by an imaginary one, 
is itself imaginary. 

By multiplying V-1 continually into itself, we obtain the 
following powers. 

(V^)"=-l (V^'=-l 

(V-l)»=-V^ (V^)'=-V^ 
(V^)*=+l (V^)*=+l 

(VrT)»=+v^ (Vzi)*=+v^ 

The even powers being alternately - 1 and +1 aad the 
odd powers, -V^and+V-l, 

On the nature and use of imaginary expressions, see Ba- 
ler's Alffebra, Rees' Cyclopedia, the Edinburgh Review, Vol. 
L and the London Philosophical Transactions for 1801, 1802 
and 1806* 

Note G. p. 146. 

Every affected quadratic equation may be reduced to one 
of the three following forms. 



1. «^+aap=s b ) 



These, when they are resolved, become 

Lg=>ifld: Vp+6 ) 
i. x= ia±Vi^±b > 
8. x= irttVK-A ) 



In the two first of these forms, the roots are never imagi 
nary. For the terms under the radical sign are both posi 
tive. But in the third form, whenever b is greater than Jc?, 
the expression io^-fr is negative, and therefore its root la 
impossible. 
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Note H. p. 175. 

For the sake of keeping clear of the multiplied controvert 
sies, a great portion of them verbal, respecting the nature of 
ratio, I have chosen to define geometrical ratio to be that 
which is expressed by the quotient of on^ quantity divided by 
another, rather than to say that it consists in this quotient. 
Every ratio which can be mathematically assigned, may be 
expressed in this way, if we include surd quantities among 
those which are to be admitted into the numerator or denomi* 
nator of the fraction representing the quotient. 

Note I. p. 177. 

This definition of compound ratio is more comprehensive 
than the one which is given m Euclid. That is included in 
this, but is limited to a particular case, which is stated in 
Art. 353. It may answer the purposes of geometry, but is 
not sufficiently general for algebra. 

^ Note K. p. ne- 

xt is not dem*ed that very respectable writers use thess 
terms indiscriminately. But it appears to be without any 
necessity. The ratio of 6 to 2 is 3. There is certainlv a 
difference between twice this ratio, and the square of it, that 
is, between twice three, and the square of three. All are 
agreed to call the latter a duplicate ratio. What occasion is 
there, then, to apply to it the term double also 1 This is 
wanted, to distinguish the other ratio. And if it is confined 
to that, it is used according to the common acceptation of the 
word^ in familiar language. 

Note L. p. 185. 

The definition here given is meant to be applicable to 
quantities of every description. The subject of proportion as 
it is treated of in Euclid, is embarrassed by the means which 
are taken to provide for the case of incommensurable quanti- 
ties. But tliis difficulty is avoided by the algebraic nota« 
tion which may represent the ratio even of inconunensur- 
ables. 

Thus the ratio of 1 to V^ is JU 

V2 
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Il 18 imponible, indeed, to e^cpnm in rational numlmB, 
the square root of t, or the ratio which it bears to 1. But 
this is not necessary, for Uie purpose of showing its equality 
with another ratio. 

The product 4x9^6. 

And, as equal quantities have equal roots, 

SXV^=V^» therefore, t : ^S : : 1 : j^t» 
Here the ratio of S to V^, is proved to be the same, as 
that of 1 to V^ f although we are unable to find the exact 
value either of /iJS or V^ 

It is impossible to determine, with perfect accuracy, the 
ratio which the side of a square has to its diagonal. Yet it 
is easy to prove, that the side of one square has the same nu 
tio to its diagonal, which the side of any other eHquare has to 
its diagonal. When incommensurable quantities are once 
reduced to a proportion, they are subject to the same laws as 
other proportionals. Throughout the section on proportion, 
the demonstrations do not imjdy that we know the value of 
the terms, or their ratios ; but only that one of the rati(^ is 
eqwd to the other. 

Note M. p. 190. 

The inversion of the means can be made with strict pro- 
(rriety in those cases only in which all the terms are quanti- 
ties of the same kind. For, if the two last be different from 
the two first, the antecedent of each couplet, after the inver- 
sion will be different from the consequent^ and therefore, 
there can be no ratio between them. (Art. 355.) 

This distinction, however, is of little importance in prac- 
tice. For, when the several quantities are expressed in mm^ 
berSf there will always be a ratio between the numbers. And 
when two of them are to be multiplkd together, it is imma- 
terial which is the multiplier, and which the multiplicand. 
Thus in the Rde of Three in arithmetic, a change in the 
order of the two middle terms will make no difference in the 
result. 

Note N. p. 197. 

The terms cmposUion and dwirian are derived from ge- 
ometry, and are introduced here, because they are generally 
used by writers on proportion. But they are calculated rather 
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lo perpiex, than to afsbt the learner. The objection to ths 
word campoiUhn is, that its meaning is liable to.be mistaken 
for the composition or compounding of ratios. (Art. 390.) 
The two cases are entirely different, and ought to be carefully 
distinguished. In one, the terms are added, in the other, 
they are muUiplied together. The word compound has a simi- 
lar ambiguity in other parts of the mathematics. The ex- 
pression a-[-i, in which a is added to b, is called a compound 
quantity. The fraction i of {, or ^ xh ^^ which i is imdti- 
plied into f , is called a compound fraction. 

The term divisiauy as it is used here, is also exceptionable. 
The alteration to which it is applied, is effected by subtractiant 
and has nothing of the nature of what is called division ia 
arithmetic and algebra. But there is another case, (Art. 
392.) totally distinct from this, in which, the change in the 
terms of the proportion is actually produced by division. 

Note O. p. 206. 

The principles stated in this section, are not only expressed 
m different language, from the corresponding propositions in 
Euclid, but are in several instances more general. Thus the 
first propo^ion in the fifth book of the Elements, is confined 
to equimuUiples. But the article referred to, as containing this 
proposition, is applicable to all cases of equal ratios, whether 
the antecedents are multiples of the consequents or not. 

Note P. p. 222. 

The solution of one of the cases is omitted in the text, he- 
cause it is performed by logarithms, with which the learner 
is supposed not to be acquainted, in this part of the course. 
When the first term, the last term, and the ratio are given^ 
the number of terms may be found by the formula 

log/I 
a 



Note Q. p. 227. 

When it is said that a mathematical quantity may be sup* 
posed to be mcreased beyond any determinate limits, it is not 
intended that a quantity can be specified so great, that no 
limits greater than this can be assigned. The quantity and 

29 
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ths Bmito may be iHinaftl^ extended one bejrond tlie oOier* 
H a Hne be conceived to reach to the meet dwtant point in 
the Tisible beayensi a limit may be mentioned beyond this. 
Hie line may then be suppoeed to be extended farther than 
this limit Another point may be specified still fisirther on^ 
and yet the line may be conceived to be carried beyond it. 

Note R. p. S30. 

The amMurent eoniradkAmt respecting infinity, are owing 
to the ambiguity of the term. It is often thought that th^ 
proposition, that quantity is infinitely divisible, involves an 
absurdity. If it can be poved that a line an meh long can 
be divided into an infimte number of parts, it can, t^ the 
same mode of reasoning, be proved, that a line two iMhes 
kmg may be first dividea in the middle, and then each of the 
sections be divided into an infinite number of parts. In this 
way, we shall obtain one infinite twice ob great as another. 

If by infinity, here is meant that which is beyond any as- 
signaUe limits, one of these infinites may be supposed greater 
than the other, without any absurdity. But if it be meant 
that tlie number of divisions is so great that it cannot be in- 
creased, we do not prove this, concerning either of the lines. 
We make out, therefore no contradiction. The apparent 
absurdity arises from shifting the meaning of the terms. We 
demonstrate that a quantity is, in one sense infinite ; and 
then infer that it is iiifinite, in a sense widely different. 

Note S. p. 238. 

Strictly speaking, the inquiry to be made is, how often the 
whole divisor is contained in as many terms of the dividend. 
But it is easier to divide by a part only of the divisor ; and 
this will lead to no error in the result, as the whole divisor is 
multiplied, in di>taining the several subtrahends. 

Note T. p. 244. 
The demonstration of this proposition, particularly in its 
application to fractional indices, could not be introduced, with 
advantage, in this part of the course. It does not appear 
that Newton himself demonstrated his theorem, except by 
induction. And though various demonstrations have since 
been given ; yet they are generally founded upon principles 
and methods of investigation not contained in this introduc- 
•tion, such as the {aws of combination, fluxions, and figurate 
numbers. 
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Those wlie widi to examine the inquirie* on tht9 rabject, 
•nay consult Simpsun's Algebra, Section 15^ Euler's Algebra, 
Section 2, Chafh U, Vince's Fluxions, Art. ^, Lacroix's 
Algebra, Art. 1S8, &c. Do. Gomp. Art. 71, Rees* Cyclopedia, 
Manning's Algebra, the London Phil. Trans. Vol. xxxt, pw 
t98, Woodhouse's Analytical Calculations, Bonnycastle's 
Algebra, and Lagrange's Theory o( Analytical Functions. 

Note U. p. 277. 

The very limited extent of this work would admit of no- 
thing more, than a few specimens of the Summation of Se* 
ries. For information on this subject, the learner is referred 
to Emerson's Method of Increments, Sterling's Summation 
of Series, Waring's Fluxions, Maclaxuin's Fluxions, Art. 828, 
Sic. Wood's Algebra, Art 410, Lacroix's Comp. Alg. Art. 
81, &c. Euler's Anal. lofin. C. xiii, Simpson's Easays and 
Dissertations, De Moivre's Miss. Analyt. p. 72, and the Lon- 
don Philosophical Transactions. 

''* V Note V. p. 291. 

^''«:) To those who have made any considerable progress in the 
^ tnathematics, this section will doubtless appear very defec* 
'..Idve. But it was impossible to do justice to the subject, 
- . without occupymg more room than could be allotted to it 
\ here. In going through an elementary course of mathema- 
tics and natural philosophy, the student will rarely have oc- 
casion to solve an equation above the second degree. 

Those who wish to examine particularly the dSferent meth- 
ods of solution, will find them in Newton's Universal Arith* 
."^^ . metic, Maclaurin's Alg. Part. 2, Euler's Alg. Part 1. Sec. 4, 
: Warinff's Algebra, Do. Medit. Aigeb., WalUs' Algebra, Simp- 
« son's Alg. Sec. 12, Fenn's Alg. Ch. 3 and 4., Satinders(m's 
Alg. Book X, Simpson's Essays and Dissertations, Journal 
De Physique, Mar. 1807, and the Philosophical Transactions* 

Note W. p. 298. 

It will be thought, perhaps, that it was unnecessary to b^ 
so particular, in obtaining the expression for the area of a 
parallelogram, for the use of those who read Playfair's edi- 
tion of Euclid, in which ^^AD.DC is put for the rectangle 
contained by JlD and DC.^^ It is to be observed, however, 
that he introduces this, merely as an article of notatum. 
(Book II. Def. 1.) And though a point interposed between 
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the kCtersi a, m Algebra, a eign of imdUDUcafion; yet be 
does not here undertake to show how the mee of a parallelo- 
gram may be multiplied together. In the first book of the 
SvppkmetUj he has indeed denranstrated, that ** equiangular 
parulelogrsufns are to one another, as the products of the 
numbers proportional to thdr sides.** But he has not given 
to the ei^ressions the forms most convenient for the suc- 
ceeding parts of this work. In making the transition from 
pure geometry to algebraic solutions and demonstrations, it is 
rniportant to have it clearly seen that the geometrical princi- 

Eles are not altered ; but are only expressed in a dinerent 
mguage. • 

Note X. p. 807. 

This section comprises very little of. what b commonly 
understood by the application of algebra to geometry. The 
principal object has been, to prepare the way for the other 
parts of the course, by stating the grounds of the algebraic 
notation of geometrical quantities, and rendering it familiar 
by a few examples* 

On the construction and solution of problems. See New- 
ton's Arithmetic, Simpson's Aig. Sec. 18 and appendix. La* 
croix's App. Alg. Greom., Saunderson's Alg. Book xiii, Aha- 
lyU Inst of Maria Agnesi, Book i, Sec. 2, and Emerson's 
Alg Book II, Sec. 6. 

Note Y. p. 320. 

On the equations of curves, the geometrical construction 
of equations, the finding of locij &c. see Maclaurin's Alg. 
Part III, and appendix, Newton's Arith., Emerson's Alg. 
Book II, Sec. 9, Do. Prob. of Curves, Euler's Anal. Infin., 
Waring's Pr<H;>, Alg. and Mansfield's Essaya 

Among the subjects whicl^ for want of room, are entirely 
omitted in this introduction, one of the most interesting is the 
indetemiinate analysis. No part of Algebra, perhaps, is bet 
ter calculated to exercise the powers of invention. But other 
branches of the mathematics are so little dependent on this, 
that it is not absolutely necessary to give it a place in an ele- 
mentary course. 

See, on this subject, Euler's Alg. Vol. ii, with Lagrange'e 
additions, SaUndetson's Alg. Book vi, Bonnycastle's Algebra, 
and the Edinburgh Phil. Transactions, Vol. ii. 
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